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PREFACE TO THE THIRD EDITION. 



For this Edition the work has been thoroughly revised, and a 
considerable portion of it, with the view of rendering the expla- 
nation of principles more copious, re-written. The general 
plan, which will be sufficiently understood from the Table of 
Contents, does not difler from that of the two former Edi- 
tions. The Diagrams, instead of being placed as before at 
the end of the book, are here inserted in the text ; a change 
which it is hoped the reader will find advantageous. The 
Tenth Chapter contains a Collection of Problems. These the 
Author has solved as much as posidble by general methods for 
the purpose of illustrating the general principles previously laid 
down : for which reason he has not in any case been anxious 
to solve a problem by the shortest possible method, or by 
elegant devices adapted only to that particular case. In this 
Edition, several new Articles have been introduced, and amongst 
them a new method of considering the Perturbation of a Pen- 
dulum (Art. 157), which, as it appears more simple than any 
before published, is substituted in the room of the method 
before given. The investigations in the former editions, respect- 
ing centrifugal force, being incomplete in consequence of not 
determining its direction as well as its magnitude, have in this 
edition been replaced by other methods, which, though not so 
brief, are free from the objection alluded to. 

The author has not uniformly adhered to one system of 
DiflFerential notation, believing that each has the advantage 
in particular cases; but in general the subscript notation 

du\ 
dgU for —I has been preferred, partly because without 

being less expressive it occupies less space in type than its 
rival, and is more quickly written ; but chiefly because it 
ensures that the unpractised student in using it cannot lose 
sight of the independent variable, an event which is not of 

very uncommon occurrence when the notation — is em- 



( 



vi PREFACE. 

ployed. When several variables occur in an expression, it 
may happen to be necessary to perform the operation of 
differentiation upon it on several distinct hypotheses ; and 
hence arises the necessity as well as the difficulty of inventing 
a system of differential notation, which shall simply but suffi- 
ciently mark the various hypotheses on which the operation 
is to be effected. If for example u denote an expression 
containing two quantities <r and y, a necessity may occur of 
differentiating u on four distinct suppositions ; viz. 1st, that 
(V only is variable; 2nd, that y only is variable; drd, that 
both «r and y are variable, but one of them (y) takes its varia- 
bility from the other (w) ; and 4th, that both /c and y are 
variable, but neither of them takes its variability from the 
other. These cases are of very common occurrence, and it 
is therefore very necessary to have a system of notation that 
shall distinctly express them, and at the same time be well 
adapted for practice. The following will answer the purpose. 
Let djg be the symbol of differentiation with respect to w only, 
t. e. all other quantities than «r being considered constant ; let 

d 

— be the symbol of differentiation on the supposition that 

dx 

all the quantities are variable so far as they can take varia- 
bility from d?; and let d be the symbol of differentiation on 
the supposition that aU the quantities are variable, without 
restricting them to take variability from each other ; then 
the four cases above specified would be thus represented ; 

du { \ 

1st. d,w; 2nd. dyW^ 3rd. — I = d,w + c/yWd,y 1; and 4th. 

du [^d^udai + d^u 



{^dgUdat + dyUdyU 



This system provides for the cases which most commonly pre- 
sent themselves ; but others are sometimes met with, especially 
in Hydrodynamics and in the Planetary Theory, which it seems 
almost impossible to include in any general system, and they 
are therefore best provided for by special notation to be pro- 
posed as they occur. 



Cambridge, 

October 10, 1844. 
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DYNAMICS. 



CHAPTER I. 

DEFINITIONS AND FIRST PRINCIPLES. 

1. Dynamics is that part of Mechakics which treats 
of the motion of material bodies. 

When a particle of matter is continually changing its 
place in space, it is said to be in motion : and the line which 
passes through all the points of space, through which the par- 
ticle has successively passed during its motion, is called its 
path. 

The place of a particle at any time is supposed to be 
defined by its co-ordinates, according to the principles of Co- 
ordinate Geometry; and the relations or equations between 
these co-ordinates define its path. 

2. Force. Whatever causes or changes motion is de- 
nominated dynamical force. 

Forces are divided into several kinds ; the division being 
founded upon some peculiarity in the circumstances under 
which they act. For example; Dynamical Pressure is the 
force which a body in motion exerts on an obstacle, or other 
body, with which it is in contact. 

Impact is a sudden pressure, exerted for a very short 
though finite time, by a body striking against any obstacle 
which impedes its motion. 

Attraction is the name given to the force which a body is 
supposed to exert upon other bodies, which are observed to 
move towards it whenever they are set free, although there are 
no discoverable connecting parts or means of action between it 
and them. 

3. A body is said to be free^ when there is no impedi- 
ment to its moving in any direction whatever. When impedi- 

1 



2 GENERAL DEFIKITIOKS. 

ments exist so as to restrict the body from moving except in 
certain paths, the body is said to be in constrained motion. 

4. The motion of a particle is either uniform or variable. 
It is imiform when equal paths are described in equal times. 
In other cases it is said to be variable. 

5. Velocity is the rate at which a body performs its mo- 
tion. When the motion is tmiform its rate is constant, and 
from popular notions we learn that in this case the rate is found 
by dividing the number which expresses the length of any 
portion of the path, by the number which expresses the time of 
describing that portion. 

Now, the number by which we express the length of a 
proposed line will depend upon the unit (a league, a mile, a 
yard, a foot, an inch, &c.) of length which we employ : and 
that by which we express the duration of time will depend 
upon the unit (a year, a day, an hour, a minute, a second^ 
&c.) of duration of time which we employ. To prevent con- 
fusion, it is usual to employ (unless otherwise stated), tifbot as 
the unit of length, and a second as the unit of time. 

Consequently in uniform motion 

^ space described, expressed in feet 

time of describing it, expressed in seconds ' 
B number of feet described in one second. 

6. When the motion of a particle is variable, the rate 
undergoes a continual change, and cannot be found by dividing 
the space by the time ; yet at a given point of the path, the rate 
would evidently be found approximately by dividing a very 
smaU space measured from that point by the time of describing 
it ; and a little reflection will soon satisfy the reader that the 
smaller that space be taken^ the more nearly will the quotient 
represent the rate of motion at that point. 

Consequently in variable motion 

indefinitely small space described 

'^ time of describing it * 

space 
as limit of -T — • 
time 
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7. Motion is said to he accelerated when the velocity 
continually increases as the body passes from point to point 
of its parfi. When the velocity decreases, the motion is said 
to be retarded. 

THE LAWS OF MOTION. 

The most inattentive observer of nature cannot but have 
perceived, that, in many familiar instances, the motion of 
bodies takes place not uticertainly, but according to rules, 
which, however unknown to him, are evidently fixed and 
certain. The amusemeut of shooting an arrow or throwing 
a stone at a distant mark is evidence of the presumption 
of Jived laws of motion. Though this presumption of the 
unchangeableness of the laws which regulate motion is by 
many persons perhaps extended only to simple and common 
cases of motion. Philosophers have shewn, by the aid of 
many experiments, that every motion which matter can assume 
or impart takes place in accordance with three invariable 
Eiiles, called the Laws of Motion. These we shall proceed 
to lay before the reader, together with such illustrations of 
them as may tend to convince him of their truth and gene- 
rality. We must however premise a few remarks on the 
nature of dynamical force. Referring to Art. 2 it will be 
Been that it is the cause of motion. Now as force is not 
per se the object of any of our senses, our judgment and 
estimation of its nature arc formed solely by reasoning upon 
the sensible effects which it produces. These are motion, 
change of motion and pressure. The last is the character- 

Iirtic of force treated of in Statics ; but in Dynamics force 
is considered as producing motion or change of motion. 
: 



I 
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THE FIRST LAW OF MOTION. 

8. If tt body in motion be not acted upon by any Ex- 
TEKNAL force, it will move in a straight line with uniform 
velocity. 

This law is proved by shewing that every change in 
a body's motion, whether in velocity or direction, is due to 
the action of external forces. But there being no part of 

1—2 



4 LAWS OF MOTION. 

space, free from the influence of external forces, it is im- 
possible to verify this law by direct experiments; for want 
of a place wherein to make them. All, therefore, that we 
can accomplish is to shew, by changing external circum- 
stances, that an alteration is thereby made in the change 
which the motion suffers ; and, that by removing successively 
some external forces, the existence of which is thus made 
kjiown, the motion becomes more nearly uniform and recti- 
linear. Thus, if a body be thrown adong a rough pave- 
ment, the motion will deviate much from the straight line 
in which it is projected, and will soon cease. If the body 
be then thrown along a level bowling green, its motion will 
be more rectilinear than before, and will last a longer time. 
If thrown along a sheet of ice, the motion of the body is 
much prolonged and much more nearly uniform than in the 
preceding experiment. In these instances, we see, that as we 
have successively removed external hinderances, the motion 
has been thereby made to approach towards a verification 
of the law of motion we are now considering : and as even in 
the last experiment friction is not quite removed, and the air^s 
resistance wholly remains, we presume that these external 
causes are sufficient to account for the want of perfect recti- 
linearity and uniformity in the motion: and hence we infer, 
that when all external forces are removed the motion is 
rectilinear and uniform. 

9. From this Law it follows, that there is in matter no 
power to move itself or to change its motion, independently 
of external things: and, consequently, every change in a 
body's motion, whether in velocity or direction, is to be attri- 
buted to the action of external force. 

10. If the velocity of a body's motion continually increase, 
it is said to be acted on by an accelerating force ; if the ve- 
locity decrease, it is said to be acted on by a retarding force ; 
if the velocity be abruptly or suddenly changed, the force 
which produces the change is styled impulsive. 

11. When the motion of a body is such that the increase 
or decrease of velocity in equal times is constant, the force 
is called a uniform accelerating or retarding force. 
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THE SECOND LAW OF MOTION. 

12. If a particle of matter already in motion he acted 

by any external force, the change of motion is in the 
direction of the force, and is in magnitude the same as if the 
' particle had no previous motion. 

This law affirms, that the motion, commuDicated by an 
external force to a particle upon which it acts, is in no way 
influenced by any motion which the particle may happen to 
have already. Its truth is witnessed in such experiments as 
the following. 

A pendulum is found to vibrate in the same time from east 
to west, north to south, or in any other direction ; and a body 
will fall down an inclined plane in the same time towards what 
point soever of the compass the face of the plane be turned. 
The inference from these experiments is, that the motion, 
which the bodies possess in common with the earth, by being 
carried along with it in its orbit and round its axis, produces 
no effect upon the oscillation of the pendulum in one case, 
and the descent down the plane in the other case, both of 
which are due to the force of gravity, the external force acting 
on the bodies. 

Again, a body dropped from the top of a ship's mast will 
fall at the foot of it, and the descent will be accomplished in 
the same time, and, apparently to a spectator in the ship, in the 
same manner when the vessel is sailing along uniformly as 
when it is at anchor; and, water which runs through a hole 
in the deck will drop upon the same point of the cabin floor in 
both cases ; also, a person throwing a ball from one end of the 
ship to the other, must throw it at the same elevation and 
with the same velocity in both cases. This class of experi- 
ments shews, that bodies, when loosed from immediate contact 
with the parts of the vessel, retain the horizontal motion which 
they had while in connection with it; and that the effects of 
gravity and projectile force upon them are the same whether 
they have this horizontal motion or not. 

The law holds of impulsive forces also. For, if a ball 
lying on the deck of the ship be struck by another, the effect 
as witnessed by a person on board, will be just the same in 
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whatever direction the blow be communicated^ whether towards 
the head, stem, or side ; or whether the vessel be at rest or in 
full sail. 

All the experiments agree with the law,— that the motion, 
which a body already has, does not effect either the direction 
or the velocity of the motion, which a given force will commu- 
nicate to it. 

13. If a force always act upon a body with the same 
intensity or energy, the velocity generated in any time will, 
by this law, be independent of that previously generated ; 
and therefore equal velocities will be added in equal times. 
Hence, by referring to Art. 11, we perceive that a uniform 
force always acts with the same intensity. 

14. Since the motion, which one force generates, in no 
way interferes with the motion which another force will com- 
municate ; it follows, that if several forces act simultaneously 
on a particle, each will produce its effect as though the others 
did not act. And, hence, if two equal uniform accelerating 
forces act upon a particle simultaneously in the same direc- 
tion, each will produce the same velocity ; and the whole 
velocity generated by them will be double that due to one of 
them. Now, two equal forces acting in the same direction 
form a single force double of either of them. Hence, in a 
given time a double force will produce a double velocity in a 
given body. So, a treble force will treble, the velocity ; and 
so on. Consequently, the velocity produced in a given body 
in a given time is exactly proportional to the intensity of the 
force which produces it : and, therefore, as we have, as yet, no 
mathematical measure of a uniform accelerating force, we may 
take the velocity generated in a unit of time as its measure : 
that is, uniform accelerating force = velocity generated in one 
second. 

15. Hence, accelerating force is measured by the rate at 
which velocity increases ; and in the case of a uniform accele- 
rating force may be found by dividing the number which 
expresses the velocity generated in any time by the number 
which expresses the time. But when the force is not uniform 
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the rate will undergo a continual change, and cannot be found 
by dividing the increase of velocity by tlie time. Yet the rate 
at a given point would evidently be found approximately by 
dividing a very small increment of velocity, generated after 
leaving that point, by the time in which that increment is 
generated; and the reader will readily perceive that the smaller 
is the increment of velocity which is taken, the more nearly 
will the quotient represent the rate of increase at that point. 
Consequently, in variable accelerating forces, 

indefinitely small increment of velocity 
time of generating it 



force = 



= limit of 



increment of velocity 

time of generating it ' 



Both this Art. and Art. 6 wiU afterwards be proved in a 
more formal manner. See Arts. 83, Si. 

16. It will be convenient here to introduce the method 
of compounding two or more co-existent velocities into one 
resultant velocity; and of resolving a velocity into com- 
ponentfi. 

COMPOSITION AND HESOLUTION OF VELOCITIES. 
Let a body be placed at A upon the deck of a ship, 

which is soiling uniformly at such a c D 

rate, that by the motion of the vessel 
the body would in space be transferred 
from .^ to fi in the time 2", supposing 7 
it to remain at rest upon deck. Now 
instead of suffering the body to remain upon the deck at the 
point A, suppose we had communicated such a blow to it as 
would have made it move uniformly from ^ to C in the time 
T. Its path on deck is the same as if the ship were at 
rest ; it is therefore a straight line (Art, 8) JC. Complete 
the parallelogram ABDC in space. Then by the motion 
of the vessel the point C of the deck has been conveyed to D 
in apace in the time 7"; i> is therefore the place of the body 
in space, at the lime T after leaving A. It can be shewn also 
that the body describes in space the diagonal AD of the 
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parallelogram. For let ^6, ^c be the i - J parts of J By AC 

respectively. Then because the motions in the direction of 
ABf AC are uniform, and that AB, AC are described in 

T 

the time Tj therefore Ab, Ac are described in the time — , 

n 

and completing the parallelogram Abdcy the body as before is 

T 

at d at the time — from leaving A. 

n 

But Ac : cd :: Ac : Ah 

AC AB 
n n 

:: AC : AB 

:: AC : CD. 

m 

Hence, joining A d, the triangles Acd, ACD (having also the 
angles Acdy ACD equal) are similar, and consequently AdD is 

T 

a straight line ; so that at any time — the body is situated 

at a point in the diagonal AD of the parallelogram whose 
sides ABy AC represent in magnitude and direction the 
two velocities which are independently communicated to it at 
A : hence AD represents both the direction and velocity of 
the motion which is the resultant of the two motions com- 
municated at A. 

If more than two velocities are communicated at the 
same instant, we must find the resultant of two, and then 
the resultant of that and a third velocity, and so on ; uniting 
the last found resultant with one of the remaining velocities 
until all have been taken into account. 

17. By a redtcctio ad absurdum method, we may shew 
that if any straight line AD represent the velocity and direc- 
tion of a body^s motion, the two sides AB^ BD, of any triangle 
constituted upon AD will represent component velocities which 
are equivalent to the velocity AD. 
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18. The most important cases of Art. iC are those in 
which the original velocities act in directions at right angles 
to each other. 

1st. Let there be two velocities AB, AC represented 
algebraically by a and 6 respectively, and 
let V be the resultant velocity AD. 

Then, because BAC is a right angle, 
therefore AD' = AB' + BD' = AB' + AC; 



.: r' = o*+6'' (1). 

And, if the angle DAB be called a, 

BD b 

...(2). 



AB a 

When the components a, b are given, these equations 
determine the magnitude and direction of their resultant 
velocity. 

But, if V be given to find its components in two directions 
AB, AC inclined at angles a, and 90° -a to the direction 
of V, we have 

a = ^D.cos DAB = wcosa (3), 

and b = AD. sin DAB = v sin a (4). 

2dly. Let there be three velocities communicated simul- 
taneously to a body at the point A in 
three diie<:lioiis AB, AC, AD at r 
angles to each other ; and let these 
lines be proportional to them in mag- 
nitude. Complete the parallelogram 
ABEC, and draw the diagonal AE ; 
it represents the resultant of AB, 
AC: and completing the parallelo- 
gram AEFD, its diagonal AF represents the resultant of AE, 
AD; that is, of AB, AC, AD. To express this analytically, 
let a, h, c be the velocities AB, AC, AD; and v the com- 
ponent velocity AF; and suppose a, /3, y the angles FAB, 
FAC, FAD which the direction of the resultant velocity 
makes with the directions of the component velocities respect- 
ively. 




le 



COHFOSITION AND 



Then v* - AF* 

- JE* + EF* 

Mn AB* + BE* + Ef 

«<^ + V + c» 

JD 



(5). 



and cos ^ « cos FAD 



AF 



Similarly, cos/3 = - = 



and cos a e - 



6 6 

a a 



(6). 



When the three components a, 6, c are given, (5) and 
(6) will give their resultant velocity both in magnitude and 
direction. 

But when it is required to resolve a given velocity « 
into equivalent velocities in directions at right angles to 
each other, and making respectively angles a, j3, y with the 
direction of v^ we must employ the equations 



(7). 



a^f) cosa 
& = « cos/3 
c sstjcos'y 

19. We may remark, that when a line makes angles 
a> i3, 7 with three other lines which are at right angles to 
each other, these angles are not independent. For, by adding 
together the squares of the equations (6), we find 

cos^a + cos'/3 + C08^'y ■■ 1,' 

an equation which it is sometimes useful to employ under 
the forms 

COS* /3 + co^ y = sin* a, 
cos^y + cos* a = sin'jS, 
cos* a + cos*/3 = sin* 7. 
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20. From the reasoning in Art. l6, it is evident that 
when uniform velocities are simultaneously communicated to 
a body in any directions, the resultant motion is uniform 
and in a straight line. 

21. Both the definition and the measure of accelerating 
force (Arts. 10, 14), are derived from the change of a body's 
velocity ; they assume that the body's motion is wholly in the 
line in which the force acts upon it. This will not be the case 
if the body has been projected obliquely to the direction of the 
force ; or if the body is constrained by any surface, string, or 
rod, or tension of any kind, to take an oblique course. In 
the former case, the velocity must be estimated in the direction 
in which the force acts ; the other component of the velocity 
being that which is due to the original projectile force. In 
the case of constrained motion (ex. gr. a body falling down an 
inclined plane by the action of gravity) the change of velo- 
city cannot be such as is exactly due to the whole force which 
acts upon the body. It has from this circumstance been found 
necessary in constrained motion to distinguish, by appropriate 
names, the force as calculated from the actual change of velo- 
city ; and the force which really acts upon a particle. The 
former is called, the effective accelerating force; and the latter, 
the impressed accelerating force. This last force is measured 
by the velocity which it would generate in a free particle, fall- 
ing from rest, in a unit of time. 

22. Accelerating force being measured by change of velo- 
city is independent of the mass of the moving body. Yet we 
know from experience that the same degree of pressure applied 
(by the hand or otherwise) to bodies of different mssses will 
in the same time generate in them different degrees of velocity. 
Accelerating force is therefore not a measure of the pressure 
employed, unless the masses of the bodies moved be all equal 
(Art. 14). The object of the next law of motion is to find by 
experiment what is the general relation between the three 
elelnenta here mentioned ; viz, pressure, mass, and accelerating 
force. 
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THE THIRD LAW OF MOTION. 

23. The pressure (measured as in Statics by the weight 
which it can support) which produces motion in any body is 
equal to the product of the mass of the body into the accele-- 
rating force. 

If equal pressures be employed, under similar circum- 
stances, upon bodies equal in every respect, the same velocity 
(there being no reason to the contrary) will be produced in 
each in the same time : and if the bodies be adjacent at start- 
ing, they will continue to be adjacent during the entire con- 
tinuance of their motion; and we may suppose them to coalesce 
in unequal groups, at any period of their motion, without 
affecting their subsequent motion. Now when the coalition 
has taken place, we have a series of unequal bodies, all moving 
with the same velocity, the mass of each of which is exactly 
proportional to the number of original small bodies in the 
group which coalesced in forming it. The whole pressure 
also, which acts upon each of these new bodies, is in the same 
proportion ; that is, the pressure on any one is proportional to 
its mass. Consequently, 

JVhen the pressures .applied to bodies are proportional to 
the masses to which they are applied, equal vehciiies wUl be 
generated in all the bodies in the same time : in other words, 

The pressure required to produce a given accelerating 
force in bodies of different masses varies as the mass. ... (A). 

Again, let two bodies, whose masses are represented by 
A and B, be connected by a string; and let B be laid upon a 
very smooth horizontal table, while A is suffered to hang down 
over the edge of it. If the system thus arranged be left to 
itself, A will begin to descend, drawing B along the table with 
a velocity equal to its own. Now take a portion w from A 
and annex it to B, and with the bodies A — (v and B + x, let 
the experiment be repeated : it is found that, (making due 
allowance for the want of perfect smoothness ' in the table) the 
velocity acquired by the system in a given time is proportional 
to A — Xy the weight that hangs down, whatever be the value 
of w. Now from the arrangement of these experiments, the 
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mass moved is always the same, being equal to A + B : and 
the pressure which produces motion in this mass is the weight 
of that portion only which hangs down, A — x ; for if that be 
supported by a stand placed under it, no motion will ensue 
when the system is left to itself. Hence, if bodies of equal 
masses be put in motion by unequal pressures, the accelerat- 
ing forces produced thereby are proportional to the pressures 
which respectively produce them : in other words, 

The pressures required to produce different accelerating 
forces in equal masses, vary as the accelerating forces. 

Uniting this variation with that marked (A) we find this 
result, 
pressure = (mass moved) x (accelerating force produced by it). 

Ab we have not as yet fixed upon a measure of mass, we 
are at liberty to assume the unit of mass to be such as will 
turn the above variation into an equation : 

.■. pressure = (mass) . (accelerating force), 

24. The product on the right-hand side of this equation 
is often called the moving force, to distinguish it from accele- 
rating force : and then the above law of motion is stated thus. 



The pressure which prodiii 
force. 



s motion varies as the moving 



25. We have shewn in Statics, that every pressure can be 
expressed by a weight ; we shall shew hereafter how the accele- 
rating force of gravity can be found with great accuracy : these 
two furnish us with an expression for the mass of any body. 
For if W be the weight of a body, M the measure of its mass, 
and g the accelerating force of gravity (see Art. 64) ; 
W=Mg, 



. M = 



W 
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GENERAL REMARK ON THE LAWS OP MOTION. 

When wc consider that all the experiments adduced in 
proving the Laws of Motion are of a very rough character^ 
and at the most are only proofs that the Laws hold good 
in those particular instances, some doubt may remain on the 
mind of the student respecting their generality. Perhaps the 
consideration most likely to remove any doubt of this kind is, 
that they have been taken as the basis of an endless variety 
of calculations respecting the motions of bodies under an almost 
infinite variety of circumstances :— they have been applied in 
computing the places of the Sun, Moon, and planets ;— in pre- 
dicting Eclipses, occulations and other celestial phaenomena;— « 
and in explaining the motion of the Earth about its own 
axis ;— in all which cases a great number of forces, acting in 
different ways, and under different circumstances, are to be 
taken account of; which therefore leads to calculations of great 
length, complexity and delicacy, in which an error in first 
principles must needs be multiplied so often, and be so inter- 
woven into every part, as utterly to vitiate the results ; — ^yet in 
every instance have these results, thus obtained, been found to 
differ from the results of observation by quantities of a most 
minute character, — ^the discrepancies never being greater than 
what might reasonably be attributed to the errors of data and 
observation. The irresistible inference to be drawn from this 
most exact agreement between theory and experiment is, that 
the Laws of Motion which formed the basis of the calculations 
are true, and of universal application to nature. 
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ON THE IMPACT OF BODIES. 

26. When two bodies moving directly towards each 
other meet, or if one overtake the other, upon their surfaces 
first coming in contact, the motion of each receives a check, 
■which to our senses appears to take place instantaneously. 
That a finite, though very small, time is really occupied in 
effecting the changes in their motions, is rendered certain hy 
a closer examination of the experiment. For, if two ivory 
balls, one of which is stained with ink, be made to touch each 
other, at the point of contact, upon the clean ball, there will 
be seen an extremely minute spot of ink. But if they be made 
to strike against each other with considerable velocities, the 
Bpot of ink will be very much enlarged ; and the greater the 
striking velocities, the larger will be the spot. Now, as two 
spheres can only touch each other in a single point, the appear- 
ance of a large round spot transferred from the stained ball 
to the clean ball, shews that their figures during the impact 
have been compressed at and near the point of first contact ; 
bence, during the impact the centres of the balls have ap- 
proached nearer to each other than the sum of their radii, 
which is their distance when merely in contact. This approach 
through a finite space being accomplished with finite velocities, 
must necessarily have occupied a.Jinite time. We can now 
see also how the change in the velocities is effected. At first 
meeting the balls begin to press against each other ; — this 

I pressure goes on increasing as the balls become more com- 
pressed, until the compression has reached its maximum, at 
which moment the pressure has also obtained its greatest value, 
and the approach of their centres having ceased, the velocities 
of the balls are equal. At this moment the natural effort of 
tbe substance of the balls to restore their former figure (that of 
perfect spheres) causes them to thrust one another apart with 
considerable violence, (yet this operation also occupies a finite 
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time,) and produces the phaenomenon of rebounding. That 
property of matter bj which the balls make this effort to 
regain their former figure is called elasticity. If the balls 
regain their figure with the same force as was required to 
compress them, the elasticity of the substance of which they 
are composed is said to be perfect. No substance of this 
kind has hitherto been found in nature. All bodies are there- 
fore considered as imperfectly elastic. 

2*J. During the whole process of compression and sepa- 
ration detailed above, there exists a mutual pressure, which, 
though continually varying, is always the same for both, and 
which is employed in retarding (or accelerating as the case 
may be) the motions of the balls until they separate. 

Now the retarding force which results from this pressure 

pressure 
mass on which it acts 

Hence, the numerator of this fraction being the same for 
both the bodies, if their masses be A and By 

retarding force on ^ B 
retarding force on B A' 

But in Art. 14 it is shewn that the velocities generated 
or destroyed in equal times by uniform forces are proportional 
to the accelerating or retarding forces which generate or de- 
stroy them. Hence however two forces may vary in magni- 
tude, if their ratio remains constant, the indefinitely small 
increments or decrements of velocity which they generate or 
destroy in very small equal times, during which they may be 
supposed uniform, have the same ratio, and hence the whole 
velocities generated or destroyed have this ratio. Consequently 

vel. destroyed in A during impact B 
vel. destroyed in B during impact A ' 
••. A. (vel. lost by -4) = 5 . (vel. lost by B). 

This is the form of the equation when the bodies meet 
at impact ; but if A overtake B, it is thus expressed, 

A . (vel. lost hy A)- B . (vel. gained by B). 
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The product of mass into velocity is called momentum, 
and hence the result of this article may be thus stated in 
words. 

In the direct impact of two bodies the momentum lost 
by one of them is equal to that lost or gained by the other, 

28. There is no part of the investigation in the last 
article which requires the bodies to be in actual contact : 
if by any other means they are enabled to exert in the line 
which joins them such an action upon each other, as is equiva- 
lent to an equal pressure applied to each in opposite directions^ 
the same result will follow, viz. that 

A . (vel. lost or gained by A) = B . (vel. lost or gained by B). 

29. It is easily shewn that the attraction which two 
bodies exert upon each other is of this nature ; for if the 
attracting bodies be placed at the opposite ends of a rigid 
rod no motion will ensue, which proves that they exert 
equal pressures upon the rod in opposite directions. The 
rod, as long as it remains between the bodies, prevents motion, 
but the instant it is removed, tlie same forces which caused 
them to exert equal pressures, now cause them to rusli 
towards each other. Hence the force of attraction is equi- 
valent to an equal pressure applied to each body in opposite 
directions. Consequently when two bodies A, B move towards 
«ach other by mutual attraction, 

J . (vel. gained by A) = B . (vel. gained by B). 
Hence the result of Art, 97 admits of a more general 
enunciation; thus, 

In the direct mutual action of two bodies the momentum 
lost or gained by one is equal to that lost or gained by the 
other, 

30. This was formerly the third Law of Motion, and was 
J5tated thus, "Action and Reaction are equal and opposite." 
We may regard it as a deduction from our second and third 
Laws, and as it is a result which admits of many simple and 
varied experimental means of examination, it furnishes us 
2 
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ACTION AND BEACTION. 



C] 




with easy tests of the truth of those laws from which it has 
been derived. Thus, let J, B he 
two baUs of different substances, 
magnitudes, and weights, suspend- 
ed by two strings CAy DB from 
two such points C, D that when at 
rest the balls just touch each other 
and have their centres in the same 
horizontal line. This arrangement 
is necessary in cn'der to insure 
direct impact when the balls are elevated and suffered to fall 
through such circular arcs aA, bBy (whose centres are C, D) 
that they may strike together at the moment when they reach 
their lowest positions. By having the strings of different 
lengths, if necessary, and letting the bodies start at proper 
times, we may insure their meeting together at the lowest 
points of their respective arcs, and with any' velocities we 
please. After striking together they will rebound, and by 
measuring the respective altitudes through which they ascend 
we shall be able to calculate the velocities with which they 
rebounded, that is, their velocities after impact. The veloci- 
ties before impact are also known, and thus we can ascertain 
whether the momenta lost by the balls are equal. This ex- 
periment has been repeatedly tried, and been attended with the 
most satisfactory results, and hence affords us strong evidence 
of the truth of these Laws of Motion. If it be thought neces- 
sary, the effect of compression may be examined apart from 
that of elasticity by fixing a steel point in one of the bodies 
at the point of impact, which will cause them to adhere 
together after striking. 

31. But, again, it is evident from Art, l?, that if two 
bodies Ay B are always subject to equal preMires, by whatso- 
ever means those pressures are produced, if only they act in 
the directions of motion of the bodies to which they are re- 
spectively applied, the same result follows; and consequently, 
if Ay B act upon each other through any machine, so as to 
satisfy these conditions, viz. that equal pressures are always 
exerted on them in their respective directions of motion, it is 
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true in this case also, as in the case of direct action, that the 
momentum lost or gained by one of them is equal to that lost 
or gained hy the other. 

32. If n bodies of the same mass move with equal 
velocities, the quantity of motion in each is the same : and 
therefore the whole quantity of motion in the system is n times 
that existing in one of the bodies. Hence, when a body or 
system of bodies moves with a given velocity, 

quantity of motion ct mass. 

It is evident that if the velocity of a body be increased 
in any proportion, the quantity of motion is increased in 
the same proportion. Hence when the mass is given, 
quantity of motion = velocity. 

Uniting this variation with the last, we find that, what- 
ever be the mass and velocity, 

quantity of motion a (mass) . (velocity) 
cc momentum. 

33. Now if force be the cause of motion it seems natural 
to expect, since cause and effect are necessarily proportional, 
that the quantity of force employed ought to be exactly pro- 
portional to the quantity of motion produced or destroyed. 
We shall shew that this follows from the measures of force 
and motion which we have given. 

Let the whole duration of a pressure be divided into ex- 
tremely short intervals t,, t^, t^,... each so small that the 
pressure exerted during any one of them may be considered 
constant or uniform. Let Pi, P^, Pi,--- be these pressures, 
exerted during the 1st, 2nd, 3rd, ... intervals respectively ; and 
let 7R be the mass moved. 

Then the whole quantity of pressure exerted may be con- 
Mdered equal to P,^, + P.J^ + P^t^ + ... But if /„ f,, /a... 
be the accelerating forces resulting from the pressures Pj, P^, 
Pj... respectively, and «„ v^, Ds...be the velocities generated 
by them in the times ^i, tj, t^ ... during which they respec- 
tively act, then 
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so ELASTICITY. 

^1^1+ -Pi^t + A^8+ ••• « mfJi + fnftt^+ Ws^s+ Art. 23, 

a fitVj+ 9t>Vt+ mV|+ Art 15, 

8 m . (whole velocity generated or 
destroyed) 

^momentum generated or destroyed; 

•*• whole quantity of pressure 

s momentum generated or destroyed, 

oc quantity of motion generated or destroyed. 

34. That which is here called the whole quantity of 
pressure is, in the case of impact, called the impulse or 
the blow ; for when a body strikes against an obstacle and 
loses part of its motion, the blow sustained by the obstacle 
seems to be properly measured by the quantity of motion 
destroyed. Wherefore 

impulse = momentum generated or destroyed. 

35. Impinging bodies are supposed to be spherical, and 
of uniform density, and of the same elasticity unless it be 
otherwise mentioned. 

The relative velocity of two bodies, is that velocity with 
which they approach towards, or recede from each other. 
It is therefore the sum of their absolute velocities when 
they move in opposite directions ; and the difference of them 
when they move in the same direction. 

36. It is found by experiments made, in the manner 
detailed in Art. 30, with bodies of the same substance, that 
the relative velocity of two such bodies after impact bears a 
constant ratio to their relative velocity before impact, what- 
ever be the absolute velocities with which they strike together. 
This ratio however is not the same for all substances. Tables 
have been formed of its value for different substances. 

It is taken as the measure of the elasticity of the substance, 
and in this work will be represented by X, the value of which 
is supposed to be known when the nature of the substance 
employed is given. 
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V^„eo,.. 


SnbiUnce. 


Value of A. 




Glass 

Ivory 

Hardened Steel 
Cast Iron 


■94 
■81 

■79 

■73 


Bell Metal 

Cork 

Brass 

Lead 


-67 
■65 
■41 
■20 





37. The plane of impact of two bodies is that which 
touches thetii both at the point of their mutual contact. 

If the paths of their centres before impact are not both 
perpendicular to this plane they are said to impinge obliqueljf 
upon each other. 

Bodies are said to be inelastic which do not separate after 
impact. 

38. Pkob. Given the absolute velocities of two inelastic 
bodies, to find their common velocity after direct impact. 

Let J, B be their masses ; a, b their respective abso- 
lute velocities before impact, and w their common velocity 
after impact- (All these velocities are estimated in the di- 
rection of ^'s motion ; so that if B^s motion should be in 
the opposite direction to that of ji, b will be a negative 
quantity.) 

A\ absolute velocity after impact = v, and therefore the 
velocity lost by .^ = a — « ; hence the momentum lost by A 
.A(a-v). 

iolute velocity after impact = v, and therefore the 
velocity gained by B = v — b; hence the momentum gained 
by B 

= B{v- b). 

But by Art. 27, these momenta are oijual; 
.-. ^(o-o) = S(i>-6); 
Aa + Bh 
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Rem. The impulse, or blow with which the bodies strike 
each other, may be found from the definition of Art. 34: for, 
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being measured by the momentum lost by either of them, it is 
equal to A(a ^ v), 

which -^?<-;i>. 

39. Pros. Given the absolute velocities of two elastic 
bodies before direct impact, to find the absolute velocity of 
each after impacts 

Let A, B he their masses ; X their elasticity ; a, b their 
respective absolute velocities before impact ; a\ b' their velo- 
cities after impact : (all velocities estimated in direction of 
^^s motion). 

Then the velocity lost by A ^ a^ d 

and the velocity gained by B ^U ^b\ 

.'. the momentum lost by A ^ A {a ^ a) 

and the momentum gained by B ^ B Q/ ^ b). 

Consequently by Art. 27, 

J (a - a ) « 5 (6' - 6) (1). 

Now the relative velocity before impact =0 — 6, and 
after impact = 6' - a\ (We write 6' - a', and not a' - 6- 
because A is supposed to strike against B and to drive B 
before it, which makes b^ greater than a.) 

Hence by Art. 36^ 

^b-'' <^>^ 

.-. 6' = a' + X(G-6) 
which substituted in (l), gives 

, Aa-i-Bb B(a - b) 

"* ^ A + B "^* A^B • 

Similarly by substituting 6' - X (a - 6) for a' in (l) we 

find, 

, Aa + Bb ^ A(a^b) 

b = — zr- + X. — J S~ • 

A -^ B A + B 
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Rem. The impulse, or blow with which the bodies 
strike together, 

^ ^ A + B 

40. If B had been at rest before impact, & « ; and 
writing this value of 6 in last article, 

a = the vel. of A after impact = 



b' = the vel. of B after impact = 



A+B ' 

(1 4- X)Aa 
A + B ' 



Consequently, if A and B should be so related that 

A 

-4 — XJ? = 0, or — = X, A after striking against B will re- 

B 

main at rest, and B will move on with a velocity equal 

to Xa; which result is obtained by writing B\ for J, in 

the above value of 6'. 

41. If B should happen to be indefinitely greater than 
J, h' = 0, that is, B is not affected by J's impact ; but 
since 

A 



. iH 



a = a = — \a . 

A 

A is reflected from B with the velocity X times the velocity 
of impact. 

42. Pros. If each body be multiplied by the square 
of its velocity^ the sum of the products so formed before 
impact will be equal to the sum so formed after impact^ 
when the bodies are pefectly elastic; but the former sum 
will be greater than the latter if the bodies are imperfectly 
elastic. 

1st. Let the bodies be perfectly elastic, then X = 1 ; 

and - = 1 ..Art. So; 

a — 6 
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.'. 6' — o' « O — 6, 

or a + a >■ 6' + &• 
But J (a - a) - £ (6' - 6) Art. 27. 

Multiply the last two equations together; 

or Aa* + Bb'^Aa^-\-By\ 
which proves the 'proposition for this case. 

2dly. Let the bodies be imperfectly elastic; then, by 
Art. 36, 

( o + a) - ( 6^ + h) 1-X 
'"' (a-a') + (6'-6)"l + \' 

... (a + a').~^(a.a') = (6' + 6) + L^(5'-6). 

But J (a - a') =: 5(6' - 6). 
Hence, multiplying the last two equations together, 

J(a«- o'«)- L:i^. j(a . a'y = 5(6'«- 6*) + -—.5(6'- 6)^ 

1 4" A 1 + A 

.-. Aa?+Blf= Aa'* + Bb'*+ ^— ^. \A{a - a'y+B(b' - 6/}. 

i + A 

Consequently, Aa^ + Bb* is greater than Aa^ -f- Bb'^. 

• 
43. PiiOB. There are two bodies whose masses A, C 

are given, C being at rest while A is moving towards it with 

a given velocity a; it is required to find the mass of a body, 

which being interposed between A and C, shall^ after being 

struck by A, commimicate the greatest possible velocity to C. 

Let B be the mass of the interposed body, 6' its velocity 
after being struck by A ; then, by Art. 40, since B is at rest 
before being struck by -4, 

^, (l + X)Aa 
A + B 
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The Earai 
struck hy B 



formula gives the velocity of C after being 

- (^+^)-S''' _ +\)B ( 1 -I- \)^ffl 
B+C B + C " J + B ' 

This quantity is to be a maviinum ; or, omitting the con- 



stant factors. 



(B ■i-C){A + B) 



is to be a maximum; and 



therefore it is reciprocal 



(B + 0{A + B) 



, which 



^J + C+B+~, 

is to be a minimum, by the variation of B. Hence, according 
to the principles of the Differential Calculus, equating to zero, 
the differential coefficient of this expression with regard to B, 
we have 

AC 



B" 



that is, the mass of the interposed body must be a mean pro- 
portional between the masses of the given bodies. 



MPACT ON FIXED PLANES. 

Def. The angle which the direction of a body's motion 
makes with a perpendicular upon the plane against which it 
impinges is called, before impact, the angle of incidence ; and 
after impact, the angle of reflection. 



44, PnoB. An imperfectly elastic body, moving with a 
given velocity in a given direction, strikes against a smooth 
' Jixed plane at a given point ; to determine the velocity and 
direction of its motion after impact. 
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Let AB be the plane ; C the point of impact, CD a per- 
pendicular to the plane at that point, 
PC the path of the body before im- 
pact ; take this line to represent the 
given velocity of the body; draw 
PD parallel to the plane, and in CD 

take a point E such that —=- = X ; 

from E draw EQ = PD, and join C, Qi CQ is the velocity 
and direction of the motion after impact. 

For, the motion of the body, represented by PC, may be 
resolved into the two motions PD, DC (Art. 17)> the effects 
of which (as in the second Law of Motion) we may consider 
separately. The motion PD being parallel to the plane will 
not be altered by impact, inasmuch as the plane is smooth, 
and cannot offer any resistance parallel to itself; EQ^ which is 
equal to PD, will therefore represent after impact, the velo- 
city of the body, parallel to the plane. But the velocity DC 
would cause the body to impinge directly upon the fixed 
plane ; and therefore the velocity after impact in the direction 
CD = X . CD* (Art. 41) = CE ; hence after impact, CE repre- 
sents the velocity which is perpendicular to the plane. The 
velocities CE, EQ compounded into one (Art. l6), give CQ 
for the direction and velocity of the body after impact. To 
express this result analytically, let v be the velocity before 
impact, V the velocity after impact ; 6 the angle of incidence 
PCD, and ff the angle of reflection QCD : then 



^ EQ PD 1 
*^^^ = C£ = v:CD = X''"^^' 

and V sin e^^EQ 

^PD 

=3 V sin 9. 



0) 



* Art. 36 properly applies only to the reloHve motion of two bodies ; yet the 
experimental results there given will be applicable in the present case, if we suppose 
AB to be the face of a body whose mass is indefinitely great in comparison of that 
of the impinging body ; on this principle, the above equation is taken from Art. 41. 
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Substituting for sin0' from (l), we find 
«'« ^ v^ (sin^ + X^ cos* 0), 

or «'= V (sin« + X' cos* 0) J (2). 

Equation (1) determines 0', and (2) gives v. 

Rem. If the ball be perfectly elastic, X = 1, and ■= Q\ 
«==«'; consequently, the angle of reflection is equal to the 
angle of incidence, and the velocity is unchanged by impact 
except in direction. 

45. If the ball were inelastic, CE would vanish, and 
after impact it would run along CB with the 

vel. £Q = P2> = « sin0: 

in which case the velocity lost by impact would 

= V — « sin 
= u(l - cos PC^) 
= « . vers PC A. 

46. Peob. To find the direction in which an elastic 
body must be projected from a given point; so that, after 
reflection at a given plane surface^ it may pass through 
another given point. 

Suppose the body is to be projected from A against the 
plane £2>, so as after reflection to pass 
through B. Draw BC perpendicular to 

BD 

EDy making — — = X ; join AC ; it is the 

direction in which the body must be pro- 
jected from A. 

For join EB, and project the body in 
the direction AE ; then 

tan angle of reflection = — • tan angle of 

A 

incidence , (Art. 44) 




-.tanjBCD 

A 
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L ^^ 

"X'CD 

ED 

"'BD 

» tan EBD ; 

.*• angle of reflection » EBD^ 

hence EB is the direction of reflection, and the body is re- 
flected from E through B. 

47. Pbob. To find the directimi in which an ekutie 
body must be projected from a given point; so that after 
reflection at any number of given plane surfaces in a given 
order it may pass through a given point. 

Let A be the point from which the body is to be pro* 
jected, B that through which it is to 
pass after being reflected from the 
planes CJT, DH, EF in order. 

Draw BG perpendicular to the 
plane EF, and take FG, such that 

BF 

X ; from G draw GI perpendi- 



FG 



cular to DH, so that 



GH 
HI 



X; and 




IL perpendicular to CK, so that 

IK 

, BH X ; join AL, it is the direction 

required. For join C/, DGy BE; 

then from the last article it appears 

that after describing AC the body will be reflected in the 

direction CI; and being incident upon the plane DH in the 

direction C2>, it will be reflected in the direction DG; and 

so from E to B, 

OBLIQUE IMPACT. 

48. PaoB. Two smooth bodies of given masses^ moving 
in given directions with given velocities^ strike against each 
other, it is required to find the velocity and direction of the 
motion of each of them after impact. 



'B(,IQIJE IMPACT. 
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Let A, B be the centres and C the point of contact of 
the two balls at the moment of im- 
pact. aA, bB the directions of their 
motions before impact, and A a, Bb' 
their directions after impact. Cx 
the plane of impact, (Art. 37). The . 
exact position of this plane can always 
be calculated from the known veloci- 
ties and directions of the motions, 
and the known positions of the balls 
at a given time, before impact. We shall here suppose it 
given. 

Let A, B be the masses of the balls ; a, /3 the inclina- 
tions of aA, bB to the plane of impact ; a, j3' the inclina- 
tions of Aa, Bb' to the same plane. 

Let a, b be the velocities before impact ; and a, b' the 
velocities after impact. 

Then the velocities of 'A and B parallel to Co; before 
impact are 

a cos a, h cos ^ (Art. 18, 3) 

and their velocities perpendicular to Cw before impact are 

« sin a, b sin j3 (Art. 18, 4). 

As in the second Law of Motion, we are at liberty to con- 
[ fiider each of these motions separately. The former will be 
[ unafiected by the impact, because the balls being smooth can 
I offer no resistance in the direction of their common tangent 
* Cic; hence their velocities parallel to Cx will be the same 
[ after as before impact ; 

.■. a' cos a =a cos a (l) 

and b' cos /5' = 6 cos |8 (2). 

The motions of the balls perpendicular to the plane of 
kimpact produce direct impact, and are altered by the impact; 
pto apply Art. 3Q to this case, we must write a sin a, —b sin 
Lfor a and 6 respectively ; and — al sin a', h' sin /3' for a! and 
lA' respectively ; because in that Art. the velocities are estimated 
I in the direction of A's motion before impact : 
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, . , Aama^BbsinQ ^ B(ataua + bsmS) 
...asma j^ + X. j^ ...(8) 

These four equations furnish the complete solution of the 
problem : for (3) divided by (l), and (4) by (2) give tan a 
and tan ^ : and the square of (l) added to the square of (3) 
will give a ; a similar process will give b'. 



ON THE MOTION OF THE CENTRE OF GRAVITY OF A 

SYSTEM OF BODIES. 

49* Prob. Given the masses of several bodies, which 
move uniformly in straight lines^ and the velocities and direo- 
tions of their motions^ and their positions at a certain time ; 
to find the position of their common centre of gravity at any 
time, its path and the velocity and direction of its motion. 

1st. Let the motions of all the bodies take place in one 

plane, which take for the plane of ay; let m^, n^, nis be 

their masses; t>i, Vg, V3 their velocities; and w'y'y w'y", 

a?'"y ",.... their co-ordinates at a given instant; (Xi^y^^ ^2y%^ 
^32^39 •••• their co-ordinates at the time t after that instant: 
also, let ai9 a%^ Os**** be the angles which the directions of 
their motions make with the axis of w. 

At the time t the body m^ has moved over the space 
w^ — a! parallel to the axis of w. But since its velocity in 
that direction is v^ cos a^ (Art. 18, 3) it must have moved 
over the space v^ cos a{t in that time (Art, 5) ; 

.*. 00^" so ^ v{t cos aj ; 

,-. x^ « v-^t cos aj + a!. 

Similarly y^ = v^ sin ai^ + y'. 

These are the co-ordinates of m^ at the time t : the co- 
ordinates of i7i2> iii&y he determined from these by writing 
•!?2j a2j s/\ y\ for Wj, Ci, (xl , y\ and so on for the other bodies. 

Now by the nature of the centre of gravity if ^9 y, be 
its co-ordinates at the time f, we have 
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mj^i -f- Mi^s + ^-i^s + ■ 





m, + ni3 + m3+ — 


rritin 


g for x,, 37;, X3,... their values before deti 


_ 


/m,Vj cos Hi + msWj cos a^ + m^^Wj cos a, + ... 


" 


I m, + mg+m3+ ... 




m,a>'+m,a!" + m33^'+ ... 




n>, + Ms + mj + ... 

This equation for brevity is written thus 

_ 2(mwcosa) ^ ^ 2 (ma?') 



Similarly ; 



These equations fully determine the position of the centre 
of gravity at any time t. From tliem also we find that the co- 
ordinates of this point when i = 0, were -— — — — and -— - — -— , 

and therefore the co-ordinates have increased respectively by 
_ 2 {ma;') _ 2(mff') . 

their respective equals 



in the time t : hence these or 



2(m) S(m) 

are the spaces described by the centre of gravity parallel to 
the axis of x and y, in the time t ; consequently the ve- 
locities of it in these directions, found by ^t. 5, are 

S {mv cos a) 



2W 



parallel to the axis of a 



, SCmcsino') „ , , . . 

*°o f , T — - parallel to the axis of «. 
£ (ffl) '^ 

Hence if » be the velocity of the centre of gravity, 
f and a the angle which its path makes with the axis of x. 



I 
I 
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the former of these expressions ^vcosa^ and the latter 

» ^ sin a ; 

. - S (mv cos a) 

••• « cos a =— -r 

2(iw) 

J - . - 2 (mv sin a) 
and t? sin a = — =— — ; . 

From which we obtain 

^ i sin a 2 (m V sin a) 

tan a B ^ = =r7 ^ 

t^cosa 2 (mo cos a) 

, -o fS (mv cos a)y fS (mv sin a)l2 

50. 2dly. When the motions of the bodies are not all 
in one plane, the system must be referred to three co-ordi> 
nate planes fixed in space. Let iByz\ al' y" %*\ at" y"' x"\». 
be the co-ordinates of the bodies at the given instant ; w^yiZi^ 
^2^2^29 ^3y3^39... their co-ordinates at the time t after that 
instant; ai/3i7i, a^^yi^ Qz^yzi... the angles which the di- 
rections of their respective paths make with the co-ordinate 
axes of wyz. 

Then in a similar manner to that before employed, we 
should find 

Xi =3 Vi cos a^t + w' 

yi = t>j cos fiit + y' 

», = Vi cos yit + »' 

for the co-ordinates of m^ ; and similar equations for those of 
the other bodies, at the time t 

Also, il X y Zi be the co-ordinates of the centre of gra- 
vity at the time /, 

_ 2 (mv cos a) 2 (miff) 

2 (m) ' 2 (m) 

- 2(wt?cos)3) 2 (my') 
^" 2(m) ' ■*■ 2(m) 

- 2 (wit? cos 7) 2(m«f') 
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And if the path of the centre of gravity make angles 
0^7 with the co-ordinate axes, and if v be its velocity, 

-^ f2 (wu cos a)1 * r2(wit?cos/3)P t^(mv cos y)^ 
\ 2(m) J ■*■ I 2(«») / * \ 2(in) } 

- - 2 (mv cos a) 
^ cos a = 

2(w) 

- — 2 (wt? cos )3) 

« cos iS = 

2 (m) 

- — 2 (mu cos y) 
^ cos 7 = ^. . . 

2(m) 

The first of these gives v and then the last three give 

a> /?5 7. 

,It appears that the centre of gravity moves with uniform 
velocity in a straight line (Art. 20), and the equations of 
its path may be obtained by eliminating t between the equa- 
tions which give the values of S, y, in Art. 49, or a? y 2 in 
this Article. 

Hence, in Art. 49, we have 

X 2 (m) — 2 (mw) y'S, (m) — 2 (my') 
2 (mv cos a) 2 (mv sin a) 

for the equation of the path of the centre of gravity when 
the bodies move in one plane. 

61. Peop. If any of the bodies in the last Problem 
happen to impinge against each other in the course of their 
motions^ the motion of the centre of gravity will not be 
eiffected thereby either in velocity or direction. 

1st. As to its velocity. 

The velocity of the centre of gravity in the direction of 
w is 

2 (mv cos a) 

2>i) ' 

The denominator of this fraction is constant; and the 
numerator is equal to the sum of the momenta of all the 
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bodies estimated parallel to the axis of x. Now it has 
been shewn in Art. 27, that whatever momentum is lost in 
impact by one body, is exactly gained by the other body 
against which it strikes ; hence the whole quantity of momen- 
tum cannot be altered by impact, and therefore S(mvcosa) 
remains constant, and consequently the velocity of the centre 
of gravity, parallel to the axis of w^ is the same after impact 
as before; the same may be proved for the velocities pa- 
rallel to the other axes; and therefore the whole velocity 
is unaltered by impact. 

Sdly. As to its direction. 

The direction of the motion of the centre of gravity, 
that is, the inclinations of its path to the co-ordinate axes 
are given in terms of its velocities parallel to those axes 
(Art. 18, or the equations of Arts. 49, 50) : and these having 
been just shewn to be the same after as before impact, the 
others remain constant ; and so the centre of gravity moves on 
in the same line as before impact. 

52. It has been shewn that the velocity of the centre of 

gravity in a direction parallel to the axis of a is — — . 

Now, if a body, equal to all the bodies taken together 
(= Sm), were to move with the same velocity as the centre 
of gravity of the system, its momentum paraUd to the axis of 

ij ^ i' X 2 (mucosa) ^, V .1. T_ 1 

w would = 2 (m) . — - = 2 (mt) cos a) = the whole 

2(w) 

momentum of the system in that direction. The same may 

be proved for the momenta parallel to the other axes. 

53. Remark. Conversely, if the whole momentum of the 
system were communicated to a body equal to the sum of all 
the bodies, that body would move with the same velocity, and 
in the same direction as the centre of gravity of the system. 

54. Remark. Two consecutive points are necessary 
and sufficient to' determine the velocity and direction of a 
body's motion. For an indefinitely short period therefore 
each body, even if its path be curvilinear, may be considered 
as moving uniformly in a straight line: consequently the 
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five preceding articles may be applied to the instantaneous 
state of any system, whatever be the velocities and paths 
of the particles. In using those results, we must observe 
that «, 1T3 v^.,, denote the velocities of the particles at 
any proposed instant; and a, /3, 71, dg /3j 7j, Oj ^3 Vsj--- 
the inclinations of the tangents to their paths at the &ame 
moment to the axes of a? y « . », a ji y will give the con- 
temporaneous velocity and direction of the motion of the centre 
of gravity. Its path will be found, as before, by eliminating 
t; but it will not necessarily be a straight line. 

55. Peob. Two spherical bodies move from given posi- 
tions in given straight lines with given velocities ; to find 
when their centres will be a given distance apart. 

Let a?' 1/ «', a?" y" «" be the co-ordinates of the centres 
of the balls at a given instant ; .v^ y, x^, s^ y^ Ks their co- 
ordinates at the time t from that instant, when their distance 
apart is equal to D. Let r,, v^ be their velocities; and 
^1 fii 7i> f^a ^ y-i *^^ angles which their paths make with the 
co-ordhiate axes. 

Then D* = (a;, - w,)' + (y, - y^f + (sr, - «,)* (l). 

But, as in Art. 49, 

a;, = i!| cos fli . i + a/ 

137, = "a cos a^.t +x"i 
.■- VB, — a^g " (pi cosai — v^coaa^t + Qv' — a>"). 
Similarly, Jj - y^ = (»i cos ^, - «j, cos yS^) t + (p' — y"), 
I and K, — ar^ ■= (u, cos y^ — u^ cos y^ t+{s' — x"). 

And these being substituted in the above equation (l) will 
give a quadi'atic equation for determining the value of t. 
This equation will Tiave two roots, and therefore shews that 
in general the balls are twice at a given distance apart, viz. 
once before being at their least distance and once after. 

To find the least distance to which the balls can ap- 
proach each other, we must put the difFerential coefficient 
of D, with respect to t, equal to zero; which will give a 

3-^ 
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simple equation for finding tj the time of being at a mini- 
mum distance; and this value o{'t being written in the 
equation (1) will give the minimum distance itself. If this 
value of 2> should be leas than the sum of the radii of 
the balls, they will have impinged upon each other before 
coming to that distance ; and so the least practical distance 
is, in this case, the sum of their radii. And to find 
the time of impact, we must write the sum of the radii 
for D in (l), and solve the quadratic in f, the legist root 
thus found will be the time of impact. The greater root 
refers to the time when the surfaces of the balls would be 
a second time just in external contact, supposing the sub- 
stance of each ball to be penetrable to the other, so that 
no impact might take place upon their first meeting. As 
this, though algebraically a possible problem, is physically 
impossible, on account of the impenetrability of matter, the 
greater root is to be rejected. 



CHAPTER III. 



ON UNIFORM ACCELERATING OR RETARDING FORCES. 

66. Peop. If a body be acted on in the line of its 
motion by a uniformly accelerating force f, the velocity 
generated in the time t ■» f t. 

For, because the force is uniform (Art. 11), there is an 
additional velocity equal to / generated in each successive unit 
of time ; and therefore the velocity generated in t units of 
time is equal to ft. 

57. What has just been proved of velocity generated, 
is equally true of velocity destroyed by a retarding force. 
And consequently when a body is under the influence of an 
uniform force, the velocity gained or lost, in passing from 
one point to another of its path^ divided by the force, gives 
the time of motion. This is to be understood as applying 
only to velocity generated or destroyed in the direction in 
which the force acts : and does not apply to motion which 
the body may have in any other direction. 

58. Hence if at the time zero, u be the known velocity of 
a body, which is acted on by a uniform force, its velocity at 
the time t will be 

= u -^fty if the force accelerates the motion 

or ^u^ft^ if •.. retards , 

69. A body at rest is acted on by a given uniform 
accelerating force f, to find the space through which it 
will move in a given time. 

Let s be the space moved through in the time t from 
the beginning of the motion. 
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Divide the time of motion into n equal intervals, each 

equal to — ; then the velocities which the body has acquired 

at the end of the Ist, 2nd, 3rd,... and last of these intervals, 
by Art. 56, are respectively 

t 2t St nt 

n ^ n ^ n n 

Now if the body had moved uniformly during each 
interval with the velocity which it has at the end of the 
respective intervals, it would have described a greater space 
in the time t than in reality it does describe: this is 
evident from the consideration, that upon the supposition 
here made, the velocity of the body would always be too 
great, except at the very end of each interval. But the 
spaces that would be described, upon this hypothesis, during 
the 1st, 2nd, 3rd,... and last intervals, by Art* 5, are re- 
spectively 

f SLf 3fi nfi 

n* fir *" n* n* 

.-. a cannot be >/— +/-y +/-t + ... +/— r 

> — (1 + 2 + 3 + ... + n) 
ff n(n+l) 



v? 



2 



•On) w 



Again, the velocities which the body has at the &^'n- 
ning of each interval are respectively for the 1st, 2nd, 
3rd,... and last interval 

n n n 
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and if it had moved uniformly during the respective in- 
tervals with these velocities, it would have described spaces 
equal to 

/-^ .2<« (n-i)j2 

each being respectively smaller than the actual space, be- 
cause on the hypothesis now made, the velocity of the body 
is always too small except at the very beginning of each 
interval. 

Hence 

8 cannot be <0+/ - +/-^+ ... +/^ -^— 

<-^{l + 2+ ...(n-1)} 
ff y^ (w - 1) 



<?•(-:) «• 



We have thus found two quantities (l) and (2), such that 
s cannot be greater than the former nor less than the latter, 
whatever be the number of intervals into which the time of 
motion is divided. Let the number of intervals be increased 

without limit, on which supposition — vanishes from the ex- 

n 

pressions (l) and (2) and each becomes equal to — . And 

this quantity is such that 8 is neither greater nor less than it ; 
consequently 

60. The velocity acquired by the body in last article 
equals ft ; if this be called v, and the equation v ^ft be 
united with s « ^/^, we shall obtain the relations which 
exist between force, velocity, time and space, when the motion 
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is due to the action of a uniform accelerating force. Theie 
are 

r=//, «-=^/^, smi^vtj and u"«2/j, 

which the reader will find it useful to remember; and to notice 
that they are only applicable when the body moves from rest. 

Remark. If/=1,/B2«, so that the accelerating force 
is measured by twice the space through which it will draw 
the body from rest in a unit of time. 

61. If the whole time of motion be divided into equal 
intervalsy the spaces described in these successive intervals 
are proportional to the odd numbers 1, 3, 5, 7 

For, let T be the length of each interval; then the 
time elapsed from the beginning of the motion to the end 
of the (r)*^ interval is rTy and the whole space described 
up to that moment = -^/^^t*. Similarly the space described 
up to the end of the (r - 1)^ interval is =^/(^— 1)*t*, 
the difference of these, or the space described in the r^ 
interval = |-/r*T' - i/(r - 1)V = ^/T-(2r - 1). And by 
giving to r the successive values 1, 2, 3, 4... we have 

space described in 1st interval = ^/r* . 1 

2nd =^fT'.3 

3rd ..^fT^.B 

4th =i/T^.7 

&c. = &c. 

which are as the numbers 1, 3, 5, 7 

62. The last three articles apply exclusively to the 
case of a body moving from rest, by the action of a uni- 
form accelerating force. If in Art 599 the body had had 
an original velocity (u) of projection in the line in which the 
force acts, the necessary modification of the resulting ex- 
pression between s and t may be effected by the assistance 
of the sec6n.d' Law of Motion. For if no force had acted, 
the body would have moved through the space ut, in the 
time t; and if there had been no velocity of projection, 
the body would have been drawn through the space ^ft^ 



B 

Lc 
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in that time: these effects are independent of each other by 
the second Law of Motion; and therefore the whole effect 
is found by uniting these two effects. 

Hence s s:ut + ^ff when the force accelerates the motion, 

and tsiut — ^ffi retards 

63. Let a body placed at A be drawn by the action 
of a uniform accelerating force / from -4 to C in any time ; 
and suppose B any point in AC. 

Then, by Art. 60, 

(ye\.y at C = 2/. AC, 

(vel.)» at jB = 2/. AB ; 
.-. (vel.)^ at C - (vel.)^ at B = 2f.BC; 
.-. (veiy at C = (vel.)^ at jB + 2/. BC 

= (vel./ atB + (vel.)2 through BC from rest at B. 

Def. The velocity which a body would acquire in fall- 
ing from rest through a certain space by the action of a 
uniform force, is called "the velocity due to that space ;^' 
and conversely, the space through which a body must fall 
from rest to acquire a certain velocity by the action of a 
given uniform force, is called " the space due to that velocity." 

Hence the property expressed by the above equation may 
be thus enunciated ; 

The square of the velocity due to any space is equal 
to the sum of the squares of the velocities due to any two 
parts into which that space is divided. 

64. The Earth exerts upon terrestrial bodies a uni- 
formly accelerating force, which is the same for all substances. 

1. The accelerating force which the Earth exerts is the 
same for all substances at a given place. 

This seems to be contradicted by daily observation of 
bodies falling in the air, which would rather incline us to the 
supposition that heavy substances descend to the ground in less 
time than light ones: but this difference can easily be shewn 
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to arise entirely from the resistance which the air offers to 
bodies moving within it. For to take an extreme case, if a 
feather and a piece of lead be let fall at the same moment 
from the top of the exhausted receiver of an air pump, they 
will be found to strike the bottom at the same moment. The 
same experiment has often been carefully tried with other 
substances, and always with the same result. Cotisequently 
at the same place the Earth exerts the same accelerating force 
on all bodies. 

2. This accelerating force is uniform. 

If this be the case it appears from the expression 8 ■= \ft* 
(Art. 59) that the spaces through which a body will fall from 
rest in different times are exactly proportional to the squares 
of the times of falling. But the motion of falling bodies is 
much too quick to admit of this experiment being made with 
such exactness as the importance of the subject demands. In 
rapid motions the air^s resistance is too great to be neglected ; 
and therefore the formula 8 oc t^ cannot be verified by bodies 
falling freely. To overcome this difficulty, two unequal bo- 
dies are suspended by a string over a fixed pully, means being 
used to diminish the friction of the pully as much as possible. 
A machine on this principle, fitted up with apparatus for 
measuring spaces descended and for accurately marking the 
moment of reaching a given point of the descent, and with a 
clock for noting time, was used by Mr. Attwood with perfect 
success in verifying the formula 8 oc tK By diminishing the 
inequality of the weights employed, the motion may be 
rendered as slow as the experimenter may require. In this 
way it has been fully proved that a body falling freely at 
London acquires in every second of its descent an additional 
velocity of 32* 18 feet per second. 

Hence the accelerating force of gravity is uniform, and 
is the same for all substances. It is usually denoted by the 
letter g (Art 25) ; and in the latitude of London ^ « 32*18 feet, 

65. Prop. If a body descend down a smooth inclined plane 
by the action of gravity ^ the force uhich accelerates the motion 
is uniform and equal to g multiplied by the sine of the pla/n^s 
inclination to the horizon. 
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Let AB be an inclined plane; draw AC, BC perpendi- 
cular and parallel to the horizon ; and CD 
perpendicular to AB. Take AC to repre- 
sent g the force of graTity ; and resolve it 
into two forces AD, DC, which are equiva- 
lent to g: Then by the second Law of 
Motion we may consider the effects of these 
separately. ^ 




The latter DC, which = g cos ACD = g cos B, being al- 
ways perpendicular to the plane, would produce motion in 
the direction DC, but as this is prevented by the im- 
penetrability of the plane, it produces no effect at all upon 
the motion of the body. 

The former AD, which = g sin ACD = g sin B, acting 
in the direction AB is that which alone produces the motion 
along the plane, and since the plane is quite smooth, this 
force is unresisted and produces its full effect : and as it 
is constant, the proposition to be proved is made out in 
both parts. 

Remark. As the force which urges a body down an 
inclined plane is uniform, the propositions from Art. 56 to 
Art. 63, will be applicable to motion on inclined planes by 
writing g sin B for f. Also, for bodies descending on in- 
clined planes from rest, space cc (time)^; and therefore the 
constancy and uniformity of the force of gravity may be 
proved by the descent of bodies down inclined planes. 

166. Peop. The velocity acquired hy a body faUhig down 
an iTiclmed plans is equal to that which it would acquire in 
falling down it3 perpendicular altitude ,- whether the body be- 
gin to fall from rest or be projected with a given velocity. 
altit 
inclj 



Let AB be the inclined plane, and AC its perpendicular 
altitude. 

When the body begins to fall from rest. 

By the equation in Art 6o, when the body falls down the 
inclined plane, 



u 
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(vel.)' acquired down AB^ZgmkB.AB 

^Zg.AC 

■ (veL)' acquired down AC\ 
.-. vel. acquired down AB = vel. acquired down AC. 

2nd. When the body is projected with a given yelodty u. 

By Art. 63^ we have for the motion down the plane, 

(vel.)' at jB = (vel.)' at ^ + (vel.)- due to ^ J8 
■= «^' + 2^ sin jB . -4 jB 
= tt* + Qg.JC. 

For the motion down the altitude AC, 

(vel.)* at C = (vel.)* at J + (vel.)* due to ^ C 
= u^ + 2g.JC 
= (vel.)* at B ; 
.-. vel. at C = vel. at B, 
and vel. at ^ = vel. at A . 

Hence by subtracting the latter from the former of the 
last two equations, 

vel. acquired down JC = vel, acquired down AB. 

67. Prop. If chords be drawn from either extremity of 
a vertical diameter of a circle, the time of descent down each 
of them will he equal to the time down the diameter. 

For let A B he Si vertical diameter and BC any chord. 
Draw CD perpendicular to AB. Then 
BCD equals the inclination of the plane 
BC to the horizon : hence the accelera- 
ting force down CB 

. „^^ BD BC 

^g,^nBCD^g.~^g.— ; 

and by Art. 59, space = ^ • force x 
(time)^, we have 
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BC 



BC^^g. -j^ . (time down CBf ; 



.'. (time down CBJ 



9.AB 
g 



By the same formula, when the body falls down the 
diameter A By 

AB ^ ^g. (time down A By ; 

2AB 
.'. (time down A By = = (time down CSy ; 

.'. time down AB ^s time down CS, 
and as CB is any one of the chords the proposition is proved. 

68. The property of the circle just demonstrated is very 
useful in solving geometrically all problems concerning planes 
of quickest and slowest descent ; as the following example 
will shew. 

Peob. To find the plane down which a body will de- 
scend in the least time from a point within a vertical circle 
to its circumference. 

Let D be the given point ; C the centre of the vertical 
circle BE ; BCG the vertical diameter. 
Join GD and produce it to meet the cir- 
cumference in JB ; DE is the plane 
required. For, join CE ; and draw DF 
parallel to BG. Then, because EC=^CG; 
therefore EF = jF7>, and a circle described 
with centre F and radius FE will pass 
through E and Z>, and touch the given 
circle at E, because CE which passes 
through their centres must pass through 
the point of contact. 

Now, if any plane (except DE) be drawn from D to 
the given circle, it will be partly without the circle dEDy 
and be longer than the part of it which forms a chord to the 
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circle drawn from the extremity Z) of a yertical diameter. 
But the time down this part is equal to the time down DE^ 
each being equal to the time down Dd (Art. 67); hence 
the time down DE is less than the time down the whole 
of that plane of which the chord is but a part : and as this 
is any plane drawn from D, except DE; therefore the time 
down DE is the least. 

69. Prop. If a body^ by the action of gravity, de- 
scend along a smooth contintums curve line situated in a 
vertical plane, its velocity at any point toill be the same 
as if it had fallen freely in a straight line through the 
same vertical space. 

Because the curve Une is smooth, it can offer no resist- 
ance to the motion of the body along it, and therefore no 
velocity will be lost through the action of the curve. Now, 
instead of the curve, substitute smooth planes AB, BC, 
CD, such that when their 
number is increased and the 
length of each diminished 
without limit, the system of 
planes shall coincide with the 
curve line. As no velocity is 
lost by the action of the curve, 
we may ab initio introduce 
the supposition that no velo- 
city is lost by the action of 
the planes, as a body passes from one of them to the next : 
for though this hypothesis is not true (See Art 45) as long 
as the number of planes is finite, we have shewn it is true 
when their number is infinite; consequently the error com- 
mitted by supposing no velocity lost in passing from plane 
to plane will vanish when we make the number of them in- 
finite; that is, there will be no error in the reasoning that 
will affect our ultimate inference with regard to the motion 
on the curve line. This being premised, draw the horizontal 
lines ^a, Bb, Cc,... and the vertical line abed,., also produce 
CB, DC,.., to F, G... Then, whatever be the velocity of pro- 
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jection down ABy the velocity acquired through AB equals 
that acquired through ab (Art. 66), equals that acquired 
through FB. Hence, since no velocity is supposed to be lost 
in passing from AB to J?C, the body begins to descend down 
BC under the same circumstances as if it had descended down 
JFB. Hence the velocity acquired at C, equals that acquired 
through FCj equals that acquired through ac, equals that 
acquired through GC. Hence the velocity at D equals that 
at d. This process may be continued to any number of 
planes, and therefore the same result follows when the number 
is infinite, and the system of planes becomes the curve line, 
in which the same is true. Hence, if a body, &c. 

70. If the body had been projected up the curve line, 
the same proposition is true, with the requisite verbal al- 
terations; thus, the velocity at any point will be the same 
as if it had been projected vertically upwards, and had 
ascended through the same vertical space. It therefore ap- 
pears, that whether a body ascend or descend along a smooth 
curve line, the velocity depends not at all on the form of 
the curve, but simply on the vertical space ascended or 
descended. Hence we can prove, that if a body acquire 
velocity by descending down a curve line, it will lose it 
again by ascending along any other curve line to the same 
vertical height as that from which it fell. To establish 
this, we have only to shew that, in falling down a vertical 
line, a body gains as much velocity as it loses in ascending 
through the same. Let a body be projected downwards from 
B towards C, with a velocity u : and let v be its velocity at 
C. Then, by Art. 6S, 

(vel.)* at C^(yd.y at B-\'2g.BC, 

or t>*=:w* + 2^.jBC (1). 

Let now the body be projected upwards from C with 
the velocity v, and suppose t the time of ascending to J3, 
and u' its velocity when it reaches B. 

Then, by Axt. 62, 

BC^vt'-^gfi (2), 
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and by Art. 58, 

^f^-Qg.BC from (2) 
= tt* from (l) ; 
.-. u e u. 

71. If C be the lowest point of 
a curve line ACB^ of which the two 
branches CA^ CB have a common tangent 
at C and are exactly similar and equal ; a body let fall from A 
will ascend to B\ and, since the velocities are equal at all 
equal altitudes in the ascent and descent, they are equal at 
those points of the two branches which are similarly situated; 
and consequently, if the two branches be divided into the 
same number of corresponding indefinitely small arcs, the arcs 
of each pair will be described with equal velocities, and, being 
equal in length, in equal times. Hence the time of descend- 
ing through an indefinitely small arc in one branch, is equal 
to the time of ascending through the corresponding portion 
of the other branch. And this being true of each pair of 
indefinitely small arcs, will be true of the whole arcs; that 
is, the time of descending through AC is equal to the time 
of ascending through CB: 

72. Remark. Our propositions respecting the motion 
of bodies upon curve lines have been proved on the suppo- 
sition of the curve lines being perfectly smooth; which 
amounts to supposing the curvets resistance to be offered 
only in the direction of a normal at the point of ^2*D&tact 
with the moving body. If any means can be found of re- 
taining this normal force without introducing resistance in 
the tangential direction when the curve line is removed, the 
same propositions will be true. In some cases this may be 
effected very readily. Thus, if a body be suspended by a 
very fine string from a fixed point ; when it is raised through 
any angle less than 90^, and let go, it will oscillate about 
the fixed point in a circular arc; the tension of the string 
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which retains it in the arc being a normal force. In other 
cases, the end can only be attained by more complex means, 
as in the following example. 

Pros. To make a body oscillate in a given cycloid. 

Let CPAc be the given cycloid, its plane being vertical; 
AB its axis, Cc its horizontal base. Pro- 
duce AB to Si making BS^ AB: complete 
the parallelogram Cd; and upon SD, 
Sd as bases, and CD, cd as axes, describe 
semi-cycloids SC, Sc, which, having equal 
axes and bases to the given one, will be 
equal to it in all respects. 

In most treatises on the Differential Calculus it is shewn 
that the two semi-cycloids CS^ Sc are the evolute of CAc\ 
and the general property of evolutes (that indeed from which 
they derive their name) is, that if a string be wrapped 
upon the evolute CS^ and made fast at S^ and then un- 
wound, its extremitv will trace out the curve CA ; and as 
it is afterwards wound upon 8cy the same extremity will trace 
out the other half cycloid Ac ; and in all this motion, the 
unwound part EP in any position of the string SEP, will 
be a normal to the curve at P, 

Hence, if a body P were suspended by such a string, it 
would oscillate in the manner required. 

73. Peob. To find the time of oscillation in a cy- 
cloidal arc. 

Let CA be the half of the cycloid in which the body 
oscillates, its axis AB being vertical, and base CB hori- 
zontal. Let L be the point from which the body begins to 
descend. Then the time of a complete oscillation, which 
equals the time of descent + time of ascent, is equal to twice 
the time of descending through LA, (Art. 7l). Divide^ the 
arc LA into very small parts, of which let MN be any one. 
Draw the horizontal lines LR, MT^ NU \ and upon AR 
describe a semicircle cutting MT in m, and NU in n ; join 
Am, An, Rm, and Rn, Then the velocity of the body when 
at Mf by Art. 69, is that due to the vertical space RT; 

••. veL at if = \/ig.RT... Art. 60. 




MN 
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And when the number of » 
parts into which LA is di- 
vided is increased, and the * 
length of each diminished t 
without limits MN will be ^ 
so small that the velocity 
of the body in moving 
through it may be consi- ' 
dered uniform, in which case (by Art. 5) 

space 

the time of movinff from Jf to JV = — t- = , _^ 

^ vel. y/2g.RT 

An arc of a cycloid, measured from its lowest point, is 
equal to twice the length of the corresponding chord of the 
generating circle. This is proved in most treatises on the 
Integral Calculus. 

Now JB is equal to the diameter of the generating circle, 
and hence 

MN^JM--JN 

= 2 . chord of circle corresponding to AM - 2 . chord 

corresponding to AN 

^ 2 \/AB .AT --2. y/AB . A U, 
by the nature of the circle. 

Hence the time of moving through MN, 

9.S/ AB.AT WaB.AU 

^/9.g . RT y/^g.RT 
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^ a/zAB (Am Jn'i 
g \Rm Rm] 



2AB mo ^ 
g ' Rm 

2AB 

. z mRn. 

g 



The same may be proved for the time through each 
of the other parts into which LA was divided ; hence adding 
all these times together, we have the time from Lto A, 

/ajn [Sum of all the angles subtended at R byl 

= \/ .<the parts, such as mn, into which the> 

° [semicircle upon AR is divided. j 

./2AB J Angle subtended at R by the whole semi-1 
"" ^ g ' [circle RmnA. J 

g ^ 

Hence the time of making a complete oscillation 



^irsf 



9.AB 

8 



which is the same whether the body oscillate through a 
large or small arc of the cyloid. 

74. By the property of the cycloid, ^AB is equal to 
the length of the string SA mentioned in Article 72. Now 
since a circle whose radius is SA (Fig. of Art. 72) and centre 
Sj coincides with the cycloid at and very near to A, being 
in fact the circle of curvature at Jf, the oscillation in a 



" We here assume that Am—An = mOy which may be thus shewn. The angle 
AOR = AnR + mAn; now mAn vanishes ultimately because mn l& indefinitely 
small; therefore ultimately AOR=i AnR = A right angle: therefore Aon^Ano 



mo 



and An=Ao, In the next line we assumc-s— = shim l?o= angle ^Ro^angie 

Jtifn 

m Rn; because the arc » its sine, ultimately. 
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very small arc of this circle will be executed in the same 
manner and time as in a very small cycloidal arc. Hence 
if a body oscillate in a small circular arc, the radius of 
which, or length of the string by which it is suspended, is 
equal to L feet, the time of making an oscillation is equal to 



v/l 



ir 

g 

75. By the assistance of the last article we may solve 
all problems relating to the times of oscillation of clock 
pendulums. 

I. If at a given place the pendulums of two clocks 
he of different lengths^ their times of oscillation are pro- 
portional to the square roots of their respective lengths ; and 
the number of oscillations which they make in the same time 
are inversely as the square roots of their lengths. 

For let Z, IJ be their lengths, then, g being the same 
for both, 

time of one oscil. of the former : time of one oscil. of the latter, 

/^ 4 /^' 

i S ^ g 

Again, the number of oscillations in a given time for the 
former : the number in same time for the latter 

the given time . _ . the given time . , , 

m the former : -: ^ rr m the latter 



time of one oscil. ' time of one oscil. 

Trin the former : —. -z :r- in the latter 



time of one oscil. ' time of one oscil. 

1 1 



V 



T ' v/T" 



II. If the same pendulum he made to oscillate at dif- 
ferent places^ the number of oscillations made in a day, or 
any given time^ will he as the square root of the force of 
gravity at the respective places. 
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For L is the same at the two places ; let g^ g* be the 
force of gravity. Then 

time of one oscillation at former place : ditto at the latter 



,/L ./L 



g ' g 



V~g 'x/?' 

Hence the number of oscillations in a given time in the 
former case : number in the latter 

— in the former : ditto in the latter 



time of one oscil. 
:: \/g : \/g^ 



By this we see that the pendulum may be made use of 
in comparing the force of the Earth^s attraction at different 
places. And we shall shew hereafter how it may be made 
use of in finding the actual value of g ; and in proving that g 
is constant for small altitudes above the Earth^s surface. 

III. The length of a second^ a pendulum being slightly 
altered by a change of temperature or other means ; to Jind 
the daily error of the clock. 

Let I be the length of the second's pendulum, I + ^l be 
the length of the same pendulum when changed by tempera- 
ture: N the number of seconds in one day equal 86400. 

Then I^ttV- (Art. 74), 

e 

and the time of one oscillation of the pendulum whose length 
is 7 + ily 



= 7r V 



l ^^l 
g 



-'Vi-('4T-(-Tr 
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Hence the number of seconds (or of oscillations) lost in 
one day 



-7) 



= iV - JV (1 - ^) neglecting (S/)», {Si)\... 

N 81 
' Z '1' 

IV. A dock loses n seconds per diem, to find how much 
the pendulum must be shortened to correct it. 

Let Sf be the quantity by which it must be shortened. 
Then by the last article 

N St 



MOTION OF PROJECTILES IN VACUO. 

In the preceding Articles of this Chapter, we have de- 
termined the motion of bodies, subject to the influence of 
gravity, both when they were suffered to move freely in a ver- 
tical direction, or by some mechanical contrivance constrained 
to move upon a plane or in a curve line. It yet remains to 
determine a species of motion which belongs to neither of these 
cases ; viz. that of a body thrown or projected, in an oblique 
direction, and left without constraint to choose its own path. 
Such is the motion of a stone thrown at a distant mark. It 
may be here mentioned, that this kind of motion, as well as 
those before considered, is supposed to take place in vactco; 
an hypothesis, which is introduced solely for the purpose of 
simplifying our calculations. Now, as all motion near the 
Earth's surface is impeded by the resistance of the atmosphere, 
our results will differ from experiment ; but, as the resistance 
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of the air is but smaU, when the motion is not very quick, the 
error in such case will not amount to much. We shall shew 
hereafter how to effect the proper corrections for this error. 
From what is here stated, the reader will perceive, that besides 
determining the time and velocity of the body's motion, we 
have now to investigate the form and magnitude of the path 
which it will take in its flight. 

76. Prob, a body being projected from a given point 
in a given direction and with a given velocity ; it is required 
to find the place of the body at any timcy and the equation 
of the path which it will describe. 

Let A be the point from which the body is projected, and 
AC the direction of projec- 
tion. Draw A Of horizontal, 
and Ay vertical, which take 
for the axes of a? and y : and 
suppose the curve line APB 
to be the path which the body 
will describe ; and suppose 
the body to be at P at the ^ 
time t from the moment of projection. Draw CPD vertical. 

AD = Wy DP rsy^ a^ BACf and u = the velocity of pro- 
jection. 

Now the actual motion is compounded of two motions, the 
original velocity in the direction ACy and that which is generated 
by the force of gravity. By the second Law of Motion we 
are at liberty to calculate the effect of gravity separately. The 
projectile velocity in the time t would carry the body from 
A to C, such that AC ^ut\ and the force of gravity would 
then cause it to descend from C to P in the same time ty such 
that CP^\gf. Hence 

x ^ AD ss AC cosa = ut cos a (l), 

and y« C2>-CP«-4C8ina-^g^ 

^ut^ma—^gf ...(2). 

These two equations give the co-ordinates of the body at 
any time t of the motion. 
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•37 

The former irives t » » which substituted in the 

^ u coso 

latter gives 

coso tt*cos a 

gsec^a , , . 

= a?tano-^ 7-..tr (3), 

which is the equation of the path of the body. 

77* ^^ ^^^ readily be shewn that this equation is that 
of the common parabola. 

For, arranging it according to powers of ^, 

2w* . 2tt' 
0?^ . sin a • cos a •ic ^ • cos a . y , 

g g 

and completing the square, 

(x • sin o cos oV = — . cos* a . | — sin* a - y 1 , 

g g \^g ^J 

and by transposing the origin of co-ordinates from ^ to a 
certain point, the co-ordinates of which are 

— . sm o cos o, — sm* a ; 
g ^g 

and reckoning the new ordinate axis of y downwards, which 
will be efTected by writing 

' «* • 

a? + — sm o cos o for ^, 
g 

and - y + -- ..sin* a for y, 
2g 

we find 

'2 2m* , 
0?^ = — cos*o.y , 

which is the equation of a parabola of which the vertex is 
the origin, and axis downwards. 

Its latus rectum =* — . cos*o. 

g 
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78. To find the greatest altitude the projectile attains^ 
and its horizontal range, we have 

I «r cos a sm a I = . cos a . | — sin' a — v I . 

\ g J g \2g ^J 

Now because the left hand side of this equation is an 
exact square, it cannot be equal to a negative quantity ; 

.;. y cannot be > — • sin* a ^ 

^g 

Hence the greatest vertical altitude the body attains above 
the point of projection, being the greatest value of y, is 



. sm a. 



^g 

Again, If the parabola intersect the horizontal line Aw, 
passing through the point of projection A, in S, AB is called 
the horizontal range, and its value may be found by con- 
sidering that at B, y ^ and x s AB, which being sub- 
stituted in equation (3) of Art. 76, give 

0=:^5.tana-^^^^.^5«; 

«** . . 

.*. AB = ~ . sin 2 a, is the horizontal range. 

g 

79. We shall shew how these results may be directly 
obtained by the second Law of Motion, without the aid of 
the equation of the path of the projectile. 

1st. To find the greatest attitude, time of fiight, and 
range. 

Let the velocity of projection be resolved into components, 
one = u cos a in a horizontal direction, and the other « z^ sin a 
in a vertical direction. The former of these does not affect 
the vertical motion; as far therefore as the upwards motion 
of the body is concerned, we may consider it to have been 
projected vertically with the velocity «« sin a : and it will 
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continue to ascend till all this is destroyed by the force of 

gravity. Hence, because in general s m — (Art. 60), in 

this case 

1 1 . 1 . _ (i^sino)* 
the altitude attamed = ; 

and since all the vei:tical velocity is lost in ascending, 

n tt sin o , ^ 
.'. time of ascent = (Art. 57). 

g 
But the time of descent is equal to the time of ascent, 

rn- U4. 2ttsino 
.•. time of night « . 

g 
At the expiration of this time the body strikes the 
horizontal plane, having this while been moving horizontally 
with the uniform velocity u cos a ; consequently the hori- 
zontal range, by Art. 5, 

,,.... Qusina «*sin2a 

= (vel.) . (time) « f« cos a . = • 

g g 

The velocity of the projectile in a horizontal direction 
is uniform by the first Law of Motion ; for gravity, the only 
force, acting in a vertical direction, there is no horizontal 
force acting upon the body. 

Remark. The a nge will be the greatest for a given 
velocity of projection, when sin 2 a is the greatest, t. e. when 
a = 45®. 

80. To find the positions of the focus and direetriw. 

Let the horizontal range AB be bisected in M by the 
vertical line FJf ; this line is 
the axis of the parabola. From 
A the point of projection draw 
AH vertical to meet the direc- 
trix in H\ and AS making the 
z SAT^ L HAT, JTbeing 
the direction of projection. By 




Now AM- 4 


the range AB = — 


sin 2 a 
2g- 


And iSAH- 


= 2 z TAH = 2 ( J 


-") = 


: ^SAM-l 


-SJ/r-^^(x- 


■2a) = S 


.: HA 
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the property of the parabola, A T being a tangent at Ay bisects 
the angle between AH and the radius vector drawn from A 
to the focus. Hence the focus is in the line AS, it is also 
in VM ; and therefore S is the focus, and AH = AS. 



....(I); 



(2). 

2g 8in 2a 9.g 

Equation (I) determines the position of AS in which the 
focus lies ; and (2) determines the distance of both focus and 
directrix from tlie point of projection. 

Hemark. When the range is the greatest sin 2a = l, or 

2a =s 0, or SAM = 0, and therefore the focus of the para- 
bola is in the horizontal plane AB. 

81. The velocity at any point of the parabolic path is 
equal to that which a body would acquire in falling from 
rest vertically from the directriai to that poi}it. 

For any point of the path may be considered a point of 
projection, the tangent at that point being the direction of 
motion at that instant. Hence A may be taken to repre- 
sent the place of the body at any moment, and AT the 
direction of its motion. Now by equation (2) of last article 
u' = ig. HA, which, being compared with the formula w' = 2/s 
for falling bodies in Art. 6o, shews that -u is the velocity which 
a body would acquire in falling from rest from H to A. 

Remark. From this property we can find the length of 
the latus rectum. For, the velocity at V being wholly hori- 
zontal = u cos a; and consequently the space due to this 



1 

J 
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velocity, or distance of V below the directrix (which b ^ ]at. 

(u cos aY 
rect.) « ; 

. 2tt*co8*a 

• • lai* reCb* ^ ^■^— ^— — — ^— . , 

82. To /»d the length of the whole path APB. 

Let 8 B AP, and write p for d, y. 

Then «■= jC\/l +jp* = J!iN/l +p*.dp*. 

^- ^ sec'a , 
Now y ■= .T tan a ~- . /r ; 

gsec^a , ^ 

••. p B tan a r— .a?^....!!) ; 

, fi'sec'a 

.'. o-a? s= = = . cos' a ; 

^ rf,p gsec^o ^ 

•'• ^-"L \/l +P'* • — cos* o ■= cos- a L v/l +p* 

= co8*o {jpv/l + p^ + log^ (p + V 1 + p") + C}. 

The value of p at the point of projection A is tan a 
from (l), and at i? it is — tan a. Hence the above integral 
is to be taken between p » tan a and p s — tan a ; 

.-. arc APB = — cos* a |2 tan a . sec a + log^ (sec a + tan a) 

— log^(sec a - tan a)} 



— <s]na 4- cos* 



alog^tan f450+-j|. 
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1. Two bodies being projected at the same moment in 
a vertical direction with given velocities from two points in 
a horizontal plane ; it is required to find the greatest altitude 
to which their common^ centre of gravity will rise. 

Let Ay B be the masses of the bodies, 

a, 6 their velocities of projection upwards, 

then the velocity with which their commou centre of gravity 
will begin to ascend 

Aa + Bb 

= — i ^ Art. 49. 

A + B 

By Art. 53 the motion of the centre of gravity will be 
the same as that of a body A + By projected upwards with 
this velocity ; and therefore the greatest height to which it 
will ascend equals the space through which a body must 
fall from rest to acquire this velocity (Art. 70) 

« ^^ Art. 60, 

(Jg -h Bby 

^2g(A + By' 

2. Two bodies start from the top of an inclined plane^ 
one falling down the plane, and the other down the vertical 
altitude, and it is observed that the former is twice as long 
as the latter in reaching the base. What is the inclination 
of the plafie to the horizon ? 

Let AB be the inclined plane, AC its vertical altitude. 

Then g being the force of gravity, to 
which the motion of the body which de- 
scends from ^ to C is due, its time of 
motion 



2.^C\J 



-(^^ 



Art. 610. 



g 
and g sin B being the force down the plane 



0^ 
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(Art. 65) to which the motion of the other is due, its time 
of motion 



[gsmBj ' 



and by the question this is double the former; 

/ 2JB\i 



\gsinBJ \ g J 



• • 



. sin £ « J, 



Required the 



AC 
AB 

or (sin Ef = \ ; 

.-. sin Jff = -3^ ss sin 30^ ; 

.-. B = S(fi. 

3, Two bodies are connected by a very fine string which 
passes over the top of a given inclined plane. One of them 
hanging down draws the other tip the plane, 
whole time of motion. 

Let AB be the inclined plane. 

P, Q the masses of the bodies. 

Then, by Statics, the force acting up 
the plane which would just prevent Q from 
descending 

= Qg sin B. 

This then is the pressure of Q, which ^ 
is wholly employed in opposing P's descent. The pressure 
which P exerts to descend 

Consequently, the whole pressure which produces the 
motion of the system 

= Pg — Qg sin B. 

The mass moved ^ P + Q; 

therefore the accelerating force on the system 

P - Q sin B 
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which being constant, if t be the time spent in ascending 
from B to J, 

P-QsinB , 
^^ = i> p^Q .^^ Art. 60, 

from which equation t is known. 

4. A given body Q is to be raised to a given altitude 
by means of a smaller body P ; required the length of the 
plane upon which this may be effected in the least possible 
time» 

Let AB = a? be the required plane (Fig. of last Art.), 

AC^a the given altitude. 
Then as in the last problem, 

a 

P-Q- 

... foz 



5 

a 
w 



and since t is to be a minimum, f must be a minimum, and 
its reciprocal which 

P Qa 



cc — — 



w or 



must be a maximum. Putting the differential coefficient of 
this expression =0, 

Q ^ 

or a? = -^'^(^f 

which is twice the length necessary for statical equilibrium. 

5. A body is projected vertically upwards with a given 
velocity ; required the time of its being at a given altitude 
above the point of projection. 
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Let a = the given altitude, 
u = the given velocity, 
t B the required time. 



Then the space which would be described in consequence 
of the projectile velocity, in the time t, 

and the space which would be fallen through in consequence 
of the action of gravity in the same time 

and a is the space which results from these two motions (second 
Law of Motion) ; 

.-. a a tt^ — ^g^... as in Art. 62 ; 

.-, ^ « - ± 5^ ^L. (1). 

g g 

If u^<2ag the question is impossible, therefore the body 

cannot ascend higher than — . Let A be the point 

^g 

of projection, JB the given altitude; JC ^ — = the 

greatest altitude to which it ascends. The body after ^-- 
leaving A passes through B for the first time, after which it 
continues its ascent to C, when it begins to fall towards -4, 
and in its descent passes through B a second time. The 
two values of t in equation (l) refer to this circumstance. 
Hence the body is at the given altitude at the time 

m Its ascent ; 

g g 

and at the time 

§ g 
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6. A body falling from the top of a tower was observed 

to descend through ( — J part of its altitude in the last 

second. Required the whole time of descent^ and the alti- 
tude of the tower. 

Let t = whole time of descent ; 

.'. the altitude of the tower = -i^g^i 
and the space descended in the time (^ - i) =3 ^g(t - 1)*; 
.-. the space descended in the last second = ^g(^t - 1), 
and ^gfi « » . •Jg' ( 2^ - 1) by the question ; 
.*. ^ =s2n^- w; 
.-. t ssn^ s/tj? — n. 

The double sign in this equation seems to imply that 
the question is ambiguous : but since ^ — 1 must be a positive 
quantity, and n > 1 by the nature of the question, the lower 
sign cannot be used. For, if we take the lower sign, 

^-l = n-l — s/v? — n 
(n - ly - (n* - n) 



n - 1 + \/w^ — n 
w-l 



a negative quantity ; 



n- 1 + v/n^ - n 

.-. ^ ss n + v/n* - w, 

and the altitude of the tower t= ^gn (2/^-1+2 \/n^ - n). 

7* An elastic body falls from a given altitude upon a 
horizontal plane; and rebounds and descends again , and so 
on till the motion ceases. Required the whole space de- 
scribed. 

Let a = the given altitude, 

X =5 the elasticity of the body. 

Then the velocity acquired in 1st descent = \/2^o ; 

.'. velocity of 1st rebound « X y/2ga\ 
5 
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.*. space described in Ist ascent 






B> X*a B space described in 2nd 

descent ; 
.*. space described in 2nd ascent s X' (X*a) 

B X^a B space described in Srd 
descent. 
&c. B &c. ; 

.*. whole space » a + 2X*a 4- 2X^a + 2X*a 4- ••• ad infinitum 

-a+2X»a(l + X» + X*+...) 
2X*a 

aa + r 

1-X« 
l+X* 
"l-X« 



. a. 



8. 7tro elastic bodies oscillating in the same eychidj 
through unequal arcs, strike together at the lowest pointj 
and rebounding through other arcs descend and strike again; 
this is repeated indefinitely. To Jind the velocity of each 
after any number of impacts. 

Let m, m' be the masses of the bodies, the former starting 
from P and the latter from Q. They 
strike together at A by the question: and 
since the cycloid is an isochronous curve 
(Art, 73), whatever may be the velocities 
with which they separate, they will ascend 
and descend through their respective arcs 
in equal times, and meet again at A. Let u, ia be their 
velocities at first impact; and X their elasticity: and v, nS 
their velocities after the (w)*^ impact. 

Then their relative velocity at 1st impact ^u ^vl. 
Hence the relative velocity with which they separate, which is 

= their relative velocity at 2nd impact = X (w 4- u) Art. %^. 
Similarly Srd =X*(w4-«^% 

{nf B x-*(«* + «*') ; 




'Jt- 
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.•. their relative velocity after the (n)^ impact » X"(« + «')> 
this is equal to i? + v\ 

Now the momentum gained by one is lost by the other 
at every impact and therefore the algebraic sum of the mo- 
menta is always the. same (Art. 27) ; 

.*. mu - rnlii ^ mv -- twV, 
but X"(t* H- w') =5 w + v'; 



.'. t> = 



mu — m'u' 



m -¥ m 



— +\\ 



and v'sB 



mu^m'u' 
mf +fn 



+ X". 



m'(u + u') 
f» + f» 

w (w + «^') 



9. A body is projected from, a given point in a given 
direction with a given velocity ; to find the time of flight and 
its range upon an inclined plane passing through the point 
of projection. 

Let AC be the direction of projection^ AM the inclined 
plane passing through A the 
point of projection : draw Ay, 
Aw vertical and horizontal, 
and let APM be the path of 
the body. 

u = velocity of projection, 

a^BAC, i^BAM, 

m^AN, y^MN. 

Then because xy are the co-ordinates of a point M in the 
inclined plane, 

.*• y ^w tan i. 

But because they are also co-ordinates of a point M in the 
path of a projectile, 




2 



,\ y ssw tan a — 



g sec^a 



2u 



2 



^ Art. 76, (3); 



g sec^a « 
.*. a tan %o a tan a r- . or. 



5-— 2 
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Hence dividing by x^ we find, 

X = — . cos'a (tan a - tan %) 
g 

Zu^ cos a . sin (a — i) 

B , - ^ 

^ cost 

.-. the range AM ^ ; «=* — . '- — t: O)- 

cos* g cos*t 

Again, since the horizontal velocity is uniform and equal 
to t^cosa, 

the time of flight = — - — Art. 76, (1) 

t^ cos a 

2w sin (a - ») 

= — . —r-^ (2). 

g • cos* 

10. To find at what angle of elevation the body in the 
last question mtist be projected with a given velocity, that the 
range on the inclined plane may be the greatest possible. 

Let 0= the elevation above the horizon = CAx, 
Then, as in the last question, 

Qu^ cos0.6in(0-») 



the range AM = 



g * cos*£ 



This quantity is to be made a maximum by the variation 
of Q : hence omitting constant factors we have to find the value 
of d, which makes 

2 cos d . sin (d - j) a maximum, 

or sin (2d — i) — sin i a maximum. 

This will be the case when sin (20 - i) es i, 

or 20-i = 9O^; 

2 
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Remark. Since 20 - i = 90° ; /. - i = 90*^ - 0, 
that is, CAx - MAw = y-4a? — CAa:, 

or CJilf = CAy. 

Hence the direction of projection must bisect the angle 
between the plane and the vertical ; and therefore the range is 
the greatest when the focus of the parabola is in the inclined 
plane. 

11. An elastic body slides down an inclined plane of 
givcfi lengthy and impinges on the horis^ontal plane at the 
foot of the given plane : required the inclination of the given 
plane that the range of the body after reflection at the hori- 
zontal plane may be a maadmum. 

Let a = the length of the plane AB ; 3 

6 s BAE its inclination, 

0' = CAF, AC being the direc- 
tion in which the body » 
is reflected at A, 

X = the elasticity. 

Draw ADy BE vertical. Then the velocity which the 
body acquires in falling from B to A^ 

= \/2g . BE = \/2ga sin Art. 66. 

This being the velocity with which it impinges against 
the plane AF at the angle of incidence DAB = 90^ - ; and 
90° - 0' = DAC being the angle of reflection, by hypothesis ; 

.-. the vel. of reflection = . ^ — -f- . \/2ga sin ... Art. 44«, 

cos 6 J 7-7: 

= -;c,'V^ga sin 0. 

COS0 

To find the range upon the horizontal plane AF^ we must 
consider the body projected from A with this velocity in the 
direction ACy such that CAF^ff \ 
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t 

, cot? 9 2ga sin ^ . 

.-. the ranges — -— . .sin 20^ Art. 78. 

corff g 

s 4a cos'd sin d . tan ff. 
But tan(9O^-0')«-.taii(9(/*-^, 

or tand' «X.tand; 
.*. the range » 4aX cos^ d sin d tan 9 

B 4aX (cos 9 - cos' 0). 

This is to be made a maximum by the variation of 
9 ; hence according to the principles of the Differential Cal- 
culus, 

= - 4aX (sin 0-3 cos* d . sin d) ; 

.\ 9 = sec~^\/i- 

12. From the top of a tower two bodies are projected 
with the same given velocity at given angles of elevation, and 
are observed to strike the ground at the same point. Required 
thelaltitude of the tower. 

Take the top of the tower for the origin of co-ordinates, 
the axis of w being horizontal and that of y verticaL 

w = distance of the point struck from the foot of the tower^ 

y = altitude of the tower, 

9 = any angle of elevation of projection, such that the body 
may strike the ground at the point mentioned in the 
question, 

u = the velocity of projection. 

Then, the co-ordinates of the point on the ground against 
which the balls strike are x and * y ; and because this is a 
point in the path of a projectile, 

£r g6C 9 

.«. -yea?tan0-^ ~'^ Art. 76, (S) 

2u 

« 0? tan0 - ~3 . (I + tatfd) ; 



.'. tan'd tan^ + i 

ga> 



Su*y 



This being a quadratic equation has two roots, or Taluec 
of tan 6y and no more : hence there are two directions, and no 
more, in which bodies may be projected with a given velocity 
to strike the same point; these being given by the question 
call them a and j3, then taDa and tan/3 are the two roots 
of the preceding quadratic ; wherefore by the nature of equa- 
tions, 



tan a + laa^ 
and tana tani: 



2«^ 

gx * 



2v?y 



2u* I -tana tan )3 



g ' (tana + tan/3)' 
iu' cosa cos/3 cos(a+/3) 
^^' Bin»Ca+^) ' 

13. An infinite number of bodies are projected from a 
given pmnt, with the same velocity, in otf direcUona ; to find 
the locus of them all at a given time- 

Let AB, ABj, ABt, ... be the spaces that would be 
described in any time with the velocity and 
directions of projection of the bodies P,Pj, 
Pn..^i these spaces are all equal, because the 
velocity of projection is the same for all ; draw 
PB, PjB,, /VB„.,. vertical; these also are all 
eqnal, because they are the spaces due to the 
action of gravity on the bodies during the 
time elapsed iiom projection. Complete the 
parallelograms BO, fi, 0, B, 0, ... therefore 
OP = OPj = OP, -...; hence the bodies are 
situated in the surface of a sphere, whose cen- 
tre is 0. 
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t 

The following problem is added as an application of the 
principle of the second Law of Motion, that forces acting 
simultaneously upon a body produce their effects independ- 
ently. 

14. A perfectly elastic hall is thrown from a point A 
of a given inclined plane, and after impinging on the plane 
at B rises vertically through a given altitude BC ; after which 
it again impinges at B and returns to A. Find the range 
AB and time offiight. 

Let BC, which is given, = A, and put z BAB, the incli- 
nation of the plane, » ». Since the 
velocity is not affected by impact 
at B, the body in returning from 
C will exactly retrace its former 
path from ^ to C; and (by Art. 44, 
Remark) \i BT h^ the direction 
of reflection at B, BT, BC make 
equal angles with the normal to the plane at B, 

.-. TBA = - - 1. 

Now the velocity of impact at J? « '^^gh ■= vel. of projection 
in the direction BT : let both this velocity, and the force of 
gravity be resolved perpendicular and parallel to the plane ; 
these are 

{vel. a s/'igh. sin il parallel J vel. = y/Tgh . cost) perpend, 

force =a g . sini/to plane. \ force = ^. cos ij to plane. 

By the second Law of Motion we may consider these sets 
of velocities and forces separately. Taking the latter set, 
the body is projected perpendicular to the plane with the 

velocity y/^gh cos i, subject to the retarding force g cosi; 
this velocity will be destroyed in the time 

x/sfl'A.sin* /2A\i 

7—. = I — ... Art. 57, 

g^mi \g I 

which equals the time of descending again to the plane. 
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g 
which we may remark is independent of the planers inclination. 



Hence t the time of flight = 2 I — J , 



Taking the other set, the body is projected down the plane 
with the velocity \/%gk sin i, and is accelerated by the force 
g cos i, and arrives at A at the time t ; hence by Art. 62, 

AB = t y/^gh sin i + -J^ sin i . ^ =s 8 A sin i. 
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ON THE FREE MOTION OF A PARTICLE OF MATTER WHEN 

ACTED ON BY VARIABLE FORCES. 

83. A PARTICLE of matter in motion being acted on by 
a force in the line of motion^ it is required to investigate 
the differential equations expressing the relations which ewist 
between force^ the space described, the velocity and the time 
of motion. 

Let s be the distance of the particle from some fixed point 
in the line of motion, at the time t reckoned from some fixed 
epoch ; v the velocity and / the accelerating force at the same 
time. Also let « ± 5«, /+ 5/, « + 5t> be the values of », / 
and V at the time t + ^t. (In the expression s^^s the upper 
or lower sign is to be used according as the motion of the 
particle is from or towards the point from which s is mea- 
sured ; in other words, according as s increases or decreases 
with t.) Now since the space ± is is described in the time 
it with velocity varying between v and v + 5t?, 

.'. ± is lies between vit and {v + iv) it, 

is ^ 

or ±j- V t> + dt>. 

As this is the case however small ^^ be taken, it will be 

true when it is diminished indefinitely; in which case x^ 

approximates to d^s as its limit, by the principles of the 
Diff. CaL, and v and v + £v approximate to equality with 
each other; 

.•. ±d^« = t) (i). 

84. Again, iv is the velocity added in the time it by a 
force varying in magnitude from/ to /+ if 

.\ iv lies between fit and (/+ if) it, 

-I f ^"-^f- 
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Hence as before d^v =/• 

85. If / be a retarding force, it may be shewn in the 
same way that — d^os/. It appears, therefore, that in 
general 

f^^d,v, ...... (2), 

the sign + or — being used, according as v increases or 
decreases. 

86. Combining equations (l) and (2) together, we have 

Now, if / be an accelerating force, and s increase with 
t, this becomes /=s + + d^s ^d^s. And if / be a retarding 

force and s decrease^ this becomes /= d/« « d^s, In 

the former of these cases the tendency of / is to increase 
s : and in the latter / retards the decrement of «, which is 
only another way of saying that / acts so as to increase s : 
consequently, when the force f acts to increase s, the equation 
for f in terms of sis 

f^+d,^s. 

Again, if /be an accelerating force, and s decrease, /= 
+ — d^s =3 — d^s ; and if/ be a retarding force, and s increase, 
/= — 'i'd^S's — d/«. But in the former of these cases the 
tendency of / is to increase the decrement of s ; that is, it 
acts to diminish s: and in the latter case the tendency of 
/ is to diminish the increment of s ; that is, it acts to diminish 
s; consequently, when the force / acts to diminish «, the 
equation for / in terms ot s is /= --d^s. 

We, therefore, state in general that 

/==*=d^ (S), 

the upper or lower sign being used according as / acts to 
increase or diminish s. 

87. There is another expression for / in terms of v and 
Sy which may be thus deduced. 
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From equation (2) we have/- id^r 

m sk ikvdgV from (1). 

Here the union of signs is precisely the same as in the 
last article, and therefore, by proceeding in the same way here, 
we obtain the equation 

f^^vd.v (4), 

the upper or lower sign being used according as / acts to 
increase or diminish «. 

We shall subjoin a few examples of the application of 
these formulae. 

In the last chapter the force of gravity was stated to 
be uniform at the same place. This is found to be true, 
and then only approximately, for small altitudes above the 
Earth^s surface. At the top of a mountain the force is 
sensibly less than in the plains below. In the Treatise on 
Attractions appended to this book, it will be shewn that the 
Earth'^s attractive force on external objects varies as the. 
square of their respective distances from its centre inverse- 
ly ; but on internal objects as the distance from the 
centre directly. Hence the results of Chapter iii. are only to 
be applied when bodies ascend or descend through spaces 
which are very small in comparison of the Earth^s radius, 
which is a little less than 4000 miles. We shall proceed to 
solve the problem in a more general form. 

88. PiioB. A body falls from a great altitude towards 
the Earthy to determine the motion. In this case the force 
varies inversely as the square of the distance from the 
EartKs centre. 

Let S be the Earth's centre, A the point from a- 
which the body begins to fall, P the place of the 
body, at any time t from the beginning of the motion, p- 
V = its velocity, and s = SP^ a = SA^ R = the Earth's 
radius, and g = the force of gravity at the Earth's s -^ 
surface. 
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Then g : accelerating force at P :: -«i'-^; 
.'. accelerating force at P « -— 

= -- , if we write lu for R^g, 



Now this force acts to diminish 8 ; 

.'. -r=— «d,« Art. 87. • 

Multiply by - 2, and integrate ; 

.'. — + constant = v^. 

8 

Now I? = 0, when « = a ; .•. constant s= ; 

a 

\8 a) 

the sign - is prefixed to d^s^ because 8 decreases as t increases 
(Art. 83). 

/ a \ i 8 

,\ d,^ = - . y 

\2)u/ \/a8 - 



\2tiJ \y/as''8\ 2 y/a8^8'i 

(a\i . / a 28 

— .{\/a«-«^ vers"^ — + Cf. 

Now ^ = ivhen « = a, and .*. C =a - . vers"* 2 = — ; 

2 2 

••• '=(^) {v/^^^-fvers-^^ + ^l (2). 

Equation (1) gives the velocity and (2) the time, when 
the body is at a point whose distance from the centre is 8. 
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If it were possible for a body to fall to the very centre S 
subject to the action of the force which varies as the square 
of the distance inversely, the time of arriving there would 

9 air a^ir 



G-J* 



which is found by making « « 0, in the general expression 
for t 

We have shewn that the attractive force at Pe= — ^; 

fr 

now if P be such a point that SP « 1, or if SP be the 

unit of distance, the force at P^IPgts yu. Hence the quantity 

jjL is the attractive force at the unit of distance, and is 

generally called the absolute accelerating force. 

89. If SA be infinite, then - = 0, and the velocity ac- 

a '' 

quired by a body falling from an infinite distance to the point P 

\ 



m- 



90. Prob. To investigate the motion of a particle 
descending from a point within the Earth towards its centre* 

In this case the force varies as the distance. 

Using the same notation and figure as in the last problem, 

g : accelerating force at P :: U : «; 

g 
.-. accelerating force at P^--.s 

g 
s jjis, writing jm for •- the absolute 

II 

force in this case; 

.•, /uLSs:^vdgV Art. 87. 

Multiply by - 2 and integrate ; 

.'. — )u«* + constant = vK 
But when t? s 0, « a a, .*. constant « m^^; 

.-. i)»-^(a«-0 (1); 



BECTILINEAK MOTION OF A PARTICLE. 'JQ 

.'. - d^* = t? = \/Jit . \/a' - «* (2); 

d^8 is used for the same reason as in the last problem; 

1 1 



.'. dj = — 



\/fjL ' y/a^ - 8^ ' 



.'. f ns — -T=. , cos - -f constant* 
But when ^ = 0, » = a ; .•. constant =3 ; 

.-. ^ = —7= . cos~^- (S), 

Equations (2) and (3) give the velocity and time when 
the body is at the point P, whose distance from the centre = s. 

The time of arriving at the centre S will be found by 
writing for 8, and 

1 TT 

.'. = —7=. COS~*0=s 



It is remarkable that this is independent of the distance 
from the Earth's centre, of the point from which the body 
began to fall. 

91. Rema/k. Equation (l) shews that the velocity is 
equal to zero, when 

a* - ^^ = 0, 

or when « = a, or — a 

^SJ, or -aS^. 

This double value of 8 shews that the body after passing 
through the centre S proceeds to an equal distance, on the 
other side of it, as that from which it fell, before its velocity 
is lost ; it then descends towards S passing through the centre 
again and stopping at A; after which it falls again as 
before. Hence the time of a complete oscillation, is double 
that above found for the time of falling to the centre. 
The motion will go on for ever. 
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In the Prob. of Art. S8 ; the velocity is equal to zero, 
only when 

« B a « SA ; 

it is infinite when 

« s 0. 

Also from the form of the equation it appears that s 
cannot be negative. In the equation for t the value of the 
arbitrary constant has been shewn to be 

a 1 

-.vers" 2, 
2 

for which we have written — . The general value however 

. a{2r + l)7r . . . . . . ^ 

is , r being any positive or negative integer. 

This seems to denote oscillation. Judging from the analy- 
tical results, it would seem that a body falling from rest at 
A descends to 8 where its velocity is infinite and changes sign ; 
it then ascends to A^ and thence descends as before. But 
there is a difficulty in perceiving how velocity can pass through 
an infinite value, so that the transition from + oo to - oo 
may be accomplished in a time so short that the body remains 
all the while at, or within an insensible distance of, the 
centre S. Newton in Ids Seventh Section has shewn, that if 
the body, at the time of being dropt from A, have an indefi- 
nitely small velocity communicated to it, in a direction at right 
angles to AS, it will describe an ellipse (whose foci are A, S) 
the minor axis of which is of insensible magnitude. If this 
hypothesis were allowable, the difficulty of interpreting the 
analytical results would be removed; inasmuch as the body 
would not then fall into the centre of force S, but would pass 
round it on the side opposite to A within an insensible distance, 
thus causing a change of sign in the velocity. 

92. TS investigate differential equations for the motion 
of a free particle, acted on by any accelerating forces in the 
plane of motion ; the particle and the forces being referred to 
fidoed rectangular co-ordinates in that plane. 
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Let w^ y be the co-ordinates of the particle at the time t 
reckoned from. 5ome fixed epoch : and let XY he the sums of 
the accelerating forces, resolved respectively parallel to the 
axes of Xy y. By the second Law of Motion, these produce 
their effects independently ; and hence, considering X and F 
as positive when they act in the directions of + d? and + y ; 
and negative when they act in the directions of — J7 and — y, 
we have from Arts. 83, 86^ 

dtOB = velocity parallel to the axis of a?, 

dty^ y; 

also dtOD = Xj and d^y = F, 

From the last two equations the motion is to be determined in 
every particular case by integration. 

93. To investigate the equations for the motion of a free 
particle^ in one plane j when acted on by accelerating forces in 
that plane ; the forces being referred to revolving co-ordinate 
axeSy one of which always revolves with the particle. 

Let OiT, Oy be rectangular axes fixed in space; OF, OG 
revolving rectangular axes, one of 
which (jOF) always passes through 
the particle P. Put OP = r, and 
POo? = ; and let P, G be the forces 
acting on P, respectively parallel to 
OF J OG. Then the co-ordinates of 
P referred to the fixed axes Oar, Oy 
are r cos 0, r sin : and the forces acting on P in the same 
directions are F cos — G sin 0, F sin + G cos Q ; and there- 
fore by the last article, 

d^ (r cosd) = Pcosd - G sin 0, 

d^ (r sin 0) = P sin + G cos ; 

or, performing the differentiations with regard to /, 

\d^r - T{dfiy}cme''{^d^rdte + rd?9) sin0 = Pcos0^Gsin0, 

{djV - r (d,ey}sin0 + (2dM6 + ^^t'6) cose = ^sin0 + Gcos0, 
6 
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From which equations we obtain 

d,'T^T{d,ef^F (1), 

and 2dtrd|d + rd^Q « 6, 
or \d,(fdfi)^G (2). 

94. Remark. If the particle P has no angular inoticm^ 
OF is stationary, and is constant, and consequently d^r ^ F 
in that case. By comparing this result with (1), it appears 
that the term T(diOY is entirely owing to the circumstance of 
the angular motion of the line OF in which the particle is 
situated. It is important to remark this difference between 
the equations of motion of a particle, subject to the condition 
of being in a straight line which revolves about a fixed point, 
and those of a particle moving in a straight line which has 
no angular motion. We shall endeavour to explain this more 
fully. 

95. From equation (l) we have d^r ^ F '\' r (d^ d)\ 
Now d^r is the effective force on the particle (Arts. 21, 86): 
that is, it is the force by which the motion of the particle 
has really been accelerated along the revolving line OF. Yet 
the impressed force in that direction is only jP, which is less 
than the other by r{d^Oy. This seems to indicate that the 
particle is urged by some other force besides F ; namely, by 
a force equal to r (jdfiy. To impress this on the memory, it 
has been usual, in speaking of the motion of a particle which 
has angular motion about a fixed point, to say that it is acted 
on by a centrifugal farce in addition to the actually impressed 
force. And r (dfiY being taken as the measure of this feigned 
force, it is evident that all equations formed upon the general 
results of Art. 92 ior fixed axes will agree with equation (l) 
of Art. ^S for a revolving axis. It must not, however, be ima- 
gined that what is called centrifugal force is an actual force 
impressed upon the particle. The term r[dfiy which has 
obtained that appellation arises not from a force, but from 
the fact, stated in the first Law of Motion, that a partide^s 
motion will be rectilinear and uniform unless it be compelled 
by external forces to move otherwise. To illustrate this, let 
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116 consider the motion of a particle not acted on by a force. 
In this case the motion is unitbrm and rectilinear. Let AB 
be its path, and divide JB into very small 
equal parts PQ, QR, SS,... these will 
represent the spaces described in very small 
equal times. Now although there is no 
acceleration of the actual velocity, yet if 
we measure the motion of the particle by 
its distances from any fixed point 0, there 
is an acceleration of the velocity with which 
it recedes from 0. For, join OP, OQ, 
OR, OS,,., and with centre O describe the 
small circular arcs Pp, Qq, Rr,... Then pQ, qR, rS,... 
are the spaces by which the particle has receded from in the 
equal times of describing PQ, QR, RS ... . Now those 
spaces are greater as the body goes on, that is, pQ<qR, 
and qR>rS, &c. (for, ultimately, Qp = PQ. cos OQJ, 
Rq = QR COS. ORJ, kc.) Hence, measuring the motion 
from 0, the particle instead of describing equal spaces de- 
scribes increasing spaces, in equal times ; its motion there- 
fore when so measured seems to be due to an accelerating 
force tending from O (see Art. S). This apparent force, 
though in reality no force at all, is that which for the reason 
above assigned has been called centrifugal force. 

96. The student will see at once that if the distances 
of P, Q, R, S ... were measured from any ^ed line what- 
ever in space, the particle would describe equal distances (so 
measured) in equal times : and this is the reason why, when 
the motion is referred to fixed rectangular co-ordinates, there 
is no term corresponding to centrifugal force. 

ffj. If while the line OF (fig. of Art. 93) revolves about 
O the particle P be kept at the same point of the line (by 
a string OP fastened at 0, suppose), F will represent the 
force (the tension of the string) which restrains the particle; 
also, because in this case r is constant, d^r = 0; and there- 
fore we have from equation (l) 



I 



r(d,ey. 
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The negative sign shews that the restraining force acts 
fnmi P towards O ; and, as the action of the particle must 
be exactly opposite to this, it is from O towards P, that is> 
from the centre about which the motion of P is estimated. 
It is on this account that r (d^ Oy is called centrifugal force. 

98. If A denote the spiral area traced out in the time t 
by the line OP as radius vector, we know from the DifTerentiaL 
Calculus that d^A ^^r^d^Q\ and consequently making sub* 
stitution in equation (2) of Art. 9S we have 

d^A^ZrG. 

If therefore G be zero, and in no other case, 

d/ ^ « 0, 
.\d^A « C, 
and A =^ Ct ; 

that is, when the force acting on a particle is wholly central, 
and in no other case, the area swept out by the radius vector 
drawn from the particle to the centre of force, varies as 
the time. 

99. We have seen that d^s represents the linear velocity^ 
or rate of increase of the line s ; for the same reason d^0 repre- 
sents the angular velocity^ or rate of increase of the angle 0. 
Hence the centrifugal force is equal to the radius vector 
multipled into the square of its angular velocity, 

100. We have seen that d^^s represents the effective 
accelerating force to which the change of linear velocity is 
due; for a similar reason d^6 will represent the effective 
angular accelerating force, to which the change of angular 
velocity is due. 

dfi and d^^0 are subject to the same rules (Arts. 8S> 
86), with respect to their algebraic signs, as d^s and d^s. 

101. Whenever the force impressed upon the particle is 
-wholly central, or G = 0, equation (2) gives 
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0, 
C, 

c 

and d^d = — . 

IT 



Wherefore, when a particle is acted on only by a central 
force, the angular velocity of its radius vector, about the 
centre, varies inversely as the square of its length. 

And the centrifugal force, being equal to 

therefore varies, under the same condition, inversely as the 
cube of the radius vector. 

102. In Article 93 we have estimated the impressed 
forces parallel and perpendicular to the radius vector of the 
particle acted on : we shall now estimate them in the direc- 
tion of a tangent and normal to the path of the particle. 

Let P be the place of the particle at the time t, APQ 
the path which it describes ; P*S, PR 
the tangent and normal at P : S^ R the 
forces acting in those directions. Oa/y 
Oy the axes of co-ordinates ; x = OJIf, 
y =s PMy S = APy the inclination of 
PS to Ow. 

Resolving R and S parallel io Oca 
and Oy, we have 

d^x s= *y cos ^ - jB sin ^, 
d^y 1^ SsiiKJ) + R cos (j). 

But because tan = d^y, 

1 dfX 

.'. cos (b « J = d,x = --- , 

^ \/l+(d,y)* d^s 




drV 



dtV 



and sin = y x, ^ = d,y e^— ; 
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wherefore by substituting these values, 

d^8 d^s 

And, eliminating iZ, we obtain 

d^wd^ w + d^yd'y - & . — 

« Sd^i. 

But, because {d,my + (d^yy « (d,«)% by differentiatiDg this 
equation we find, 

d^wd^w + d^yd^y « d^sd^s ; 

and ••. S'T^d^^s (l). 

This is the value of the tangential force. 

Again, eliminating S, we obtain 

d^xd^y " diyd^a « Rd^%. 

But if p be the radius of curvature of the path at P, wi^ 
know from the Differential Calculus that 

_ {(d,^)«+(d.'y)M* ^ (j.»y . 

" d^ad*y - d^d^w d^ad^y - d^yd^x ' 

p being measured here in the direction Pit, or /rom the axis 
of Of ; that is, it is here accounted positive when the curve is 
convex towards the axis of x^ (which is the contrary to what is 
usually done in treatises on the Differential Calculus,) for the 
sake of accommodating our expressions to the figure, which 
must be convex to Ox if R act, as we have supposed it, 
from Ox. 

Hence ^ , (W , (velocity)' 

p rad. curv. ^ 

This is the value of the normal force. 
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103. The result expressed by equation (l) might have 
been predicted at once, by the aid of the second Law of 
Motion. For if, always acting at right angles to the element 
of the path at P, cannot accelerate the velocity with which 
that element is described : and therefore the acceleration of 
that velocity is wholly due to S, which is all that equation (_!) 
espreaaes. 

104. As we have above remarked, R acts towards the 
centre of curvature at P; it is the force which curves the 
path. The reaction of the particle, or force with which the 
particle resists the curving of its path, is of course equal and 
opposite to R, and therefore always tends from the centre of 
curvature, and is equal to the square of its velocity divided 
by the radius of curvature of its path at that paint. This 
is what is generally called the centrifugal force of the par- 
tide : and is to be carefully distinguished from that which in 
Art. 95 has been called by the same name. One tending 
from the centre of curvature, and the other from a fixed 



105. Since the normal is always perpendicular to the 
tangent, the angle between two consecutive normals is equal 
to i^ip) that between two consecutive tangents; 



and 



Tfherefore R = 



p 
-p(d,<p)'. 

Hence the centrifugal force spoken of in the last article is 
equal to the radius of curvature of the path at the point 
where the particle is at a given time, multiplied into the 
square of the angular velocity of the particle about the centre 
of curvature : a result which in form coincides with Art. 99, as 
it ought ; for, since the centre of curvature is the intersection of 
two consecutive normals, the line which joins the particle with 
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the centre of curvature revolves for an instant about a fixed 
point. It is this agreement of the two results which renders it 
less inconvenient than it otherwise would be to apply the same 
designation to two formulae which belong to different hypo- 
theses. 

106. The accelerating forces by which a body is urged 
being all parallel to a Jixed. line ; to obtain the differential 
equation for the path described. 

Let the axis of y be the line to which the forces are 
parallel : then since there are no forces parallel to w^ we 
have 

d^w^O, d{y^ Y. 

The former being integrated gives dfl = constant. But 
dffV s= velocity parallel to the axis of ^ ; if then u be the 
velocity of projection, and a the angle of inclination of its 
direction to the axis of w^ 

dfl = u cos a. 

Now d^ =3 djf , dfl = u cos a • djy ; 

.-. d^y = d^ (dff) = w cos a . d^ (dj^) 

= u cos a . d^ (dji) • d^v 

= u^ cos* a . d^y ; 

.•. Y ^1? cos^ a . d^y. 

This equation will give the form of the path when 
the law of force is given : or if the equation of the path 
be given, we may find the law of force by the action of 
which it may be described. 

Ex. 1. To find the path described, when the force is 
a uniform retarding force. 

Here Y is negative and constant; let it = -/; 

.'. — /■= u^ cos* a . dJy ; 

.*. -/^ = u^ cos* a . djy + constant, by integration. 

' But supposing the body projected from the origin of 
co-ordinates^ when /v = 0, djy = tan a ; 
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, -/*=« 



.d^-* 



.'. — ^/aJ* = «* cos" a.y — u' sina cos a.o! + constant. 

But when a7 = 0, y = 0, and therefore constant = ; 

-■. — -^ fx^ = m" cos' a ■ J/ — m' sin a cos a . m, 

/sec' a „ 
or v = ic tan a - :— . ^■ 

The reader may compare this equation with Art. 76 (3). 

Ex. 2. To find the force which acting in parallel lines, 
perpendicular to the principal axis, would cause a body to 
move in a conic section. 

The general equation of a conic section, taking the prin- 
cipal axis for that of ^, is 

.'. ydjy = m + nx, by differentiation. 
Differentiating again, 

yd> + (dj/f = n ; 






im + nj!\' 


n 


(^ 


-1 


nr 


-(»> + »»)' 




s- 





'. Y-u' cos' a . 



\ 



Hence the force varies inversely as the cube of the o 
[ dinate, and, being negative, retards the motion parallel 
' the axis of y. 
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107. Prob. a particle moving obliquely ie iUtracied 
towards a fixed point ; to determine the differential equation 
of its path referred to polar co-ordinates. 

The motion will take place in one plane passing through 
the centre of force and the line of direc- 
tion of original projection ; for there 
is no force acting out of this place, 
and the motion being originally in this 
plane, the body will continue to move in 
it. To this plane, as that of ayj let the 
motion be referred : and take the centre 
of force S as the origin of co-ordinates. ^' 
Let P be the place of the body at the time / from some fixed 
epoch ; PQ the path which it takes from that time ; and draw 
PM perpendicular to Sx, Put a? « SM, y •■ PJf, r = SPj 

0ts PSWf w « - ; jP= the accelerating force by which the body 

at P is urged towards S (the force being supposed attractive). 
The force F is equivalent to F cos 0, F sin acting re- 
spectively parallel to the axes ot w^ y: consequently by Art. 
92 the equations of motion are 

- d> = Fcosfl= jP- (1), 

r 




-d/y-Fsine«F2. 



(2), 



(the negative signs are used because the resolved parts of F 
act in the direction of — a and — y). 

Multiply (1) by y and (2) by w, and take the difference of 
the results ; then 

sfd^y - yd^a - ; 
which being integrated gives 

^^ty - ydiX a a constant s h suppose. 

Now since ^srcosd^ and ymrmid, we have, by dif- 
ferentiation, 
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9 

i^x as d^r . COS fl - r sin . d|fl =5 - d^r - yd^O, 

T 

^ y 

dty = diT . sin fl + r cos . di9 ss-dgr '\- wdtu ; 

.*. h^i^dfi (3) by substitution. 

By means of this we can eliminate t from one of the 
equations of motion. 

h 
For dtW ^ dgOf .dt9 ^ -^'d^w 



^ h 

«= -r-Cd^r-cosfl-r sind) 

a — ^ (d^u . cos + f^ sin d) ; 

.', w sa - and dflt^ «= - -— . 
r r* ,, 

Differentiating again, we have 

dt^w ^ —h. d^(d0U • cos + UBin6) 

s - ^ . dgidgU . cos + 1^ sin 0) • dtO 

h 

a - A (d/tt . COS d + f£ COS 0) . -^ 

■a — A*tt* COS fl (d/u + u). 

But ilt*/r= -Fcos©; 

.-. F^^h^u^d/u-hu) (4). 

When F is known in terms of r or 2^, this equation will 
give the relation between r and 6 by integration ; and then 
the form of the orbit wiU be known. 

Conversely when the form of the orbit, or the equation 
between u and d, is given, this equation will give the law of 
force by which the orbit may be described. 
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108. To find the actual velocity of the body at P. 

Let 8 denote the length of its path described in the time /; 
and V s the velocity at P, then 

= {dtay^{d^yy Diff. Calc. 

= (diV . cos - r sin . d^Oy + (rf^r . sin d + r cos . dtffy 

-(d,r)«+r«(d,fl)« 

-^ {(d,ry + f^] . {dfiy 



■•{(^')"^^} 



Art. 107 (3) 

^h'{(d,uy + u'\. 

Now if PY be a tangent to the orbit at P, and iSFbe 
perpendicular to it, then 

- « (d^uy + u* Dif. Calc. ; ' 

* 41* ^ — • 

h 
P 

Hence the velocity at different points of the orbit is 
inversely proportional to the respective perpendiculars on the 
tangents at those points. 

109. Whatever be the form of the orbit which the body 
describes^ its velocity and the acute angle, which its course 
makes with the radius vector, will always be the same at all 
equal distances from the centre. 

For ••• v^ = {dto^y + (dtyy, 

.'. vdtV =s dtw . dtW + d^ . dt^y by differentiation 

= ^F.—^^F.^—^ Art. 107 (1) (2) 

r r 

= - jPdjr, ••• rdiT s= wdtW + ydty ; 



CENTRAL FOBCEE. 



.■.vd^v = -F (1); 

.-. v' = C-2f^F. 
Now since J" is a function of r, .-. I.F is also a function 
of r, denote it by ^ (r) ; 

.-. .'-c-sfM (•). 

From this equation it appears that the velocity of the 
body in its orbit depends only on its distance from the 
centre 'of force, and not at all on $, which proves the first 
part of the proposition. 



Again, 



md hence we have equal values of p aa 



well as of V at all those points of the orbit which have the 
same value of r : consequently at all such points, 



But 






- IS constant. 
sin5/'r=sin(l80"-SPl'). 



Hence that angle of the two SPY and ISO" - SPT which 
Ijg acute, has a constant value, at such points: which proves 
the latter part of the proposition. 

110. Dkf. An apse is that point in an orbit at which 
! radius vector is a normal. 
The analytical character of such a point is that p= r, 



and .' 



-^ = «* + (djw)' ; 



.■, also = dgr. 

111. Def. That radius vector which passes through an 
e is called an apsidal distance, or an apsidal line. 
It will be shewn presently, that how many apses soever 
Itbere may be in an orbit, there can only be fwo different 
^np^idal distances at the most. Those apses which are at the 
fgreater apsidal distance are called farther apses ; the others, 
r apses. 
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112. Dbf. The angle described bj the radius yector 
about S while the body passes from one apse to the next is 
called the apsidal angle. 

113. PaoF. Every apsidal line divides the orbit into 
two equals similar, and symmetrical parts. 

For, at a farther apse the body which had been receding 
from the centre begins to approach nearer to it again ; and at 
a nearer apse after having approached towards the etotre it 
begins to recede. Hence, whether the apse be of the former 
or the latter kind, two equal radii vectores can be found 
on different sides of it: at those two points the body has 
equal velocities, equal angular velocities, and equal values 
of p ; and the acute angle which its course makes with the 
radius vector is the same. In fact there is but one cir- 
cumstance which is different at the two points, which is, that 
the direction of the motion makes with the radius vector 
an acute angle in one case, and an obtuse angle in the other. 
This circumstance does not however affect the point to be 
established, which now depends on geometrical properties 
only. For, corresponding to equal values of r we have equal 
values of p^ and therefore of d^u or of d^r, neglecting the 
sign ; and equal values of F, and therefore of djti, or of 
d^r. Hence the curvature is the same at the two points: 
and the deflections from the tangents are equal. Consequently 
if the two parts of the orbit which lie on different sides of the 
apse were to be generated by two points setting out from the 
apse together, they roust needs generate equ^, similar, and 
symmetrical branches, being always equally deflected from the 
tangent, and always having equal values of p and of r, and 
always moving with equal angular velocities about S. 

Hence the orbit is similar and equal in every respect on 
each side of an apsidal line. 

114. Prop. There can only he two different apsidal 
distances at the most 

For, the body after leaving an apse where r is a maximum 
must next come, if there be another, to an apse where r 
is a minimum : and conversely. But since the orbit is similar 
and equal on each side of the second apse, the body will next 
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come to aa apse ejiactly similar in every respect to the first ; 
so after leaving this it must next come to an apse similar 
in every respect to the second and so on. Hence there can 
only be two different apsidal distances at most. 

115. Hence all the apsidal angles are equal. And, if 
there be but two apses, the apsidal angle must be equal to 
n.lSO", n being some integer, 

If there be more than one apse there must be an even 
number. And if there be four apses, the apsidal angle must 
be « . 90" ; n being an integer. 

In the preceding articles concerning apses the reasoning 
supposes them to be such points in the orbit as satisfy the 
condition of r being a maximum or minimum. Hence those 
orbits which have asymptotic circles, or pass through the 
centre of force, will in general be exceptions to what is 
above said. 

116. Hence no orbit can be described round a 6xed 
centre of force, the force being a function of the distance, 

1. If the number of normals which can be drawn 

from that centre of force to the curve, be an 

odd integer greater than 1. 
S. Tf more than two unequal normals can be drawn 

from that point. 
S. If each one of such normals do not divide the 

curve into two equal, similar, and symmetrical 

parts. 
4. If the centre of force be a point in the evolute, 

except in the case of the circle. 

117- Pkop. The velocity of the body in its orbit is that 
due to ^ of the chord of curvature passing through the centre 
of force. 

For, multiply the equations of motion Art. t07> by dj/p 
I 4^; and take the difference of the results, then 

«rf,j/ — yd^x. 
djced'y - d,yd^{B = F. . 



1 
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But if p be the radius of curvature at the point P, 






Diff, Calc. and Art. 102, 



d,wd^y^d,yd^w ^ ' ^ "^ '^^ ' 

and .rd^y -ydjO? = A Art. 107, 

epv Art. 108; 

• ^ ma F — • 

.-. t>' = Z'. ^ - 2F. i (2p cos PSV) 

■s 2F. ^ chord of curvature. 

But if aS^ be the space due (Art. 63) to the velocity v, by 
the action of the force F continued uniform, 

/. S-^ chord of curvature. 

118. To obtain an expression for the force at any point 
in terms of r and p. 



Since 




r 




= 


F.pd^r; 




/*=. 





p^rdj^r; 



-?■<?)• 



119* As an example of the application of this formula^ 
let it be proposed to Jind the law of force, situated in the 
centre of an ellipse^ by the action of which a body may have 
the ellipse for its orbit. 
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The equation of an ellipse between r and p, when the 
centre is the origin of co-ordinates, is 



1 g' + y - r i 



a, h being the semi-axes 



. ... Conic Sections, 






120. As an example of the application of the formula (4) 
in Art. 107, take the following ; 

To Jind the law of force, situated in the focus, by which 
a body may describe an ellipse. 



In this case the equation of the ellipse is, 

. Conic Sections ; 



1 + e cos 



. dgU ~ - 



.-. d/u + tt = 



!.(l-e=)' 




a(l-e=) b"' 

... Art. :07 (4.) 



6V' 
hich varies a 



121. Pkop. If a body be attracted towards several 
, oentrea of force, all situated in the plane of motion, and 

1 
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Vi9 Vs, Vs,... be the velocities due to ^ of each ef ther chords 
of curvature passing through the respective eentresyihen the 
(vel.y - Vi* + Vg« + Vj* + ... 

For, take any fixed point in the plane of motion for the 
origin of co-orcQnates. Let ^i, Fgj Fj.... be the forces; 
Oibif a^bfy 0,69,.. .. the coordinates of their centres; ^1, ^ 
^3,.... the chords of curvature passing through them. Th^ 

t>i*-2^i.¥, ««*-2i?'«.¥, t>,*-2F,.^,.., 

4 4 4 

Also if r|, rs, r^j ... be the distances of the body from 
the centres of force, - the equadons of motion are 

Ti rt r, ' 

dt'y«-/^i— Fg—- Fj— .••(2). 

Now let jPi9 pg, j^ •••• be the perpendiculars from the 
centres of force upon the tangent to the orbit; and let s 
be the length of the arc described in the time t, and p the 
radius of curvature. 

Multiply (1) by dff/ and (2) by d^w and subtract the latter 
result from the former. 

The numerator of the fraction which has r^ for its de- 
nominator is 

^PidiSf by Differential Cetlculus. 
Hence 

ri rg rs 
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^F.eS^ + F.Bl!^ 



= sF,.'^+2Fi^ + 2F3 



^. 



122. If a body moving m an orbit describe about some 
poini areas proportional to the times of their description, that 
point is the centre of force. 

For, make it the origin of co-ordinates, and let A {= Ct) 
he the area described in the time t; then 

dgA = ^r"— by Differential Calctttus; 
.: Sdt(Ct)=r'd,0, 

or 2C = a!d,y -'ydt^!. 
DifTerentiating again, 

O-wdly-yd/'iaii 
■£m ,v SM ,^ „ , 

That is, the forces in direction of the co-ordinate axes are 
proportional to the co-ordinates ; we may therefore take these 
co-ordinates SM, MP to represent the forces : these are equi- 
valent to a single force acting in the line PS, which always 
passes through S; therefore iS^ is the centre of force. 

123, From the equations and properties which have been 
investigated in the preceding Articles on the motion of a body 
subject to the action of a central force, we may find either the 
law of force by the action of which a given orbit might be 
described ; or the nature of the orbit which would be described 
by the action of a given force. We have given examples of 
the former process, we shall now subjoin examples of the latter 
kind. Before doing this, however, it may be useful to collect 
into one view from the preceding articles the equations which 
are necessary for our purpose. 

7-* 
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If merely the nature of the orbit be required, it may be 
found by one integration of the equation in Art. 118, 

which will give the relation between r and p. 

But if, under given initial circumstances, we want to know 
not merely the nature but the exact magnitude and position 
of the orbit described, we may employ the three equations 



«■*«»)■(-?)-?= 



or instead 6t one of these we may use the equation 

A better way than this, whenever it can be employed, 
is, after having found the nature of the orbit by the first case, 
to assume, if it be known, the equation of the orbit between 
r and d, and then determine from the initial circumstances the 
values of the constants in it. Examples of both methods will 
be given. 

If the place of the body at any time be required it must 
be found by integrating the equation 

the constant introduced by integration being determined from 
the given circumstances. 

124. The force varying as the distance, to determine 
the nature of the orbit. 

Here because F cc r, let it = /nr ; [x being the absolute 
force ; 



...ld,(l)=-F=-Mr; 



h* 

P 
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Now the equation of an ellipse about the centre as pole is, 
1 a= + 6= - r* 

. ^= f^ + i'l __^ ^ 

This coincides exactly in form with the equation (i) of 
the orbit; and hence the orbit is an ellipse, whose centre 
coincides with the centre of force. 

125. To find the •periodic time ; that is, the time between 
the body leaving any point in the orbit and returning thither 
again. 

By comparing the like parts of the last equation with (i), 
we have 

A 
Now the area described in one second is equal to — , 

and the area being proportional to the time, we have 

„ . ,. , area of orbit 



Periodic time = 



area described in j" 
2 area of the ellipse 



ab\/^ 



'■y7 



As this result is obtained without taking into account 
either the velocity, direction, or distance of projection, it must 
be true whatever these should happen to be. 

And because it involves neither a nor 6, it is independent 
of the size of the orbit. 

Hence, when the force varies as the distance, whatever 
be the velocity, direction, and distance of projection, or what- 
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ever be the magnitude and position of the orbit, the body will 
always return to the point from which it started in the same 
time. 

126. Feob. The body being projected from a given 
pointy with a given velocity and in a given directiony and 
being acted on by a force varying as the distance ; it is re- 
quired to determine the magnitude and position of the ellipse 
which it wiU describe. 

Let C be the point from which the body is projected, CY 
the direction of projection ; P the place 
of the body at any time t after projection. 
Put SC =» JR, vdocity of projection = F, 
and the z SCY « a, 



Y 




and .*. c' « — « C — ar. 

But at the point of projection 

tj-F, r^Ry and .-. C« F» + fiJZ»; 

A* 
hence — « F« + fiR^ - ^r« (l). 

P 

Now the equation of an ellipse about the centre as pole 
gives 

a*V 

P* 
and multiplying this by m, we have 

which being compared with equation (l) gives 

o» + J'- — + i2» (2). 



The form of this equation shews that —7= is the semi- 

diameter conjugate to R ; and consequently by the property of 
parallelograms, whose sides are tangents to an ellipse at the 
extremities of conjugate diameters, being all of the same area, 



..(S); 



J 



(2) and (3) determine the magnitude of the orbit. Let AS be 
the position of the major axis, and put -sr = CSA. Then 
because S is the centre of the ellipse, 

{R cos wf (ff sin «r)' _ 



from which eliminating 
we find 



', and h by means of (2) and (3), 



which giving the value of 1 
orbit described. 



determines the position of the 



127. To determine the place of the body in its orbit 
at a given time. 

Let 6 = CSP, the angle described by the body in the 
time t : then the equation of the ellipse gives 

r° cos^ (0 — w) r' sin* (0 — lir) 



Now d^ = 




A A 6' cos^ (0 — •gj) + a* sin' (9 — w) 
ah set? (Q ~ ■nr) 

y^' V + a" tan^ {8 - w) 

6 adgtan (9 — nr) 
i^"6' + aMan^(9-ar)' 
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••• t « -y=. tan"* (t**'^ (^ "" ^)) ■*■ <5<"**^ 
Now when ^ « 0, 0-0, .•. const «-y= tan"* (t**** *) » 

•'• ^ v^ = tan-M I tan (0 - -ar)] + tan-M^tan trj. 

This equation furnishes the value of d, for any given 
value of L 

128. Pbob. a body is projected from a given point, with 
a given velocity y in a given direction and is acted on by a 
central force varying inversely as the square of the distance ; 
to determine the nature ^ magnitude and position of the orbit 
which it will describe. 

Using the same figure and notation as in Art. 126, we 
have [since F= — j, 

, A' 2ai 
.'. »* = --= — -I- constant. 

jr r 

But at the point of projection t> « F, r « JR, 

and .'. const ■• F^ — -— - ; 

R 

hence — ^ -j!^ + F* - -^. •....(!). 
p^ r R ^ ^ 

Now the equation of a conic section about a focus as- 
origin is 



b^ 2a 2a 

— = — «f 1, or — ; 
p^ r r 



the last term being — 1,0, + 1, according as this conic section 
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is an ellipse, a parabola, or a hyperbola : multiplying this by 
— , we have 

^6' 2,x fi 2^ 



1 



This being compared with equation (l) shews that 



1 ellipse. 



2ji 



and taking the ellip^ 
of sign, 



if V' > — a hyperbola: 

2 as a standard case, to avoid ambiguities 



and — = h' = F'R" sin^ «... (3), 

(for h = vp = VR sin a at tlic point of projection). 

(2) and (3) give successively the values of a and 6, which 
determine the magnitude of the orbit. The position of it 
may be thus found. 

Let e denote the eccentricity of the orbit, which is known 
from (2) and (3) ; then from the polar equation of an ellipse, 
at the point of projection 



R = ~ 



a (1 + fl cos or) 
VR" sin= a 



"/'Oh 



from (3) ; 



from which sr is known. 



129. If we attempt to find the position of tlic apse from 
the last equation ambiguities of sign are involved in the pro- 
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cess, which may be aroided by another method of solutum. 
The whole problem also admits of a simple solution on the 
principles derived from Art. 102 : which, therefore, and also 
because it does not involve any procesa of integration, we shall 
lay before the reader. 

Let S be the centre of force, and suppose the body pro- 
jects from the point P, at the 
distance SP » Rf with a velo- 
city F, in the direction PZ making 
an angle SPZ « a with SP. Let 
H be the other focus of the 
ellipse: join HS and produce jff 
it and ZP to meet in T; draw 

PG, HZ J *Sr perpendicular to TZ; and JTG to HP. Then 
the vertex A of the orbit AP is in ST. Let Gj by e he 
as before, and 9- » the angle PSA. 

By Art. 102, the normal force at P'= v^^ o<aty) 

rad. curv. ^ ^ 

But normal force at P » ^<^s SPG » — sin a ; 

and rad. curv. at P = -r^ ^—-, 

(^ lat. rect.)* 

T. 1 T.^ -P^ ilatrect. 

But normal PG = ^^^^ « ^ — ; ; 

cos GPH sm a 

i lat. rect. 6* 

.-. rad. curv. « * . = — r-r- . 

sm^a a swra 

Hence, making substitution in equation (l), we find 

/uisina Pa sin 'a 



R' 



.« 



6« iJ'Fsin^a 
or - « (2). 
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Again, since f^ >= SV.HZ = SPeiaa. ffPsina 
= R (2a - R) sin' a, 
this being substituted in equation (2) gives 



a"" E~ 



..(3). 



H¥-) 



..(1). 



And tm(ci-v)-tmPTS 
SHaaT 



SHcasT 
HZ - ST 



PZ+FY 

(HP - SP) MJ (180' - a) 
' (HP + SP) C05 ilSV - a) 

5a-2R 

tan a 

2ffl 

= (l ] tan a, from (3) ; 

- sin a cos a 
■ = (5)- 



The equations (a) (3) (4) (5) determine the magnitude 
and position of the orbit. 
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130. By substituting for a its value from (S), we find 

HPm2a^R^ — ^ (6). 

Now the line PIT is given in position (for SPj HP make 
equal angles with YZ) ; this equation will therefore fix the 
position of the major axis without the assistance of (5). 

131. The equations found in the two preceding articles 
will enable us to see what is the nature of the effect which any 
small extraneous force tends to produce upon the orbit. (An 
extraneous force is one which does not emanate from S^ or if 



it be at Sy does not « — j . 



Thus, if the motion be performed in a resisting medium 
of small density, since the effect of such a medium is to 
diminish the velocity, we learn from equation (3) that in con- 
sequence of such a resistance the major axis would decrease 
perpetually; and from equation (6) that HP would be 
diminished, and therefore H shifted nearer to P, which shews 
that the major axis would regrede as P moves towards farther 
apse, and progrede during the other half of P*s revolution. 
We may learn the effect upon the eccentricity from (4). For, 

R V^R 

(3) may be written 1 = 1 ; and therefore the value of 

a fi 

I 1 j , being equal to: ( 1 j , increases or decreases 

simultaneously with {R - a)^ ; that is, as P passes from an 
extremity of the n^inor axis to an {q)se, the eccentricity is 
increased by resistance ; and as P passes from an apse to an 
extremity of the minor axis, the eccentricity is diminished by 
resistance. 

132. Equation (3) not containing a shews that the 
length of the major axis is. independent of the direction in 
which the body is projected. 
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The equation for 6* wliich precedes (3) shews that ctEteris 
paribus the length of the minor axis Is proportional to the sine 
of the angle of projection. 

We may find the conditions of projection that the orbit 
may be a circle by making e = in equation (4) ; the right- 
hand member of the equation being the sum of two squares, 
the result is equivalent to the two conditions 



I 



I 



or a = go", and *" = 9 • 

133. When the orbit is neither parabolic .nor hyperbolic, 
the periodic time may be readily found as in Art. 1S5. 

a of Ellipse 



For, period = - 



i from Art. 128, (3) 



which depending only on the major axis ^is independent of the 
direction of projection. 

134. Fkob. IVken a body moves in a parabolic orbit 

about a force in the focus varying as ~, to find the time 

of describing any given angle from leaving the apse. 

Since the orbit is a parabola ^ = -^ (Art. 128): at the 

apse, therefore, we have h^ = F'B' sin^a = 2/*^ = 2^m, 4m 
denoting the latus rectum of the orbit. 

Also the equation of the orbit is r = = m sec" - ; 
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.-. dmt^'T'^ —/ — = . see* - 



.8ec^-.2d^tan- 



\/«fi 






.-. ^ B mi ( - 1 I tan - + - tan* - 1 . 



No constant is added, because by the question ^ « when 

136. Peob. When a body deaeribes an eUipiieml cririi 
about a force in one of its foci varying oa j^, to find the 
time of describing any given angle from nearer apse. 



Here r 



a(l -k-eco&Oy 






A a»A*(l+«co8d)*' 

6* r 1 

a^hJe (l-^ecosOy 



. r 1 ^sind f^ B 

Assume / « + / ■ , 

•/(f (1 + 6 cos 0)' l + ecosd J(fl+6COS0 

then differentiating both sides, and reducing the results to 
a common denominator and equating the numeratcMrs, we ha?e 

1 s (^ + Be) cos + ^6 + £ ; 
•*. O^A + Bcj and l^Ae + B; 

whence A^ 1 and B 



l«e» l-e»* 



6* f -gsing 1 r 1 1 

*'* a«Al(l-e«)(l + ecos0)'*"l-e»V«l+eco8 0r 
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Again, f -„= ff .0 . ,fl\ 






(1 -e)tan'- 



I 



= 2. / 

Je (l + e) + (l-e)tan'- 

= -- y^^^=, . tan"' ( V . tan ^ ; 

6* -csin0 Sab ,/ /i"-~« 0\ 

.•• * = T'^ — ■ s+^'tan'lV .tan- . 

A 1 + e cos A \ ^ 1 + e 2/ 

No arbitrary constant is added to this integral, because 
when / = 0, 9 = 0, by the question. 
From Art. 128, (3) we have 

it)'-- 



h = b 

h^/a - e sin 9 ^ 
y^ ■ 1 + e cos e s/l 



.tan-M 



l-e 

1+e'' 



136. If the orbit had been an hyperbola, the process 
would have been the same as far as the last integration, 
when we should have, in consequence of e being > 1, 

J r f^^tan- 

J^ l + eco30 " ^ / " ~ ; ~9 
J a (e + 1) - (e - 1) tan^ - 



\/?^l 




^og." 



/e + 1 +\/e— 1 . tan- 



e + 1 -Ve - l.t£ 
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y- . y/e + 1 + \/e- 1 . tan - 

bva esin© o* , 2 

••• ^ ■ — 7^- • n 7= • *^ . 

-l/il 1 + e cos v/tt y y 

137. Prob. 7V) ^wd /Ac orbit when the force varies 
inversely as the 5^^ power of the distance. 

Here F-^; 

r* 

.-. tj« = -^ + C, 
2r* 

Now at the point of projection tj « F, r « i? ; 

... C= F»- ^ 






2r* 2iZ*' 



p« 2r* 2iJ* 

But A= FiZsina; 

+ F* - 



p* 2r* QIC" 

.-. PiP sin*a {w* + {d^uy} = -.t** + *^ - "^ 5 

.-. r^IP^n^a.{d^uy^^.u'^ PiPsin^a .«*- 1 »^ - -^ • 

2 2jn 

This equation cannot be integrated in finite terms, unless 
either the right hand member be a complete square, or 

1st. When the right hand member is an exact square. 
That this may be the case, we must have 
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'(^-i^)- 



from which the angle a is known. 




Hence 




("£■ sin' a . «»)■ -fi.u<-Vlfsm'a.u'+ — 


'•in' a 


VXima.d.u 




■ /Mi F-«-si„-„ 




\/!i^.VRtma.d,r 




l^-VR'Biaa.r' ' 




.-.9 + ens,. '.log, ''«■■»-' -V^ 




Let the axis of if be taken in such a position 


that thi 



,VF_ Fflsina.r- .y/^ 



VRsina 
VR^na 



In extracting the root before integration, if we had prefixed 
the sign ±, the lower sign would have given 

i^ft e* " - 1 
~Fflsina'e*''' + r 

The former is represented by the following 
ia a spiral line approaching continually nearer to 

a circle whose radius p- „ . — , which it cannot 
VJi sm a 

reach till an infinite number of revolutions have 
been performed. Such a circle is called an in- 
terior asyTJtptotic circle. 
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The latter equation represents the spiral in the following 
figure, which has an exterior asymptotic drde of 
the same radius as the former. 

2ndly. When r*-.-^«o. 

This falls under the following more general exanqpie. 

138. Pbob. To find the orbit when the force varies 
inversely as the n^ power of the distance, and the velocity 
of projection is that which a body would acquire in falling 
directly towards the centre to the point of projection from 
an infinite distance. 

Let the force « — . 

To find the velocity acquired in falling from an infinite 
distance, we must employ the formula vd^v' = - F in Art. 87, 
s being its distance from the centre when its veL » o' ; 

(n - l)«"-^ 

Now when « = oo , t>' = ; .•. C = 0, when n is > 1, but 
C B 00 when n is not > 1 ; we shall therefore suppose n> 1. 

Also, when s ^ R, t)'=F; .-. V^^j Vr^^* 

To find the orbit we have 

*^ (n-l)f-« + '" 
At the point of projection r^Ry and t? s F; .*. C^ » ; 

If 2lJL 



But h" = V^R^ sin'' a •= 
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2^ sin* a 



JR-' 



Now substituting (dguY + ii^ or rather — - + -; for -^ ; 
we find after reduction. 



s/W * cosec* a — r*"' 



\R = coseca/ 



For simplicity, as we only want to know the nature of the 
orbit, we may suppose the axis of x taken in such a position 
that C" = ; 

... lf.^....[^e). 

When n is > 3, this equation is that of the curve in 
the first of the following figures, if be an even number ; 




When « is < 3 but > 1, the orbit is that in the third figure. 
The characteristic property of the orbits of the present 

article is that the z PSY = ^-^ . z ASP, in the above 

■ ^ 
K figures, where SA is the apsidal line. 

■ 8—2 
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•-S 



ForjCosf— ^Oj.coseca- (— J « -coseca-cosP^F.coBeca; 



.*. cos 



(^0). cos P^r; 



2 

When n - 2, then ^PSJ - PSY, or P^T- KSJ, (third 
figure in preceding page,) which is the property of the parabola. 

The body will either fly off in infinitum or fall into the 
centre, when it has described an angle from the apse equal to 

J according as n is less or greater than 3 respectively. 



U'-'S 



139. The Earth attracts the Moon with a force which 
varies inversely as the square of her distance from its 
centre. If this were the only force to which she is sub- 
ject, her orbit would be an ellipse having one focus in the 
Earth''s centre. It is found by calculation that the Sun 
exerts a disturbing force, small however in comparison with 
the force of the Earth, such that to first approximations 
the Moon upon the whole is urged towards the Earth with 
a force part of which varies inversely as the square, and part 
inversely as the cube of her distance. It is required to find 
the nature of her orbit, neglecting all other disturbing forces. 

Let -o(«fAW*) and— (sa^V) be the two parts of the 
force upon the Moon, p! being small. 
Then by Art. 107 

/uw* + fi'ti* = Vfjf {u + djtt), 



or 



,5„+(,_^)„=^,. 



Yox brevity write n* for 1 - ^ , and n^a' for ^ ; 
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,■. djw + n'r* = n*a',* 
which may be written 

dj (m - a') + «* (m - a') = ; 
Multiply by sdg (« — «') and integrate; 

.■. {rfflCw -ci')]' + «*(« - a'y = constant 

= r^C' suppose; 

■^ J. (« - A 

•■■"-v/c-(;rr^- 

Taking the lower sign, which is equivalent to suppos- 
ing Q and T to increase together, or the Moon to be re- 
ceding from the Earth ; a supposition which will not affect 
the generality of our results; we have by integration 



fu — a\ 
9 + C'.cos-.(-^). 



■ Ab equations of thia fonn are of Irequpnt occurrence in physical problemit 

the leader will find the follawing general meihod of integrating them useful. 

Take the genetttl form of rf^u + n'it = 6, 9 being a given function of S. 

Multiplying by cos (nO+iJ) and integrating by parts, D being any constant quan. 
tity; we have, 

/■jirf/''cos(nB + D)i = dgU.cosCne + JJJ+/g{nrf^t.8in(n0 + Z))i. 

Also 

Ibeiefaie by additioti. 

This is the general fonn of the JirsI integral of the proposed equation. In 
this equation let J> be successively made equal to and 90°, by vhich meani 
we obtain two first integralB; and affixiag the aibitary constants implied in the 
sign of integration f^, they are, 

/g6cosne+Ci=rfja.coBnfl + iiu.sinne, 
and-/^e8inne+Cj = -djH.Binne + jiti.coBiie. 
By multiplying these respectively by sin it 6 and cos nB and adding, we find 
6inne./gecosnO-cosne/j9 8inne+C,ainne + CjCoane = nu, 
which may be put under the more simple forai 

A, B being arbitrary 
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For the sake of simplicity let the motion be supposed 
to begin at the apse, in which case (f^Oy and 

u mxof + CcoBn0f 

or --iO+CcosnO; 

r 

which is the equation of the Moon^s orbit. 

140. Remark. The equation of an ellipse about the 
focus is 

1 a 



--j^{l + ecos(0-ir)}: 



w being the distance of the apse from the pnme xadius 
measured in the same direction as 0. There is a remarkable 
similarity between this equation and that of the Moon^s 
orbit, which will be rendered more evident by putting the 
latter imder the form 



_«{! + « cos (a -1-n. 0)}, 
Of b and e being such that 

^.-«=Srr7' and^ = C. 

This we may consider as the equation of an ellipse, the 
angular distance of whose apse from the prime radius is 
(l-w)0, 

or tr«(l -n)9; 






that is, the angular motion of the apse bears a constant 
ratio to that of the Moon. 

Hence the Moon may be considered as moving in an 
ellipse, while the ellipse itself revolves in the same direction, 
with an angular velocity which bears a constant ratio to the 
angular velocity of the Moon. 



WF 
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141. The Moon will be at an apse whenever dgU = 0, 
(Art. no); but dgU = —nC sinnO; and consequently at an 

apse «0 = iTs Utt, St , the corresponding values of & 

being 

„ TT Sir St 



Hence the apsidal angle, or angle between two consecutive 

apses, is — = . i i . 



142. Peob. a body revolves in an orbit, tshich is very 
nearly circular, acted on by a force varying as any function 
of the distance ; to find the angle between the apsides. 

F 

Let the force be F, and assume d>u = —i , and let c be the 
' u 
least value of u ; make u = c -{• .ir, x being by the question 
very small ; then 

J" " K* (c + ai), 

'-v^idic + di' 



tpc + tt 



, nearly. 



Also, because the orbit is very nearly circular, the velocity 
in the orbit is very nearly = velocity in a circle at the same 
distance; if therefore we assume (vel.)' at the least distance 

= (I — m) . (vel.)^ in a circle of radius - = (l— w»)c0c, m 

will be very small ; 

.-. (1 - m) cipc = (vel.)* = A'c* ; 

(fic <p'c 



But d^u + tt = 



J i5...Art. 107, 



120 Xdx + Ydy + Zdi 

= — (1 + m) (ipc + (f>'c.a) nearly, 
-I (l + m) <; + -^ . a? nearly ; 

.-. dJu + ( 1 — ^ I « « (1 + m) c f— 9 ••• « « M - c. 

This equation is of precisely the same form as that in 
Art. 189 ; consequently the apsidal angle 



n / cd/c\ * ' 



MOTION OF A PARTICLE IN SPACE OF THREE 

DIMENSIONS. 

143. To investigate differential eqiMtionsfar the motion 
of a free particle when acted on by any accelerating forces. 

Refer the place of the particle at any time t to fixed co- 
ordinate axes, and let wyz be its co-ordinates. Resolve the 
accelerating forces which act upon it into. sets parallel to the 
axes ; denote them by JCYZ. Then as in Art. 9^, we have 

dtW s velocity parallel to the axis of ^, 

%« y> 

diZ K •••*••*• •••••••••••••••••• x» 

Also c?a?=3-y, dfy« F, d\z^Z. 

144. Paop. When the centres offeree are fused poirUs^^ 
XYZ are in nature always such as to make Xdx + Ydy 
+ Zdz integrable per se. 

For, all forces in nature are found to depend only upon 
the distances of the particle from the centres of force 

Let fli, hij Ci be the coordinates of any centre of force, 
r| the distance of the particle from this centre, and (p\{r^ 
the accelerating force exerted by it upon the particle. Let 
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a^h^Ci, Tt, ^(rj, &c. be similar quantities for other centres 
of force. 

Then -i'=-0,(ri).^^^' - <p,in) f-^^ ~ ... 

Now r\ = {jc - a,)' + (y - ftj" + (a - c,)*; 

Similarly rarfiTa = .v — a^, 
&c. = &c. 
.-. Jr=-^i(r,).rf,r, -^(r,).d,rs-... 
/. XcUs= - <pi(ri) .d^r^dx -tpiir^) .d^r^dw ~ „. 
Similarly Ydy = - ^\{r{i . dyT^dy — ^^{r^ . dyT^dy — ... 
add Zdsr = - ^iC)*!) ■ d^rydz — ^((r^) . d^Tidz — ... 
Adding these tliree equations together, and observing that 
dri=^ d^Tidx + dj^Tidij + d:,ridx, &c. 
ve obtain 

Xd.T + Ydjf+Zdz = - 0i(r,)rfr, - (p,{n)dr^ - ... 

Now ({>i(r,)dri is a complete differential of some function 
of Ti ; denote that function by \|*iri ; and so of the other terms; 
then 

f(Xda! + Ydy + Zdz) = ~ f^ (n) - ^^., (r,) - ... 

145. If the equations of motion in Art. 113 be multiplied 
respectively by 2 d,j?, 2 d,y, 2 dtX ; and the results be added 
together, we have 

2diai.d^,ir + 2rf,y.(^j/ + 2dj«.d?»-=2 jrd[ai+ 2yd,»/ + 2Zdi^. 

Now if V he the velocity of the body at the time i, 
since dcT, d,y, d,^ are its velocities parallel to three rect- 
angular axes; 

.-. v^ = (diw)' + (dtyf + (dtsif Art. 18, (5). 

By differentiating this equation we find 

dt ("") = 2 dixd]x + 2 diy(l[y + 2 d,s;djic 
= 2 .^d,a^ + 2 Fdty + 3 Zd,*:, 
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or according to the diffierential method of noCatioiiy 

d(v^) « 2Xdw + 2 Ydy + 2 Zd«; 

.'. v^ « ^f{Xdm + Ydy + Zdx) 

— - 2 >^i (fi) - 2 ^, (fj) - ... + caiistant 

If u be the velocity of the particle, at some known point, 
the distances of which from the centres of force are Riy i2s,... 
we have 

u* a. - 2 >/^i (i?i) - 2 ^2 (i?t) - — + constant. 
/. ©»-«»-2>/ri(iIi)+2>/^«(Jlt) + ... 
-2>/ri(ri)-2>(fj,(rj)- ... 

This equation gives the velocity of the body at any 
proposed point of its path. It will be remarked however that 
in obtaining it we have made no hypothesis respecting the 
precise form of the path. The result is therefore true, what- 
ever be the form of the path : and as this shews that v depends 
only on the values of ri, r^^ ••• the velocity which the body has 
at any given point will be independent of the course which 
it took to arrive there. 

In Art. 102, we have considered the path of the body to 
lie in one plane, in which also the forces are supposed to act. 
We shall here investigate corresponding results when the forces 
do not act in a plane, and the path in consequence is a curve 
of double curvature. 

146. To investigate the differential equations of motion 
of a particle, when the forces acting on it are referred to the 
tangent line and normal plane of the path at the point where 
the particle is at miy moment. 

Let R, S, T be the resolved forces ; S being in direction 
of a tangent, and R, T acting along two lines at right angles 
to each other in the normal plane. Also, let d ^ '^ be the 
inclinations of R to fixed rectangular axes of /r, y, zi and 
^1 01 ^19 ^8 02 ^2 similar quantities for S^ T. Then resolving 
JB, Sy T pardlel to or, y, Xy we have 



..(A). 



= d,x = 



cos 01 = 



dfX 

cos >]/. = —~ , 

' d,s 



d^at = fl cos + 5 cos e, + T cos 9^ 
d,'y=Rcos(p+ 5cos0,+ Tcos<pi 

d,= JB = 5 cos l/» + ^ COB >/^, + T COS >|/s 

Multiply these equations by cos 0,, cosq^ij cosx/rj respec- 
tively, and add the results, (observing that, because R, S, T 
act at right angles to each other, 

COB 9 COS 9\ + cos tp cos ^1 + cos Ip- COS >|/] = 0, 

and cos Q« cos 9^ + cos 02 cos 0i + cos \^a cos ij^^ = 0) ; 
.". C03d,d('a? + cos0i(i/y + cos\ff,d,*» « S. 
But S acts along the tangent, and therefore 

aod consequently 

dixd^m + dtyd/y + dtxd^x = >S'(f,«, 

or d,fid[V = 5'rfjfi; 

.-. 5'«(^*s (1), 

which agrees with equation (l) of Art. 102. 

Again, multiply the equations (A) respectively by cos 6, 
cos 0, COS \|f, and add the results, omitting the terms which 
Tanuh OQ the same principle as before ; then 

cos ddfx + COS 0d('j/ + cos yjrdfX = R. 

Similarly, cosO^diic + co8 0jd('y + cos i^id^a = T. 

Now the directions of R and T in the normal plane are as 
yet arbitrary ; and therefore we are at liberty to assign one of 
them such a position as we may think proper : let then the 
direction of R be assumed to pass through the centre of abso- 

B lute curvature; and, putting p for the radius of absolute 

K curvature, it is known that 

L 



\ 



W«)' 



Wi)' + (dlyf + W«)' - (d!,f. 
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(dgsy ^ ^ 

and cos ^ » ^ (dtsdfx - dgxd^a). 

The last three being written in the expression for iS (re- 
membering that diwdi^w -f d^yd^y + dgxd^z * d^«d^*tf)y give 

-Sf!! («), 

P 

which agrees with the equation in Art. 102. 

To obtain T we must proceed as follows. Since both 
R and S act in the osculating plane, T acts at right angles to 
that plane, that is, it acts parallel to a line whose equations are 

^MtV^t^ - dfOfdJly) + z^id^ycClz - d^zdl^y) « 0, 

and y^ {d^wd\y - d^y^^w) + z^ (d^ad^z — d^zd^w) « 0. 

Now represent 

(d^yd^z - d^zd^yY + (d^zd!^ x - d^xd^z)^ + (d^xd^y - d^ydlxy 

by D-«, 

and therefore cos 0^ « {d^yff^z - d^Z(^y)Dj 

cos 0g« {d^zd^x — d^xd\z)D^ 

and cos >|f2 ■= {d^xd\y - d^yd^x) D. 

Writing these values of cos 029 cos^,, cos^s ii^ the -ex- 
pression for T, we find T = 0. 

Wherefore, the resultant of all the forces which act on a 
free particle lies in the osculating plane of its path ; and the 
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centrifugal force tends from the centre of absolute curvature, 
and is equal to 

(velocity)* 
rad. of absolute curvature 

Remark. These results might have been deduced at once 
from Art. 102. For when the path of a particle is a curve 
of double curvature, three consecutive points lie in a plane, 
(the osculating plane). Now two consecutive points determine 
the velocity, and direction of motion; the third determines 
the change of velocity and of direction, — so that three conse- 
cutive points determine both the magnitude and direction of 
the deflecting force, and the magnitude of the tangential force. 
For three points then (which we have just shewn arc sufficient 
to decide what are the forces which regulate the form of the 
path) the body may be considered as moving in a plane curve, 
and consequently the property of the forces proved in Art. 102 
for plane curves applies to curves of double curvature, con- 
sidered as coinciding at any point with the osculating plane. 




CHAPTER \. 



ON THE CONSTRAINED MOTION OF A PABTICXJL 



In cousideriiig the motiou of a particle Bubject to some 
restraint, such as the tension of a string or rod, the reactum 
of a curve line or of a surface; if we reckon the tensions 
and reactions among the impressed forces we may eonsider 
it as free, and apply the equations investigated in the last 
Chapter. 

147. Fbob. a particle F moves upon a etaooih plane 
curve PQ, being acted on by forces in the plane of the 
curve: to determine the velocity and pressure ai any 
point. 

Resolve the accelerating forces which act upon the particle 
parallel to Ow^ Oy, and call these com- 
ponents JTY respectively. At the time 
t let P be the place of the particle, 
wy its co-ordinates OM, MP; s equal 
P^P the arc described from some fixed 
point P' in the curve. = inclina- 
tion of the tangent at P to the axis of «r. 




jff a 



.*. tan Q = d,y. 



Let m = mass of the particle, and draw GPR a normal 
at P. 

Now because the curve is smooth its action is wholly in 
the direction of the normal PR ; denote the pressure which it 
exercises upon the particle by 2Z. This is equivalent to an 

P. 

accelerating force — (Art. 23) acting at P in the direction 

m 

PR. Resolving this force parallel to 0^, Oy, we have the 

following equations of motion, 



MOTION ON A PLANE CDRVE. 127 

d^x = X - — sin 0, 

d^y = Y ^ COS0, 

in 

Now sin 9 = d,f/ = -^ , and cos 9 = ~ ; and hence by 
Bubetituting these values in the above equations, we have 

i^-X.-Lf (1). 

d!y-Y*l*£ (^'- 

Eliminating 5, by multiplying the former by adjiP, the 
latter by idiy and adding the results ; 

.'. Zdtccdtsjjr Sdiyd^y = ^XdiX + 2F(^y. 

Hence by integration, 

(dt.vy + {dtyy =2f, (Xd,^ + Yd,y) + C, 

or v' = 2fiXdx+ Ydy) + C (3). 

' Again, to find fl, multiply (l) by djy and (2) by d,x ; the 
difference of the results is 

di-xdly -diyd^x = YdtX - Xd,y + —d^s. 

But p being the radius of curvature at the point P, we 
bave, as explained in Art. lOS, 

1 d|ai diy — diyd^x 

p m 

^ v^y v^f"^ ('^^^y 

■■■ — =-A-— -r-j — I- — , 

m din diS p 

.-. R = mXd,y -mYd,a! + — (*)- 




128 MOTION OK A PLANE CUftVK. 

This expression consists of two distinct parts, of which the 
latter is that portion of R which is employed in counter- 
acting the centrifugal force of the particle (Art. 102). 

The other portion 
Xd^y - rd,w = JTsin 9 - Fcos 9 « ^cos PGO - Fsin PGO 

is equal to the impressed accelerating force in the direction of 
the normal PG^ and therefore m{Xd^y — Yd^ai) ^ the pressure 
of m by the action of the impressed forces. Consequently the 
whole pressure R 

( statical pressure due to the impressed forces 
\ ± statical pressure due to centrifugal force : 

the sign + or — is to be used according as the centrifugal 
force increases or diminishes the pressure on the curve line; 
i. e. according as the particle moves on the concave or convex 
side of the curve. 

148. Since Xdx + Ydy is an exact differential of a 
function of w and y^ (Art. 144) the value of its integral between 
given limits will be independent of the particular relation 
between w and y which constitutes the equation of the curve 
line along which the body moves. Hence in moving from 
one given position to another the velocity acquired is inde- 
pendent of the form of the curve on which the particle is 
constrained to move. 

149. When a body moves on the convex side of a curve, 
the centrifugal force may become so great as to cause the body 
to £[y off; and when it moves on the concave side, it may 
become too small to keep the body against the curve* The 
point where the body, in either case, will qidt the curve, may 
be found by putting the expression for R equal to 0. Taking 
the case represented by the figure, we have 

« F . p sin PGco + X . pcos PGw. 

Let now F be the resultant of the impressed forces, and 
let ff be the inclination of PF to the axis of a? ; 
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.-. X= Fco5 0, y^ Feinff; 

.-. V- =F sin B' p sill PG.V + F cosffpcos PGx 

= Fp cos (PG.V - 9') 

= FpcosRPF. 

Hence if ;^ be the chord of curvature drawn from P in 
the direction PF, 



Consequently the body flics off at that point where its 
velocity is that due to one fourth of the chord of curvature. 
(Compare this result with Art. 11 7-) 

ISO. As an example of the application of Art. 147, let 
us take the following. 

pHoii. If by means of a string a heavy body be whirled 
round in a vertical circle, with the least possible velocity, 
the tejiaion of the string at the lowest point will be six times 
the weight of the body. 

Let a = the radius of the circle or length of the string, 
«i = the mass of the body, 
« = the velocity at the highest point of the circle. 

The least possible velocity is that which just suffices to 
keep the string stretched when the body is at the highest 
point of the circle ; at that point therefore the tension, or 
Talue of B, must be equal to ; 

.-. = statical weight - centrifugal weight 
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But in general v* « 2f(Xdw + Ydy) + C 

m sifigdy) + C in this case 

y being measured from the highest point in the direction in 
which g acts. 

WbenjfaO, fs^imf^mag; .\C^ag\ 

.-. t7* « Stgy + a^, 
at the lowest point y^2a; hence at that point 

(vel.y « 4,ag + ag- = 5agy 
and the pressure » statical weight + centrifugal weight 

(vel.)» 

■■ mg + m . 

a 

= mg + in . 

= 6 . m^ = 6 . weight of m» 

161. Peob. To ^nd the time of descent dawn the arc 
of a cycloidj whose awis is vertical^ and base horixontal. 

Let D be the point from which the descent commences, 
and E the place of the body after 
an interval t. Draw EMN hori- 
zontal, cutting the circle AMB in 
M: join AM, MB. Then i£ BA ^ 
be taken to represent the force of 
gravity, MA which is parallel to a 
tangent at U, will represent the force "" 

which urges the body down the curve; and the part BM 
being perpendicular to the curve, combines with the cen- 
trifugal force, and produces pressure on the curve, but in no 
wise affects the motion. 

Hence, 

accelerating force down the curve MA QMA AE 

~g " JB " ^AB ^ ^AC 

Let now AE = «, AC = /, AD = &, 
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then the force down the curve = 



Multiply by - 2d,s, and integrate ; 



But at Z>, s = k, and the velocity dfi = 



/ft'-fi^ Art. 83; 

But at D, t = 0, s = k, and therefore C = ; 

■'■"(}} ■"' i- 

At the expiration of the descent s = 0; 



See Art. 73, where the same result is deduced by another 
process. On account of tlie time of descent being the same 
whether the body descend through a longer or a shorter 
arc, the cycloid is said to be tautochronous. 

152. The equation of motion in the preceding article 
is of a form of such frequent occurrence as to be worthy of 
particular attention : it is sometimes called the ' equation of 

9—2 
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vibratory motion:' and it will be found useful to remember 
that whenever an equation of motion takes the form 

d^*« + n*«- a, 

the motion represented by it is one of tautochronous vibration : 
the time of one vibration, that is, the time which elapses 
between a having its extreme values, being independent of 

those limiting values, and equal to — • 

153. It is the property of tautochronism which has 
rendered it expedient to cause the pendulums of clocks to 
vibrate in cycloids. But not much advantage is gained over 
the common arrangement unless the impulses by which the 
pendulum is kept in a vibrating state be communicated to 
the pendulum at a proper instant. We may know when 
this is, from the consideration, that each half of the cycloid 
being tautochronous, a change of velocity at the lowest point 
of the cycloid, though it may alter the length of the arc of 
ascent will have no effect upon the time: while a change of 
velocity at any other point of the arc will cause the remainder 
of the arc to be described with too great or too small a 
velocity, and the time of motion will be afi*ected. To make 
vibrations cycloidal a pendulum is suspended from its point 
of support by means of a short elastic lamina of steel, the 
thickness of which is so regulated as to accomplish the re- 
quired purpose. The impulse on the pendulum is communi- 
cated at the lowest point of the vibration. 

We shall now shew that if the pendulum is subject to a 
constant friction, or uniform retarding force, the time of vi- 
bration is not thereby affected. 

IS*. Pbob. To find the effect of a uniform retarding 
force upon the time and arc of vibration of a body describing 
a cycloid. 

Using the same notation as before, putting f for the con- 
stant retarding force, and n* « - for brevity, we have for 

V 

the motion of the body, 

- d^8 = n^8 -/ 
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I 



which may easily be put under the form 

This being of the form pointed out in Art. 152, the 
time of vibration is — , and ia therefore the same as when 



there is no friction. 

If this equation be integrated c 



; as in Art. 151, wc find 



Now at the beginning and end of a vibration d^s = 0, and 
therefore 



■(-S- 



I 



Tile two values of a derived from this equation are 

s = k, and s = — [k ^ 1 ; 

\ n / 

the former of which represents any arc of descent, and the 

2/ 
latter the next arc of ascent: consequently -j the decrement 

of the arc of ascent at each oscillation is constant. It ia to 
obviate this decrement that the blow on the pendulum by the 
pallate wheel of a clock is iieceasary. 

155. If besides friction, the pendulum should be affected by 
another force, which varies as s, the arc from the lowest point,. 
Bucb a force would he taken account of by altering the value 
of n. Consequently though the absolute time of vibration 
would be altered, the property of tautochroniam and there- 

^ fore the practical value of the pendulum would remain unaf- 
fected. 

156. PuoB. To find the effect of a small force, which 
' varies as the velocity, upon the time and arc of vibration. 

In this case the equation of motion is 
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- dtS « ffa + ZikdiS 

/i being + or — according as the force assists or hinders the 
action of gravity down the arc. 

We assume that /a is so small as to allow the roots of the 
equation ^ + 2y,x -^n? ^0 to be impossible. If we write 

n' for \/fi? - fi\ these roots are ^ fiJ^n' \/— 1, and the inte- 
gral of the equation of motion is 

« = Jc-**' cos (n7 + jB), 

Hence dtS = - Ae''^ {n sin (n't + B) + ficos (n't + B)\. 

Now at the commencement of a vibration « « Ap, d|« s o, ^ « 0, 
.*. k sxA cos B ; and « n' sin J? + ftt cos £, 

.-. B = - tan-* -, , 

n 

^ *r\//?Tn^* nk 

and A « J « — ;- ; 

n n 



.'. « =— 7 .c"'*'cos (n'^- tan^^—J, 
n \ n I 



and dt8 «= j-e'''^ {n sin (n't + B) + /n cos (n't + £)} , 

which, by expanding the terms sin (n't + jB), cos (n't + B)j 

becomes 

nk 

dts^ r e"**' (n'cos jB - /& sin jB) sm n'ty 

n 

v?k * . / 

= - — r . c"*" sin n t. 
n 

Now at the beginning and end of a vibration d^s s 0, 
and therefore 

n't a 0, or TT, or 27r, ... 

Consequently the time of a vibration 



IT 



"' W-r 
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which being independent of k shews that the property of the 
tautochronism of the cycloid remains in this case also: but 
the foFDi of the denominator of the above fraction shews that 
the time of vibration is enlarged, and that, whether the dis- 
turbing force assist or hinder gravity, for fi enters the result 
only with an even power. 

If &' denote the arc of ascent, which the body describes 
after falling down k then s = k' when / = — , and therefore 



r-tan->i^,) 



1 

I 



-ke 



Hence the successive arcs of ascent form a geometric 

progression whose common ratio is e "' . 

We shall now give the solution of the problem in its more 
general form, in a manner which has the advantage of greater 
simplicity than any which has hitherto been published. 

157. Pkob, a body vibrates in a cycloidal arc, tojind 
tlie effect of any small tangential disturbing force upon tlie 
time and arc of vibration. 

Represent, as before, the disturbing force by /, which wc 
shall account + or — according as it assists or hinders gravity. 
The equation of motion is 

- dis s= n^s +/, 

or d('s+ n's= —f. 

Multiply by cos nt and integrate by parts (as in the note 
to Art. 139), 

. cos ni+ ns sinnf « d - ff cos nt dt (I). 

Similarly, using sin nt for cos nt, we have 

d|fi . siu nt - n8fx>snt= Cg —ffaant dt,,,„.(i). 
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These are the two Jirat integrals of the equation of motion* 
Now when the vibration is completed let the value of ^ be r^ 
and that oi she hf \ then taking the above integrals between 
/ » and ^bt; ox a ^k and a a k\ when d|« «» o ; we have 

nk' sin nr « ^f^fcos nt dt from (l), 

and - n&' cos nr -" - «& + y ^/sin nt dt from (2)* 
Eliminating k' between these we find 

n&sin nr = ^pfco% n (^ - t) dt (S), 

and multiplying the same equations by sin nr^ cos nr respec- 
tively, and taking the difference of the results we have 

nk' = nk cos nr - ^/®/ sin n (^ - r) dt (4). 

If / be given in terms of t these equations being inte- 
grated will give what is required : (3) will give the value of 
T, the time of one vibration ; and (4) will then give the value 
of k\ the arc of ascent. 

158. If the value of / depend upon k^ and equat. (3) 
be expanded (if necessary) and arranged in powers of k^ the 
condition of tautochronism will be that the equation must be 
satisfied for all values of k^ and therefore the coefficients of the 
different powers of k must be separately equal to zero. 

From this we learn at once, that if/ do not depend upon 
the Jirst power of A:, there cannot be tautochronism unless 

sin ^TT «« 0, or r = — ; that is, the time of vibration is the 

n 

same as when there is no disturbing force. Art. 154 is an 

example of this kind; and Arts. 155, 156 are instances of this 

not being the case when / does depend upon the first power 

of A;. 

169. When f is not given in terms of t we must be 
content with an approximate solution, if the equation of 
motion cannot be integrated directly. The approximation 
may be conducted on the principle, that since / is small, 
higher powers of/ than the first may be omitted. Now nr 
diflTers frpoi tt only by reason of/, and therefore in the right- 



..(^). 
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hand members of (3) and (4) we may write w for m-, and use 
— for T as one limit of the integration. Then we shall have 

nk sin « r = °/"/cos nt dt 1 

nk' =nk cosnr — "J" f sin nt dtl 
Ex. Let /vary as some power of the velocity = a((/,s)°'. 
We must use an approximate value of rfjS, obtained from 
(l) and (2), on the supposition that /= 0, or from 
dfS . cos ni + ns sin nt ^ o, 
and dis . sinnt — ns cos nt ^nki 
.'. dfS "nksiantf 
and .: f= nn^k" sin" nt. 
This being written in the first of the equations {A) gives 

nk sinnr = iin''k'^'*j "sin" nl cos nt dt = 0; 



This result shews that the time of a complete oscillation is 
unaffected by the first power of the disturbing force. 
The second of equations (J) becomes 



- nk - ij.n''k°'''f^ 

— nk + nn"~'k' 



'■^''ntdf, 
m.(m- 2) ... 3 . 1 
(m + l)(m- I) ... 4.2 



, (m odd). 



- nk + 2(i 



-'/c". 



»n . (m — 2 



.4.2 



■ ■; ~^r} r. " 5 ('n even). 

(m + !)('«- 1) ... 5.3' *■ ■' 

When ra = 2, which is the case for air nearly, 

, 2 
k = -k + i>n6 . - , 

or, — h! = k — iilc'. 
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the last term of which is the decrement of the semi^urc of 
vibration. 

^ 160. The reader may consult with advantage a paper on 
this subject by Mr. Airy, printed in the Tranatictions of the 
Cambridge Philosophical Society^ Vol. III. The results ob- 
tained in that paper are derived from the equation of motion 
by the method of parameters. But it is proper to remark, 
that a result respecting the time of oscillation is not of much 
value if it be true only to the first power of the disturbing 
force : for an error in the time of oscillation, being added at 
every vibration, will soon, by accumulation, become sensible. 
And indeed it is not very difScult to shew that, generally, 
if the disturbing force retard the vibration both in the de- 
scending and ascending arcs, the effect upon the time must be 
of the second order. We have an example of this in Art. 156, 
where we have found 

for the time of an oscillation, which is greater than when there 
is no disturbing force by a quantity depending on fi. And, 
again, if a neighbouring mountain exert a disturbing force fn 
upon a pendulum in a horizontal direction, the time of an 
oscillation is 

TT ( y I Art. 74, 

4? 

consequently the mountain increases the number of oscilla- 
tions in a day by a quantity depending on fi^. 

And in general if /i be the coefficient in the expression which 
determines the magnitude of/, so that /« ^0(^), and T 
be the time of an undisturbed osciUation ; by expanding in a 
series we shall have the time of a disturbed descent 

« ^ T + J/A + B/it* + ... 
Jy By being functions of k the arc of descent. 



'©-'©■-- 



I 



The same formula will give the arc of ascent, by writing 
— fx for n and k' for k. Consequently the time of the ascent 

= ^T-{J + d^A.ik'~k) + ... J fj. 

+ {B + di,B.{k' - k) + ...} fj? - ... 

Hence by addition, we find the vhole time of an oscil- 
lation 

= r - d, J . (ft' - A) /. + 3 B^V ... 

But there is here no term of the Jirst order in the part 
which follows T, for (ft' — k) /i must be of the second, or 
a higher order. Consequently, in general tlie effect upon 
the time of oscillation will not be of the first order. 

?161. Pbob. To investigate the equation of the tauto- 
chronouB curve, when the force tahich urges the body is not 
constant. 

Using the same figure and notation as in Art, 151, let AEC 
be one half of the curve required, A being its lowest point. 
Resolve the force which produces the motion into components, 
■ parallel and the other perpendicular to the tangent at 
£; and denote the former by ^ 0ff, 



Let X ^s = ^s ; then at D, v ^=0 and a = k, .: C = ^(k) ; 

.-. .■=+(*) -^,(.); 

■■• -<l,^ = ^/i,{k}-i,(,,)■. 

and .: t= f , , 

the int^ral is to be taken between a = k and 8=^0, and when 
so taken the result is by the question to be independent of ft. 
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Now expanding the denominator by the Binomial Theorem, 

/ rf 1 ^^ ^* ^^-^ (^*)' 1 

* ■■ — l\ ! + "• i + — ^"» ;+•••/• 

-'Aiff')^ 2 (^ft)* 2.4 (>/,*)« J 

But the first term, taken between proper limits, 

k 

" (f *)* * 

which is to be independent of k for all values whatever ; we 
may therefore write 8 for k without altering its value> 



• • (t.)i " 


> constant ; 


•. >^(«) ««•- 


> C^ suppose ; 


.-. >/,(*) - 


CA». 



If these values of >/^(«) and yj/ik) be written in the other 
terms of the above series^ they are found, after integration, 
to be independent of Ap ; we have therefore no further condition 
to satisfy ; 

.•. JCda + Tdy « «dv 

= — CsdSf 
which is the differential equation of the curve required. 

162. If the force act in parallel lines and be constant, 
denote it by / and let it be parallel to the axis of or ; 

.-. JC^ -/and F«0; 

.•. fdof e C8d8\ 

which is the property of the cycloid : and hence tautochronism 
is peculiar to the cycloid when the force is constant. 

163. Prob. To find the time of oscillation in a cir^ 
cular arc of given raditis. 



OSCILLATION : 



■ A cibcolah arc. 
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Let A he the centre, B the lowest point of the arc, C the 
point from which the body begins to fall; 
P the place of the body at any time ( from 
leaving C. Draw CD, PM parallel to 
the horizon ; and let a = AJi, h = BD, 
ju = BM, 3 = BP, and v = the velocity 
at P. 

Then A= - g, and r=0: 

.-. v' = ^f(Xdx+ Ydij) Art. 147(3) 

- - Sgx + C. 
But at C, V = 0, and a; = h, therefore C = 2gA ; 

.'. -d,s = V = \/^g{k — a:). 
But y* = SOiP — x'. 



and therefore d,s = \/{dtxy + (dtf/)^ 
adtx 

= V^sih - ,t) ; 



.■.y^.d,t~ 



a ■',\/hx- /^ .\/2a 



..(B). 



The integral is to be taken between .v = k, and x = for 
the whole descent. 
Now 
I I j 1 X 1.3 x^ 1.S.5 ^ 1 

1.3 VB* 






2.4 4a' 



;+... 
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But by the Integral Calculus, 

-af 1.3.5... (2n-l) 



f. 



i^hw ^ of 2.4.6... 
between the proper limits, and 

-1 



2n 



.A" 



TT 



/ 



m\/hm — ^ 



tt; 



/. / I . => — I = -. — (here n a i) 

•/# Vv/A» --af^ ^aj 2 2a^ ^ 

rf -1 ^«\ 1.3 AV^ 



&c. s &c. ; 



Zt 



(!) 



i 



/1\» hir 



/1.3\»AV 
V2.V 4a* 



••• » 



2^ 



^ 



©M'-^-Gr-^^iiii)'-^-'-}- 



jL^S. 



Since ^ is the time of half an oscillation, 2^ is the time 
of a whole oscillation. (The reader may compare this result 
with Art. 74.) 

164. Pbob. a particle^ acted on by gravity only, 
descends along a curve line in a vertical plane ; to find 
the form of the curve that the same pressure may be 
ewerted at every point. 

Let m be the mass of the particle, and suppose Aof the 
axis of 07 so taken that the velocity at any 
point P may be that due to MP^ gravity 
acting in the direction Ay. Let AM == w, 
MP ^y9 s = the arc described in time t ; 
and let the pressure at any point equal k 
times the weight of the particle. 

k . mg « pressure at P 

cs pressure due to gravity 

+ pressure due to centrifugal force 

Qmgy 

e mffdgW + ' — 7 . 

'^ rad. curvat. 
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But radius of curvature = -^ ; 






1 


. .■...,..^-^. 








1 Multiply by -^; 








^L , , lld.y d.i.d.y ^ 








the integral of whicli is 








k\/y+C = \/y,d,ai, 
















As C is arbitrary we may write ± \/o for 


it; 






•■"•»-'^*(;)' W- 








Hence p the radius of curvature = -~ 
















let M. the inclination of the tangent at P to the 
of a, .: tan = d,*/ and cos = d^m ; 


axis 


.-. cose = /ei (-V (2). 








By means of this equation the curve may be traced ; but 
the relation between ai and y may be obtained, if necessary, 
from equation (l) by further integration. 


1st. When C = 0, or ffl = o, then cos0 = 


'-k, 


which is 


the equation of a straight line. 








2nd. When fc is positive and not < l. 
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In this case the upper sign of equation (i) cannot be 
used; 



•*. cosd 



-c-)' 



and p « '"7= • 



Hence the greatest value of y, or that which makes 

a 



cosd = 1, is 



(* - 0' 



; and the least value, or that which 



makes cos 0= — 1, is 



a 



-; as y increases from the latter 



(* - 1)' 

to the former, cos0 passes through all its values; and this 
curve is always concave towards the axis of a?, when cos 9 
is positive, and convex when cosd is negative: for pcosO 
which is the projection of the radius of curvature upon the 

axis of y = — /= . cos 0, which has the same sign as cos 0. 

Fig. p. 142 is the form of the curve, of equal pressure in this 
case. 

3rd. When k is positive and < 1. 

In this case both signs are allowable in equation (2), but 

the upper can apply only between those 

values of y which make cos 6 not > 1, which 

a 
are 



(1 - ft)' 



and 



X . 



For this branch of the curve pcosO 

=s — -7" . COS ; and hence it is convex to- 
V a 

wards the axis of a. 

The lower sign can apply only between those 
values of y which make the cosine fall between k 




a 



and — 1 ; these are y = « and y =» -, 

^ ^ {k + \y 

As long as cosd is positive the curve is concave y 
towards the axis of x, and the remaining part is ^ 
convex. 




H 16S 
■ smoolk 

I 
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165. Prop. A particle it placed in a very narrow 
Bmooth tube in the form of a curve of double curvature; 
or we may suppose a very small ring through which passes 
a curve of double curvature; to determine the motion, the 
body being acted on by any forces. 

Let seyz be the co-ordinates of the particle m at the time 
t; s the arc described; ^FZ tbe forces impressed upon it; 
R the reaction of the tube, which, as the tube is smooth, must 
necessarily be in the normal plane; let a, fi, y he the angles 
which the direction of R makes with the co-ordinate axes. 
Then, since the angle between R, and the tangent to the curve 
at wyz is a right angle, 

.-, =3 cos a d,w + cos /3 d,y + cos 7 djSr ; 
and therefore multiplying by d,s 

= cosa-dfU + cos/3 .d,y + cos 7d,ff...(l). 



The equations of motion are 



d'j; = A" + — . cos a 



••p). 



d,'y . r 4 



..W> 



a^is = Z H , cos 7 , 



..(1). 



Multiply these by di,v, d,y, d,* respectively, and add tlie 
results, taking account of (l), 

dfid^m + dgfd'y + d^d'm = Xd^ + Yd^y + Zd^, 

or dfid^s = Xd^ + ^^iV + Zd^ ; 

■■• {d,sf = ^j{Xdx-^ Ydy + Zds!;)....{A). 

This expression for the square of the velocity is independ- 
ent of R : and as the expression under the integral sign is 
integrable per se (Art. 144), i.e. without assuming any rela- 
tion among the co-ordinates xyx, the value of the integral 
taken between given limits will be independent of the relation 
10 
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between w^ y, x at other points, — ^in other words, — ^independent 
of the form of the curve which joins the fixed limits. Hence in 
passing from one fixed point to another, the velocity acquired 
is entirely independent of the form of the curve line on which 
it passes from one point to the other. 

Let now d, 0> ^ denote the inclinations of the radius of 
absolute curvature to the axes of co-ordinates ; and 0^9 02» ^% 
the inclinations of a line in the normal plane perpendicular to 
0,0,>|f. Then multiplying equations (2), (3), (4) by the cosines 
of d, 0, ^ respectively, and adding the results, remembering 
that we have proved in Art. 146, that 

COS Qd^a + cos (bdiy + cos ^dfz = ^^ — — , we find 

P 

(dfiY 

= JircosO+ Fcosd)+ Zcos>lr 

p 

R 

+ — (cos a cos B + cos /3 cos + cos y cos >^). 

But the term R (cos a cos + cos )3 cos + cos y cos >^) is 
the resolved part of R in the direction of the radius of abso- 
lute curvature ; if we call this 2?', we have 

R! ^ -m(-ycos0+ Fcos0+ Zcos>l/) +m^^^...(jB). 

P 

Again, if we multiply equations (2), (3), (4) by cos'02> 
cos 029 cos >^2 &nd ^^9 remembering that it has been proved in 
Art. 146 that cos Q^d^x + cos f^^dtV + cos yjfid^x ■= ; and 
using T' to denote the resolved part of R in the direction 
$29 (jhj yj/29 we find 

T' 

« JIT cos 02 + y cos 02 + Z cos yl/2 + — ; 

' * m 

.'. y =5 - f»(Jrco8 02 + I^cos 02 + Zco8>|^2) (C)« 

Equations (B), (C) give R^ T, the components of 2Z, and shew 
that the whole pressure of the particle upon the curve is 
equal to the pressure due to the impressed forces + the pres- 
sure due to centrifugal force. 



MOTION ON A SITEFACE OF RETOLUTIOX. 
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166. Phob. a particle placed toithin a smooth surface 
of revolution is acted on by forces in the plane of a generating 
curve, i. e. in the plane passing through the particle and the 
aMs : to determine the motion. 

Let OC the axis of revolution be that of b; OA, OB 
those of .17 and y ; P the par- 
ticle at the time t, when its 
co-ordinates are ON, NM, 
MP; £P the path of the 
body ; CPD the generating 
curve in wliich P is situated, 
and in the plane of which 
the forces act. Resolve 
the forces into two sets, Z 
parallel to OZ, and F 
parallel to OD : and let R 

be the reaction of the surface in the direction of a normal PG. 
ON=a:, NM = y, MP =• m, OM = r, 8=D0A, m=the 

s of the particle. The accelerating force due to the pre&- 

equivalent to — cos PGC, and — -ain PGC in the 
m m 

directions OZ, OD. Hence we may consider the body as free 

and acted on by the two accelerating forces 

cos PGC parallel to OZ, 
sin PGC parallel to OD. 





The latter may be resolved parallel to Ox and Oy; and 
this being done, we have from the equations of free motion, 
(Art. 143.) 

7? 

sin PGC) cos $, 



sin PGC) sin $ 
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Now let the arc DP of the generating curve « 8. Then 
because PG is perpendicular to the tangent of the generating 
curve at P; 

.'. cotan PGC « - d.r ; 
.'. sin PGC = d^Xy and cos PGC ^^^ ^-d^r. 

It is evident also that cos « - and sin » - . 

r r 

Hence, d!w^(F d^z).- (l), 

d:y ^ {F ^^d.z) X (2), 

dlz^ Z + ^d,r (S). 

In using these equations, we are to remember that 
r* « ai^ + ^, and (d/)' + {d^Y = 1. 

167* Prob. a particle acted on by any forces moves 
upon a curve surface; to determine the motion. 

Let Oar, Oy, 0% be the co-ordinate axes; AC, BC, 
ADB, sections of the given surface by the co-ordinate planes. 
DPC a section of it by a plane passing through 0% and the 
particle P at the time t from the beginning of the motion 
at E. EPQ the path of the body, the mass of which put 
r^m. ON^w, MNmy^ MP^z, EP^s; a, /3, y the 
.inclinations of the normal PG (which does not now neces- 
sarily meet OC) to the axes OA, OB, OC ; 2Z s the reaction 
of the surface, which takes place in that direction ; this pro- 

R 

duces an accelerating force » — , which being resolved parallel 

to OAy OB, OC, gives 

R 

- — cos a parallel to OA, 

m ^ 
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.3 /3 parallel to OB, 



— — cos 7 parallel to OC. 

Hence, if JT, Y, Z be the impressed accelerating forces 
parallel to the same axes, the equations of motion are 

d'x = X--.cosa (I), 

m 

d^p= r--.cosj3 (2), 

d^x = Z . cos 7 (3). 

But by the principles &f Analytical Geometry, 
cos g = -7^^ , cos/3- -;= "^ > 

I 

cos 7 = , ^= , 

Vl+p" + >f 

where p, q represent the partial differential coefficients d^z, 
dj,sr, derived from the equation to the given surface ; they are 
connected by the equation 

dz =pd.v + qdy; 
.: cos 7 . d« = — cos a . d.r — cos /3 .dy, 
or cos a. d.v + cos/3.dp+ cosy.dx" 0. 
To find V the velocity of the particle at P. 
Multiply (I) by 2d,,r, (2) by 2d,y, (5) by 2d,z andf 
add and integrate ; 

.-. t.= =(d,^)'+{d,y)=+{d,«)= 

= 2jt{Xd,x + Vd,y + Zdtz) + C, 
or = HJiXdai + Ydy + Zdx) + C {A). 
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This expression for v^ is independent of R, and as the ex- 
pression under the integral sign is integrable per se^ i.e. without 
assuming any relation to exist between <r, y^ Zy the integral, 
taken between given limits, will be dependent only upon the 
values of w^ y^ % at those limits, and not upon the general rela- 
tion between x, y, z in the intermediate points of the path. 
Whatever therefore be the relation between «r, y, z in general, 
the value of v will be the same as long as the limits of the 
path are fixed. Hence whatever be the form of the surface on 
which the body moves, the velocity which it acquires in passing 
thereon from one given point to another given point will be 
the same. 

To find the path. 

We must eliminate R from the differential equations of 
motion. 

Multiply (3) by p and add (l), observing that 

cos a + p cos 7 = 0; 
.'. dfw+pd^z^X'k'pZ 






similarly d, 

From these two equations we must endeavour either to 
eliminate t\ or to deduce from them one integrable equation, 
and then between this and {A) eliminate t. This cannot 
always be effected ; when it can be done, the relation between 
^, y, z so found, and the given equation of the surface will be 
the equations of the path. 

To find the pressure of the body upon the surface. 

Multiply (l) by cos a, (2) by cos^, (3) by cos 7 and 
add the results, remembering that 

1 = cos^ a + cos* /3 + cos* 7 (Art. 19) ; 

.*. cos a . diCC + cos /3 . d^y + cos 7 . d^z 

mXco^a^ Fco8fl+ ZCOS'V . 

' m 

Substituting for cos a, cos/3, and cos 7 their values in 
terms of p and 9. 
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di'x — pdi'x - 



\/l +p' + g' 



COS a . rf,^j? + cos j3 . d^y + cos y 
But d,s? =prf,,T + 9(i,y ; 
.'. rfj's; =pdi^x + qd,^y + d,p. d/X + d^q.d,y. 
But d,p = d^p . d,3! + d^p . d,y = rf'jr , rf,,r + d^d x: , d,y, 
similarly d,q = d^x . d,y + d^d is . d^ar ; 

.•. d,'ar = pdf^w + qd^y + «^2;.(d[^)' + 2d^d^x.d^xd,y 

.*. — = .^ cos a + F cos /3 + Z cos y 

d^x . (dtJ)* + Zd^d^x . d,xd^y + (^» . (dig)* 
\/l + jj" + g* 

But if X, ;x be the angles which the direction of the body's 
motion at P makes with the axes of x and y, 

diX = vcos\ and dips'VCoifL; 

.; — = JC cos a+ y cos 3 + Z cos -w 

m ' 

dlRf.cos^X + 2d d ST. cos X cosu + d'af . cos'^iu . 

— — — ; . ^ ^ 2 ,1, . 

V\ + p" + 9* 

But by Hymers' Analytical Geometry of Three Dimensions, 

2nd Edition, Art. 917, Cor., the quantity into which v^ is 
here multiplied is the reciprocal of the radius of curvature 
at P; 



ff = 



n {X cos a + F cos /3 + Z cos 7) 4 



therefore the pressure 

= statical pressure due to the impressed forces 
+ statical pressure due to centrifugal force. 



152 MOTION IN A BOWL. 

The centrifugal force increases or diminishes the pressure 
according as the body moves on the concave or convex side 
of the curve surface, and the sign -}- or - must be used 
accordingly. 

168. As an example, Let the given surface be a hernia 
spherical bowl, and let the body be acted on only by gravity 
in the direction OZ. 

HereJr-0, F-O, Zmg. 

The equation of the surface is /»*+j^+ «*««*, from which 
we find 

Of y 

p--^, 9---; 

.•. cosa« — , cos/3«— , coS7 = -', 
a a a 

and the equations of motion become 

^ R w ^ R y ^ R z 

UaX Si ^ — ,— , a«VB— — .— , o*i8r = ff— — .-. 
ma ma ma 

Multiply these by 2 di^, 2 dty^ % d^z respectively, and add 
and integrate ; 

.•. v^^^fgdz-J^ C ^2gz-¥ C (1). 

Again, multiply them by w, y, z respectively and add ; 

.-. ofd^of + yd!ly + z£z^gz -" — . 

But the equation of the sphere being twice differentiated 
gives 

a?dfa? + ydfy + «df« + (dta?)*+ (d«y)'+ (dt^)*= 0> 

or a?dj^ + yc^y + «d?i8f= -«*« -2g« - C; 

Ra 

.-. -'^gZ'-C^gz ; 

m 

^ z mC , . 

.•• R^9fng.- + (2). 

^ a a 
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Again, multiply the second equation of motion by x, the 
first by y and subtract and integrate ; 
.■. atdft/ — yd^x « A. 

But by differentiating the equation to the surface once, 
we find 

a!d^a> + j/d,y = — xdfZ. 

Adding the squares of these two equations we obtain 
(^ + y') { (d,j^y + id,yy} - A= + ^^ (d,sr)N 
.-. {a' - X') {v' - (d,zyl = A' + jb" (dti^y ; 
.-. a'(d.^)*=(a=-K=)w=-A* 

.-. t« i , ° (3). 

-'V(o'-^)(2gar + C)-A^ 
Equation (l) gives the velocity, (2) gives the reaction of 
the surface which is equal and opposite to the pressure; 
and (,1) gives the time, whenever the integration can be 
eflfected. 

The position of the vertical plane DPC in which the body 
is situated, may be found from the equation 

A = xdiy - ydtX = r'd,0 = {a" — «') dfi ; 



^[0 — X 



-f.-^±^ w- 

In this equation we must substitute for d^t from (3), 

169- The vertical velocity of the body = d,!s, and when- 
ever ii reaches the highest and lowest points to which it rises 
and falls in the bowl, this = ; hence the greatest and least 
depths will be two positive roots of the equation d,ar = 0, or 

0=Ca'-2;^){2j-af+C)-A^ 

r. ^ f^ s » h'-Ca" 
or 0"«' + — sr - ars + . 

' H ^S 
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The centrifugal force increases or diminishes the pressure 
according as the body moves on the concave or convex side 
of the curve surface, and the sign + or - must be used 
accordingly. 

168. As an example, Let the given surface be a hernia 
spherical bowly and let the body be acted on only by gravity 
in the direction 0Z« 

HereJT-O, F-O, Zmg. 

The equation of the surface is /s^+j^+^^sa^ from which 
we find 

Of y 

P---, 9---; 

.*. cosa = — , cosp«— , cosv* — * 
a a 'a 

and the equations of motion become 

d^ij? as — — •— , ar^y Bi '^ — .— , d^sfeg'— -.— • 
tn a ma ma 

Multiply these by 2({|«r, ^dty, ^diX respectively, and add 
and integrate ; 

.-. v^^2fgdx^ C^^gx+ C (1). 

Again, multiply them by w, y, z respectively and add ; 

Ji.fr 

.•. Ofd^of -{- yct}y + zd^^»ssgz ^' — . 

But the equation of the sphere being twice differentiated 
gives 

wd^w + ydfy + zd!lz + (dta?)*+ (dtyy+ (dtzy^ 0, 

or ard^a? + yc^y + ijfdf« =s -«*= -2g« - C; 

Ra 

.-. "^gZ'-C^gz ; 

m 

^ z mC , . 

.\ R^9mg.- + (2). 

^ a a 
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r Again, multiply the second equation of motion by x, the 
first by y and subtract and integrate ; 
■■. xdiy — ydite = h. 
But 
...» Cr.,1 



But by differentiating the equation to the surface once, 
we find 

sdiO! +yd,y = — xd^x. 



Adding the squares of these two equations we obtain 
(*' + !/*) {(dt^y + (d,yy] = h'' -i- sr (dizf i 

.: ia' - :^) {v' - id^zfl =h' + x-- (d,zy ; 



.(3). 



Equation (l) gives the velocity, (2) gives the reaction of 
the surface which is equal and opposite to the pressure; 
and (3) gives the time, whenever the integration can be 
eiFected. 

The position of the vertical plane DPC in which the body 
is situated, may be found from the equation 

h = aidiy - ydtx = r^dfi = (a- - x') rf,e ; 



rhdj 



In this equation we must substitute for d^t from (3). 

169. The vertical velocity of the body = d,if, and when- 
ever it reaches the highest and lowest points to which it rises 
and falls in the bowl, tliis = ; hence the greatest and least 
depths will be two positive roots of the equation dix ■■ 0, or 

, C _. , A'-Ca* 



2« ■ - 2ff 
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Now when the roots of an equation are all positive, its 
terms are alternately positive and negative. Consequently 
as the coefficient o{ x ia this equation is necessarily negative, 
the roots are not all positive. But as the motion by hypo- 
thesis takes place in a bowl, where there must of necessity be 
a greatest and a least altitude; to which correspond two 
positive roots of this equation, all the roots are possible ; 
and two of them are positive and one negative. Let there- 
fore a be the greatest root, /3 the least, and y the negative 
root; 

.-. o* (dt«y « 2g (a - ») {x - /3) (« + 7). 

Now for a —X write x\ «' being the altitude of the body 
above its lotoest position ; 

.-. a^(d^xy^2g«'{a-(i-%')(a'^y-z') 

(2^^ . -1 



a 



Jz'y/(a - /3) »' - » ' . y/a + 7 - » ' 



Now from the equation {B) in Art. 163 for the time of 
oscillation in a circular arc, we find that if ^' be the time of 
descending from an altitude a — /3 to an altitude j:^ in a cir- 
cular arc the diameter of which is a + 7, then 

i(a + 7)'''"Xv/(a-/3)«'-«'«.-s/a + 7-»'' 

t 9.i 
a a + 7 

2a 



or ^ = ^' . 



a + 7 

If we consider the time of one oscillation to be the interval 
between leaving the highest position and returning to the 
highest position again, it is 

-I 
7 



l(« + 7)^1 * I \«/ * o + 



+G^r(^)'*-} ^'*-'^'' 



I'JO. It will be most convenient to express the arbi- 
trary constants in Art. 169, in terms of a, /3, the greatest and 
least depths which the body attains in the course of its motion. 
This may be done as follows : since 



(a" - ss") iSgx + C) - A= = 
for all Talnes of «, let jb = a ; 

let z = 13, .-. (a=-/3')(2ff/3 + C)=A» 

let K = 0, .-. Ca= - A' = - i 

From the first two we obtain, 

— -"^^^^^^ 

(a'-.')(a--/3') 



(a-^)(»-/3)(« + 7) 



"Hy. 



" -r A. 
From the third equBtion we find 

^ «+^ • 

q' + 2aj3 + g* 



.•.0+7. 
Hence the time of osciilation 



« + ^ 



^K + 2"J3 






171. The body has both a vertical and a horizontal 
motion at the same time. Art. 169 shews us that its 
vertical motion bears a constant relation to that of a certain 
pendulum in a vertical plane; we must now examine its 
horizontal motion. The equation A = a;d,y — j/d,*" obtained 
in Art. 168, informs us that areas are described equably by 
OM about O. If therefore we suppose a body projected from 
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M and acted on by a proper force tending to (Art. 122), 
this body will describe P^s horizontal orbit. Let F' be 
this required force, »' the velocity of JIf ; 

« t,« - (d,*)« 

g* (ggjy + C) 4- A» 



Sgsi? + C« 



SgT\/c? - r* 4- Cr 



. f — j... V sifm^a^'-r^ 



a* 



It is not possible to find the equation to this orbit in 
exact terms; but if we suppose r to be exceedingly small 
in comparison of the radius of the bowl, 

i^- -^—r — . r nearly, 
or 

which oc r nearly, 

and therefore the orbit will be very nearly an ellipse, having 
its centre at (Art. 124). 

The apsidal distances may be found from the equation 

d^z = 0, and are therefore equal to \/a* - a* and \/a* — /3*. 
But the most singular and striking phenomenon attending the 
^motion in a smooth bowl is the progression of the apsides, 
which the student may witness experimentally by suspending 
a small leaden bullet by a string. If it be made to perform 
eccentric conical revolutions^ the motion of the apsides will be 
very apparent. 

172. Tojind the value of the apsidal angle j when the 
oscillations are nearly circular^ or a nearly equal to /3. 

We must find an approximate value of 0. From (4) we 
have 
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In writing a for « in some terms, we have been guided by 
the rule that s' may be neglected in comparison of a, or -y ; 
but not in comparison with a — /3 which is of the same order 
as K . If now we put 

ah 
we have 

\/(a - /3)i5 - x^ 

., g(..-») 

no constant being added, because we suppose to be zero 
when s: = a. 

The particle moves from nearer to farther apse while ix 
changes from a to /3, and in that time therefore nd increases 
from zero to ir, 

... .p.id.l .ngle <- I ■ („, ^ J^°^ ^,j, ■ f^) ' ■ 

The excess of this angle above — is the progression of the 
apse in half an oscillation. When a and /3 approach towards 
a, the apsidal angle approaches towards — as its limit ; but, 
when the oscillations are large, the progression of the apses is 
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very considerable : both of which results follow at once from 
the preceding value of the apsidal angle ; from which also it is 
easy to shew that the apsides can never regress. The approx- 
imate equation of the orbit is 



t) 




173. Prob. a particle acted on by gravity f being suspended 
from ajiwed point by a stringy is made to describe a horizontal 
circle in stcch a manner that the string describes a conical 
surface. To find the time of revolution. This is called a 
conical pendulum. 

Let AB 8 a be the string, m s the mass of the particle at 
B ; BAC =« a, AC being vertical ; T = tension of 
the string, this would produce an accelerating force 

T 

upon m a — in the direction BA. Resolving this 
m 

force perpendicular and parallel to the horizon, it 

T 

appears that B is acted on by a force g cos a ] 

m ' 

T 

in a direction perpendicular to the horizon, and — sin a which 

m 

always tends to the point C. By the question the former 

produces no motion, 

.-. 0=^ cos a (1), 

m ^ ^ 

and the latter retains the body in a circle whose centre is C 
But when a body moves in a circle about a force in its centre 
the centripetal force must be equal to the centrifugal force 

= -=rr, = — : in this case ; 

BC a sm a 

v^ T . 



= — sma 



a sm a m 



sm a . 

-g^ ...from (1); 

cosa 
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V^". 



.-. If = ag . . 

But since the motion in a cirgle is uniform, 
the time of revolution 

circumference 2fl-o si 
velocity u 

Since this result depends only on a cos a or AC, it follows 
that whatever be the length of the string, providing the altitude 
of the cone described remain the same, the time will be con- 
stant. 

It is evident that this problem is a particular case of the 
motion in a hemispherical bowl before discussed, viz. when 
a. (3. 



CHAPTER VI. 



ON THE MOTION OF A SYSTEM OF PARTICLES. 

174. Def. Bodies constitute a dynamical system when 
they exercise an influence upon each other^s motion, either 
directly, or indirectly through rods, strings, or any machinery 
by which they are connected. 

175. In the preceding pages the motion of a single 
particle has been considered; the same principles apply to 
the motion of a system of particles, if we reckon among the 
impressed forces the tensions^ mutual forces, reactions, &c. 
which are exerted upon each particle, as in the following 
example. 

Pros. Two weights P, Q are connected by a foible 
string without weight passing over the top of a smooth 
inclined plane AB. P descends drawing up Q. It is re^ 
quired to determine the motion. 

Let P, Q represent the masses of the weights, a the length 
of the string, a? = JP, w = JQ; g « the 
force of gravity ; a « the angle JBC^ the 
inclination of the plane ; T » the tension 
of the string. Then P is acted upon by 

T 

the accelerating force g downwards, and — 

(Art. 23) upwards; consequently for the 
motion of P we have the equation, ** 

T 
d^oi^g^ -. 

Again, Q is acted upon by the force gsina down the 

T 

plane^ and — up the plane, and consequently for the motion 

Q 

of Q we have the equation, 




k 
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T 



To these we must join the geometrical relation w -k- x = a, 
from which we obtain rf/ .r + d^ a;' = by differentiating twice ; 



T 

a — — =i 0, by substitution ; 



"p+a"' 



Hence the tension of the string is constant during the 
motion: its value, just found, being written in the preceding 
equations of motion, gives 



From which by integration the values of ^ and x may be 
found in terms of t. 

176. The preceding method may be generally applied 
with facility in simple cases of motion. It assumes that the 
force (7^ exerted by the string upon P is the same as that 
which it exerts on Q. There is not much difficulty in admit- 
ting this assumption, it being a well known principle, that 
the tension of a string, when there is no friction, is the same 
throughout. But it is evident that in all cases when we have 
formed the differential equations of motion of all the particles 
of a system, they will contain the tensions, pressures, reactions, 
&c. proper to each and every particle ; and as those are un- 
known forces it will be necessary to eliminate them from the 
equations of motion. But, as in the preceding question we 
eliminated the tension on the principle that the tension-force 
on each body is the same, so in every case there will be re- 
quired some corresponding principle by which we may effect 
the elimination. Hence the necessity and utility of the fol- 
lowing. 
11 
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GENERAL PRINCIPLE. (Ist Form.) 

177* 7%6 internal forces of a dynamical system are in 
equUUyritim among themselves during the w/iole motion. 

Another form in which this is sometimes presented, and 
which is indeed frequently of more easy and more direct appli- 
cation, is the following. 



GENERAL PRINCIPLE. (2nd Form.) 

178. The effective moving forces upon the molecules of 
a dynamical system^ if their directions be reversed^ will 
balance the external impressed forces. 

The principle exhibited in these two statements is com- 
monly known as D'Alembert'*s Principle. Its truth may be 
rendered evident to the reader by the following considera- 
tions. 

179. In a dynamical system neither the motion nor the 
change of motion of any one particle (speaking generally) is in 
the direction in which the resultant of the external forces are 
impressed upon it. (Ex. The body Q in Art. 175 moves up 
the plane, while the force of gravity is impressed upon it in a 
direction vertically downwards.) Each particle is under me- 
chanical restraint, which prevents it from freely obeying the 
external forces. Now since these forces (which otherwise 
would wholly rule the motion of the particle) are partly re- 
sisted by the machinery and physical constitution of the system, 
we may resolve them into two sets ; one set being that which 
is wholly resisted by the machinery, (including in this term, 
tensions, reactions ...) and the other being that which is wholly 
employed in producing the actual motion of each particle. 
(The former are called forces lost, the latter effective forces). 
The possibility of such a resolution of the impressed forces 
is evident. Now, it is manifest that the ^ forces lost^ have no 
influence on the motion of any particle, and if they were 



^P remove 
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removed the proper motion of the system would be continued 
by the action of the effective forces alone. Hence, if forces 
equal, and opposite, to the effective forces were applied to 
every particle, the system would cease to be accelerated or 
retarded ; L e. it would move as if acted on by no forces 
at all. Consequently, the reversed effective forces eivacthj 
balance the impressed forces ; which is the principle as stated 
in ]78. 

Again, since the 'forces lost' have no share in producing 
the actual motion of the system, they aro in equilibrium 
amongst themselves; for were they not in equilibrium, motion 
proper to their resultant would ensue. But all the motion is 
due to the effective forces : consequently, the 'forces lost'' (or 
the internal forces of the system) are in equilibrium among 
themselves during the whole motion; which is the principle as 
stated in 177. 

180. From the explanation just given, it will be seen that 
the effective forces and ' forces lost' are the compofients of 
the impressed forces ; consequently, the * forces lost' are the 
resultants of the impressed forces and reversed effective forces. 
(This will be evident from the parallelogram of forces ; by 
consulting which the reader will see, that if a component be 
reversed the other component will then become the resultant of 
the reversed and original force). Hence, the impressed and 
reversed effective forces taken together are such as in every 
case will satisfy the statical conditions of equilibrium of the 
machine on which they act. 

Hence, if J^^ J', Z^ X^ Y% Zj, .., be the impressed ac- 
celerating forces acting on the particles m,, m.^, ... of a system, 
in the directions of three rectangular co-ordinate axes; the 
elective accelerating forces in the same directions are 

dt^iVi, d^yi, d^ssii upon mi 

d^3!.^, d^y^, d^ss,, upon m. 
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then the forces which balance each other on the machine are 

«ii(^i-d>i)> •WiCI^i-rfiY)* ^\{Zi-di*x{) upon Wi 
m^iX^'-diW^^ m^iY^-^diy^j m^iZf^^dfz^ upon m, 

181. For the purpose of reference it may be useful to 
put down here the six general equations of equilibrium of 
these forces. 

0»mi (Zi -d>i) + fWaCZj -d/sfg) + ... =2 {m{Z - d?x)\ ; 
0= {wii(Zi - d^«i)yi - miCFi - dt^y^x^] 

+ {f»»(Z8 - d?%^)yi - mgCFa - d^'yi)%^} + ... 
- 2{m(Zy - Y%) --m{yd^% - ^d**y)}> 
so, 0=2 \m{Xss - Za?) - m(zd^tv - a?d^*»)}, 
and « 2 {m(Yaf - JTy) - w? (a?d/y - ydj'a?)} ; 
or, as they may be more conveniently written 

2(md» = 2(m^ (l), 

2 (md,«y) = 2 (mY) (2), 

2 {md^^z) = 2 (fwZ) (s), 

2 {m (yd> - ^d,V)} - 2{f» (Zy - Fijf)} ...(4), 
2 {w (i^d,-a? - a7d»} = 2 {m{Xx - Zo?)} ...(5), 
2{m(^d,2y-yd,«j?)}=2{m(r^-^y)}...(6). 

182. D'Alembert's principle, embodied in these six equa- 
tions, is sufficient for the solution of every problem in Dyna- 
mics that can be proposed. But, for facilitating their appli- 
cation, certain results have been derived from them, on 
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particular hypotheses ; which results, having a certain degree 
of generality, viz., the same degree of generality as the hypo- 
theses on which they have been obtained, have received the 
appellation of general principles. These we shall now pro- 
ceed to lay before the reader. 

FIRST GENERAL PROBLEM. 
183. A system of free particles is subjected to no other 
forces than their mutual actions ; to determine the dynamical 
properties of every such system. 

Under the term mutual action we include attraction, repul- 
sion and friction, and pressure by contact with each other, 
whether impulsive or not. In all cases which fall under this 
problem, for each moving force impressed upon a particle of 
the system there is an equal and opposite moving force (see 
Arts. 24, 2fi) impressed on some other particle : and, conse- 
quently, the sum of the components, of the impressed forces, in 
any direction is equal to zero: also the sum of their mo- 
ments about any axis whatever will be equal to zero. Now 
(by Art. 178) the elective forces balance these forces, and there- 
fore the effective forces are in equilibrium ; and the sums of 
their components in three directions must also be separately 
equal to zero ; and tlie sums of their moments about three 
fixed lines must also be separately equal to zero. Resolving 
them along the co-ordinate axes, and taking the moments about 
the same lines, (as in Art, 18l) we have the six following 
equations, 

2(md*,F)=.o, '2(md;y)=0, 2(md,^2) = (A), 

2{m(yd,''« -xid,-y)\ = 0, 2 {m (ad^^r - ,i'rf/af)} -0, 
^{m(ci!d,'y - ydt-w)] = 0...(B). 

From these six equations we shall deduce three general 
principles. 

I. The conservation of the motion of the centre of 
gravity, 
II, The conservation of areas. 

III. The existence of an invariable plane. 
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1. THE CONSERVATION OF THE MOTION OF THE CENTRE 

OF GRAVITY. 

184. The centre of gravity of a system of particles 
subject only to mutual influence^ if not at rest, moves uni" 
fotmly through space in a straight line. 

We deduce this principle from the equations of Art. 183 
marked (A). Let ^9 y, i be the co-ordinates of the centre of 
gravity of the system ; then 

.', d^x . 2i» ■> 2 {md^a) by differentiation, 

« 0, by equations (J), 
.'. d^x = 0. 
Similarly d^y « 0, and d^l: » 0. 
By integrating these equations we find 

d^i^A^ d^ = Bj d^^C (l); 

nxiAxt^ At ^ Oy ymBt-^-by z'^Ct-^'C; 
or, if we eliminate t from the last set of equations, 

x-a y-b l^e 

~A T c ^^^- 

Equations (1) shew that the centre of gravity of the system 
is either at rest, or moves uniformly in space ; and equations 
(2) shew that if the centre of gravity be not at rest its path 
in space is a straight line. 

2. THE CONSERVATION OF AREAS. 

185. In a system of particles, subject only to mutual 
influence, the sum of the products of the mass of each into 
the projection, on anyjtaed plane, of the area swept out by 
its radius vector drawn to that point is proportional to the 
time* 

We deduce this principle from the equations of Art. 183, 
marked (B). By integrating the first of them we have 

^{m(ydiX ^ «<^y)} <■ a constant, h' suppose. 
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Now if A^^ be the polar area described on the pUne yx 
by the projection of tbe radiua vector joining m, and the 
origin, we know from the Differential Calculus that 

2d,J,j = j/idiX, — ssidtyii 
and .-. 22(iKdi^^) = h'. 
And this being integrated gives 

Similarly from the other two equations of the set (B) wo 

have 

no constants being added after integration, because the areas 
arc all supposed to commence when ( = 0. 

Now the positions of the co-ordinate planes being perfectly 
arbitrary, any one of them may be assumed to coincide with a 
given fixed plane ; and consequently these equations establish 
the property above enunciated. 

3. THE INVAttlABLE PLANE. 
186. In. a system of pariicles, subject only to mutual 
influence, there is a certain plane, the position- of which 
in space (as calculated from the motions of the particles 
referred to any arbitrary system of co-ordinate axes) is 
invariable. 

We have seen that in such a system of particles 
-2imJ,) = yi't, 2(mJ^) = ^k"t, 2(m^,) = ^h"'t 
represent 

{^(v,A,)]'+{S(mJ,)]'+ {SCmA.)]- b, {^(m^)}', 

and A'' + h"^ + h'"^ by k" ; and through the fixed point draw 
a plane, the inclinations of which to the co-ordinate planes 
yx, XX, ay are \, |U, v; which are such that 

•2{mA,) 2(m^„) 2(mX) 

cos ji. =- ' -— 
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This plane is invariable in position, for by substitution 
we find ^{mJ) ts^hty and therefore 

, V A" A'" 

C0SA = 7- > COS/t" — , COSl/Bs—-, 

a h h 

which being independent of t are invariable, and therefore the 
plane above drawn is fixed in position during the motion of 
the system. 

187. In Art. 185 it was proved that 

Now if 8[ be the projection of uti^s path on the plane yz^ and 
p[ be the perpendicular dropt from the origin upon that pro- 
jected path, we know from the Differential Calculus that 

A' = 2 [m(ffdtZ - xdty)^ = ^(mp'dis'). 

Now dt8[ is the velocity of m, parallel to plane yz ; hence 
midts'i is the momentum of mi, and midg8[p[ is the moment of 
m^\ momentum about the axis of ^ : consequently A' » the 
moment of the momentum of the whole system about the axis 
of Of, which is therefore invariable. The same property may 
be proved with respect to the other axes of co-ordinates ; and 
as they are arbitrary in position, the moment of the momentum 
of the whole system, about any axis whatever, passing through 
a fixed point, is invariable during the motion. 

188. The awis, about which the moment of the momen- 
tum of the whole system is the greatest possible, is at right 
angles to the invariable plane. 

For A', A", A'", being the sums of the projections of cer- 
tain areas multiplied into certain constants, the sum of the pro- 
jections of the same on any plane will be equal to the sum of 
the projections of A', A", A'", on that plane. Hence, if a line 
through the origin make angles 0, 0, yjr with the co-ordinate 
axes, the moment of the momenta about this line, which is 
equal to the sum of the projections of h', A", h'" on a plane at 
right angles to that line, is 

A' cos 6 + A" cos <f> + A'" cos yj/. 
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This is, then, the expression for the moment of the mo- 
mentum about that line ; and it is to be a maximum by the 
variation of 0, tp, ^^, subject to the condition 

cos'0 + cos^0 + cos'i^ = 1. 

Hence we find, by the usual process for finding maxima 
and minima values of a function of two independent variables, 

/I ^' J. *" 1 *"' 

cos t» = — , cos = — , cos -d, = - - . 

h ' h ' h 

Hence, B '=\, <p ■•= li, ^ •= v, and the line makes the 
same angles with the co-ordinate axes, as the invariable plane 
with the co-ordinate planes. Consequently they are at right 
angles to each other. 



REMARKS ON THE FOREGOING RESULTS. 

189. I. Since the properties of the motion of the centre 
of gravity (Art. 184) have the same degree of generality as 
the equations (A) from which they are derived, they will hold 
in all systems, {even though not included in the enunciation of 
Art. 183) to which those equations apply, and therefore in the 
following cases : 

1. If any of the particles, whether elastic or not, impinge 
against each other. For, the pressures exerted during impact 
arc equal and opposite. 

2. If any particles be connected by strings, elastic or in- 
elastic, whether l<ept always stretched or not. For, the actions 
of each string on the particles which it connects will be equal 
and opposite. 

3. If the particles be connected in any way, providing 
there be not a fixed point in any part of the connecting 
machinery. For, the pressures exerted on the particles by 
the connecting apparatus are in equilibrium (Art, 177). 

■i. If the particles be under the influence of any external 
system of forces, which either balance each other, or are redu- 
cible to a resultant couple. For, such a system of forces have 
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no components parallel to the co-ordinate axes, and therefore 
do not affect equations (A). 

190. II. It will have been noticed in the demonstration 
of Art. 184, that the velocity of the centre of gravity parallel 
to one of the co-ordinate axes is not dependent upon the equa- 
tions of motion with reference to the other axes. Hence, if 
one of those equations be true, the corresponding property of 
the motion of the centre of gravity is true. Now the directions 
of the co-ordinate axes are quite arbitrary. Hence, if the 
system be under the action of external forces, and a line can 
be drawn in space such that the sum of the components of the 
impressed forces in that direction be always equal to zero, the 
centre of gravity will either have no motion in that direction, 
or its motion will be uniform. Ex. gr. If a system be sub- 
ject only to the force of gravity and vertical re-actions, the 
horizontal motion of the centre of gravity will be uniform. 

191. III. The principle of the conservation of areas, 
and the existence of an invariable plane, depend only on the 
truth of the equations (B). They will therefore be true in all 
systems in which those equations hold. 

1, 2. Hence, cases 1, 2, of Art. 189, will hold here also, 
since in both of them the sum of the momenta about any axis 
vanishes. Also 

3. If the particles be connected in any way, even if there 
be a fixed point, providing that point be the pole about which 
the areas are described. For, the sum of the momenta about 
any line passing through the pole vanishes. 

4. If the particles be under the influence of any external 
system of forces, which either balance each other, or have 
a single resultant force which passes through the pole of 
areas. For such a system having no resultant couple, the 
sum of the momenta about any one of the lines through 
the pole must be equal to zero. 

192. IV. It will be noticed in the demonstration of 
Art. 185, that each of the three equations 'S,(mJ,)ts^h't9 
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'S,(mA^=i^k"t, S^(mA^) = jjk"'t, is obtained independently 
of the other two. The conservation of areas, as we have 
enunciated the principle, requires that these should be all 
true together : but any one of them may be true without 
necessitating the truth of the other two. The property ex- 
pressed by one of these equations will be true of all systems 
of particles in which the corresponding equation of the set (B) 
is true. Now the positions of the origin and co-ordinate 
axes are arbitrary. Hence if there be in space a line about 
which the impressed forces balance each other, the principle 
of conservation of areas is true for any plane drawn perpen- 
dicular to that line, the pole of areas being the point where 
the plane and line intersect. 

193. V. The principle of the conservation of areas, and 
the existence of the invariable plane, are properties which 
hold good when the centre of gravity of the system is taken 
as the pole of areas, even though the centre of gravity be 
not a stationary point. 

For, let a?i', y,', «,' be the co-ordinates of any particle tH], 
referred to the centre of gravity of the system as origin and 
axes parallel to the iixed axes in space. Then x, = x + •f,', 
&c., and substituting in the £rst of equations {B) we have 

- 2 [m {(y + y') d^z + «') - (s -f- »') d^ Q -k y')\\ 

Now observing that y, s are not subject to the symbol 2, 
and that from the last of equations A, and because 2 (m s/) = 0, 

= 2 {md^x) = (2m) . df% ; and 2 (m d,'a') = ; 
and similarly 

= 2(md/y) = (2m) .d^y\ and 2(wid,y) = 0, 
this becomes 

= 2 Jul {ifd^^ - ar'd,'.v')} + y2 (md,^«') - 32 (md,'y'). 
Hence 

= 2 {*» fr'dtV - JK* d*y')\. 

Hence the form of the first of the equations {B) is not 
changed when the centre of gravity is made the origin of 
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co-ordinates; and as the same may be proved of the other 
two equations, the properties which have been proved in Arts. 
185, 186 are true when the centre of gravity is the pole of 
areas, even though it be in motion. 

194. If the particles of a system be acted on by no 
other forces than their mutual attractions, the ewpression 
2 {m(Xdx + Ydy + Zdz)| will be an ewact differential. 

For let P^ be the attractive pressure exerted between 
nt,, TTis, the distance of which s / . Then m^ is urged towards 

P^ 
ntg with an accelerating force » — ; which produces an accele- 

rating force in the direction of ^ « — . -^—, — = • d,i^ ; 

mi r 11*1 

Similarly, if P^' be the attractive pressure between mi and 
91I3 the distance of which » r\ it produces an accelerating 

force upon mi in the direction of or » . d^r", and so on ; 

pf P" P"' 

... Xi^^—d,y^—.d^r'^—d,y"^.... 

Wj * mi mi 

.-. m^XidWi = - {P'd^ydxi + P"d,ydxi + I^%y''dwi + ...) 

Similar expressions may be obtained form|F|Cly|, miZidz^ 
Adding the results, we find 

m, (Jfida?i+ Yidyi+ Zidz^) = - P' {d^y d.Vi+ d^y dy^-k-d^y dzi) 

- &c. 

Now in the expression for in8(^2d^2+ Y^sdyi^ Z^dx^ 
similarly obtained, there will be a term - P' {d^ydw^ + dyydy^ 
+ d, rdx^ which being added to the first term in the above 
expression for mi(XidiDi + Yidyi + Z^dz^^ gives - P{d^ydgD^ 
+ dyydyi + d^ydxi + d,ydw^ + d^ydy^ + d^jdx^ which is 
equal to — Pdr \ when all the expressions for iWs (-y8d^8+-*-)> 
m^(X^daf^+ ) &c. are formed, and added to those for 
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m, (X^dxj + ...), wia {XidjPa + ...), every term may be added 
to another, by which the sum may be simplified in the same 
• as that involving P'; 



.-. ^{m(Xdx+ Ydy -i- Zd!g)]^-P'dr'~P"dT"~P"'dr"'-... 

Now as P* is a function of r alone, P'dr' is an exact 
differential; the same may be said of every term in the right- 



hand member. Hence the left-ha 
to it, is also an exact differential. 



id member, being reducible 



SECOND GENERAL PROBLEM. 

195. A free system of rigidly connected •particles (or, a 
rigid body) is under the influence of any given ewtemal forces ; 
to determine the dynamical properties of every such system. 

Let jVi , y, , Z, be the external accelerating forces impressed 
on m,, a similar notation being employed for the forces acting 
on the other particles. Then the equations proper for such 
a system as we are now considering, are the six equations 
of Art. 181, viz. 
S(m(^a!) =S(mX), 2(md?y) = I,mY), 

2(mrf?«) = 2(mZ)...(C), 
2 {m (ydlx - «d?y)} - 2 {m (Zy - Yz)] 
2 {m (»(^af - i^dfz)}-^ 2 {m{Xx~ Za!)\ ... (B). 
2 {m (xd^,y - ydfx)} = 2 {m{Y!o-Xy)\ 
From these six equations we shall be able to prove the 
independence of the motions of translation and rotation of a 
rigid body acted on by any forces. 

I. THE CONSERVATION OF THE MOTION OF TRANSLATION. 

196. The motion of the centre of gravity of a free 
rigid body, is the same as if all the e.vternal forces were 
transferred to that paint without changing their directions. 

This property is proved from the three equations marked 
(C) as follows. Let x, y, z be the co-ordinates of the centre 
of gravity of the body. Then 
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.-. 2w . d?5 = 2 fmc^ J?) = 2 (mJT). 
So 2OT.dfy-2(mc^y) = 2(mF), 
and 2m. df5 = 2(mdji8f)= 2(mZ). 

Now these are the equations of motion of the mass 2ii»9 
acted on by the forces 2(mJr), 2 ifnY)j ^(mZi) applied at 
its centre of gravity : consequently, the motion of the centre 
of gravity of the body is the same as if the whole mass 
were collected there, and all the forces applied directly at 
that point without changing their directions. 

II. THE CONSERVATION OF MOTION OF ROTATION. 

197* 7%^ motion of rotation of a free rigid body is the 
9ame as if the centre of gravity were a Jiwed point. 

This property is proved as follows. 

Transpose the origin of co-ordinates as in Art. 193) to 
the centre of gravity by writing x-^oo'^ y+t^y ^+^' fo** *^5 y> ^« 
Then 2 {m(yd^% - zd^^y)] becomes 

= (2m) Qd^.z - zd^ty) + ^52 (my) - dfy 2 {mz') + y 2 (md^.z) 

-^2 (md,V) + 2 {m(yd?/ -«'d?y')}. 

Now because the centre of gravity is the origin of co- 
ordinates, 

2 (my) = 0, and 2 (mz^ = ; 

.-. 2 (mcP^y) = 0, and 2 (md^z^) = 0. 
Also by the last article, 

(2m) (^c^« - i^y) = y 2 (m Z) - ^2 (m F). 
These being substituted in the above expression we find 
2{m(»d^sf-i^i^y)}=y2(mZ)-52(mr) 
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Also, "S, {m (Zy — Vz)} the right-hand member of the 
first of equations (D) becomes 

2 5mZ(ji + s')-mF{i + 0} 
= ^2 (mZ) - 52 (m n + 2 {™ (Zy - T/)}- 

Equating this with the right side of the last equation, 
we Bud 

2 {m (««• - «v;j')j - s {™ (Zj - ro}. 

Now the equation is of precisely the same form as the 
corresponding general equation in (Z)) ; but we observe that it 
does not, either directly or indirectly, involve the position (or 
co-ordinates) of the centre of gravity, or any forces acting on 
that point. Hence it represents a motion which is in no way 
dependent on the state of rest or motion of the centre of 
gravity, or on any forces which act upon it. The same may 
be sliewn respecting the remaining equations of (Z>). Conse- 
quently, whether the centre of gravity be free or forcibly 
restrained in any manner, the motion represented by equations 
(D) (that is, the rotatory motion) will be the same. 

198. We see then that of the six equations which express 
the entire motion of a rigid system, the three marlted (C) 
represent only a motion of translation, (a motion which is 
common to every particle, being equal and parallel to that of 
the centre of gravity;) and the three marked (Z>) represent 
only angular motion about the centre of gravity. 

199. Wc know from Statics that the equations (ZJ) arise 
from the action of couples only, or forces which are equivalent to 
couples. Now since a couple consists of two equal forces acting 
in opposite directions, if the forces which furnish equations (Z>) 
were all applied to the centre of gravity they would two and 
two destroy each otiier, and would therefore not appear in the 
equations of (l!)fi) for the motion of the centre of gravity. 
And in a similar way the forces in (196), acting at the centre 
of gravity, cannot appear in the equations of (l.*)?). Hence the 
motions which are represented by (C) are quite distinct from 
those represented by (D). Either may exist or be changed in 
any manner without alfecting the other. In other wordsj 
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The motions of translation and rotation are independent. 

From what has been stated it appears that a couple applied 
to a body cannot move the centre of gravity. 

THIRD GENERAL PROBLEM. 

200. A mixed syatfsm of bodies^ either free or connected 
in any manner y and constrained by smooth Jiaed curve lines, 
surfaces, rigid rods, inewtensible strings, (J*c. ; to determine 
equations for the motion of every such system free from 
tensions and reactions. 

We are enabled to do this by the principle of virtual velo- 
cities. For, when the effective forces have been reversed, the 
forces then acting on the system including tensions of rods and 
cords, and reactions of curve lines and surfaces, are such as 
would maintain equilibrium. Now the peculiarity of the prin. 
ciple of virtual velocities is that it furnishes an equation free 
from tensions, &c., and, consequently, if applied to a dynamical 
system, will furnish an equation containing only impressed and 
effective forces, without tensions and re&ctions. Let Sof^, Syi^ 
S«i, be any small arbitrary displacements which may be com- 
municated to the particle m^, without deranging the system, i. e. 
without destroying contacts of particles with curve lines, &c. ; 
^^29 ^y%i ^^29 ^^39 ^^39 ^^3 ••• simikr quantities for mg, 9»3, ... 
Then by the principle of virtual velocities 

201. The great advantage of this equation consists in 
this, that it does not contain any terms depending on reactions 
and tensions. If the parts of the system be so connected as to 
render it impossible to displace one particle without disturbing 
aU the others, it is obvious the virtual velocities for mi being 
assumed, those of all the other particles will be determinable by 
geometrical relations, and when so determined being written 
in the above equation, the coefficients of the arbitrary dis- 
placements being separately equated to zero will furnish the 
equations of motion of the system. It will, however, some- 
times be possible to disturb one part of the system without 
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effecting other parts. In this case the above equation will 
furnish as many sets of equations of motion as there are 
independent parts of the system. Wherefore in using the 
above equation we must find, from the geometrical properties 
of the system, as many of the quantities ^x^, Sx;,, S.r^, ... 
^yii ^J/st Sy^,.., Sx„ Sxi, Sx^,... in terms of the others as 
possible, and substitute them in the equation, and then equate 
to zero the coefficients of each arbitrary displacement that re- 
mains. The resulting equations will be all the equations of 
motion of the system, 

From the preceding equation we can deduce a principle 
of very extensive application, called 



THE CONSERVATION OF VIS VIVA. 

202. Dkf. The Vis Viva of a particle is the product of 
its mass into the square of its velocity. The principle of the 
conservation of vis viva is the following: 

203. If a system of particles which are either connected 
or unconnected, and either constrained to move on given 
curve lines or not, be in motion hy the action of esctemal 
forces, which are not impulsive; then the change of vis 
viva of the whole system, in passing from one given posi- 
tion to another, is independent of the form of the pathn 
taken by the particles; and it is the same as if the con- 
nection of the system had been dissolved, and each particle 
had been suffered to move freely from its former to its latter 
position. 

Using the same notation as before, we liave 

2jmCX-d^iF)5^+m(r-rf?y)Sy + m(Z-dfsr)Sar} =0; 

in which equation S.Tj, Sy^, Sz^,... represent a7iy possible dis- 
placements which are consistent with the arrangement of the 
system. Now the displacements which the particles actually 
receive in a very small time t, by reason of the actual motion 
of the system, are evidently among the possible displacements, 
and as a particular case may be written for ^x„ di/i, Sx^ ... in 
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the above equatioti. But by Taybr's Theorem, taking in 
only the first order of small terms, (to which order only 
the principle of virtual velocities extends,) these are 

d^Wi . T, dtj/i . T, dgXi . T for m^ 
diWf.Tj dty^.Tj dtfK2-T forroft 



Making these substitutions and dividing by r we obtain 

« 2jm(-y- dj*)d|«? + wi (K - dP^yydty + m(Z -d?«)d|«}, 

or, by transposition, 
^[m(dtafd*af + d^yd^y + dtzdiz)} 

- 2 {m{XdiW + Ydty + Zd^;??)} . 

If now i?i, t?j|, i?3, ...be the velocities of wii, wi,, 1113,... 
respectively, 

and .-. v^dtViwidtX^d^Wi-^'diyidtyi-vd^z^dfxi. 

Hence ^(mvdit?) »2{m(jirdfa7+ Fd|y + Zd^^)} ; and this 
being multiplied by 2 and integrated gives 

2 (mt?^ = 22 {m/(Xda? + Fdy + Zdz)} + C ... (J). 

This is called the equation of vis viva : and it is to be 
remarked that it contains no terms depending on the connec- 
tion of the parts of the system, or on the reactions of the 
curve-lines and surfaces along which the particles are subjected 
to move. In Art. 144 we have proved that Xdoff + Ydy + Zd% 
is integrable per ae for all forces in nature ; hence the form of 
the integral of the right side of equation (A) and its value 
between given limiting positions will not depend upon the 
forms of the paths which the particles are constrained to take. 
Let /(^, y, x) «= j{Xda + Ydy + Zdz), and suppose abc V 
the values of ofyxv in the first position of the system, and 
a%'c'V corresponding quantities at the second position ; then 

. 2(mF'0 - 2(mF«) = 2 2{w/(a, 6', c') - m/(a, 6, c)}. 
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which expressed in words is the property enunciated at the 
head of this article. 

204'. If a'b'c' be equal to ahc reBpectively, then 
2(»»r'')=2(mF); 
that is, the vis viva of a system is always the same whenever 
it occupies a given position, 

205. The equation (J) is of such extensive application in 
dynamical questions, that it may be proper to make some 
further remarks upon it. It differs from the equation of (200), 
for in that the displacements ^w, ly, Sx, &c. are arbitrary, at 
least so far as the condition of the system will allow : but in 
this dx, dy, dz, &c. being the actual spaces described, arc not 
arbitrary. We cannot therefore from {J) derive any other 
equation of motion ; while, as we have shewn, the equation of 
(200) will furnish all tlie necessary equations of motion of the 
system. 

206. In forming the right-hand member of equation ^A) 
we need not reckon among the forces ^, KiZj, Jf^FoZs,... 
those which arise from the mutual action of the parts of the 
system ; such as tension, and the reaction of curves on which 
any of the particles move; nor, in a word, any force which 
would disappear in forming the equation of virtual velocities. 
Heoce any force may be neglected, of whatever nature it be, 
which acts on a point of the system in a direction at right 
angles to the motion of that point ; for the virtual velocity of 
such a point is zero, and in forming the equation of virtual 
velocities the corresponding term would on that account vanish 
irom the expression. 

Of this nature is friction, when it causes a body to roll 
without sliding. Friction however may not be neglected when 
it opposes a sliding motion, inasmuch as in that case the vir- 
tual velocity of the point on which it acts is not zero. Por a 
similar reason if the system move in a resisting medium, the 
resistance must be reckoned amongst the impressed forces. 

207. It is to be remarked also that a mutual pressure 
Tanishes only when it takes place between two particles whose 

12_2 



180 CONSERVATION OF VIS VIVA. 

virtual velocities are equal and have contrary algebraic signs. 
This will always be the case with the tensions of ineatensible 
Todsy and strings. But the tension of an elastic string, or of 
a Jlexible rod ; and the pressures which measure the mutual 
attraction of two bodies will not necessarily vanish, because 
though they are equal (Art. 29), yet the virtual velocities of 
the bodies would not necessarily be equals nor necessarily have 
opposite signs. 

208. From this we shall understand why the equation of 
vis viva is not always true in the case of bodies impinging 
against each other. For though the pressure is mutual and 
the virtual velocities of the bodies have generally opposite 
signs, yet these velocities are equal only at the moment of 
greatest compression, (Art. 26) after which they become un- 
equal again until the bodies finally separate. Art. 42, Case 2, 
shews that vis viva is lost by collision, unless the bodies are 
perfectly elastic. By putting X » in the equation just quoted, 
we perceive that vis viva is lost while the bodies are being 
compressed; and since X enters that part of the equation which 
represents the total loss with a negative sign it is clear that 
a portion of the lost vis viva is regained during the subse- 
quent expansion. Hence we may state as a general principle 
that vis viva is diminished by collision^ and increased by 
explosion. When the elasticity is perfect the loss and gain 
are equal. 

209. If the system pass through a position of equilibrium, 
then by the principle of virtual velocities, 

^{m(Xda^ + Ydy + Zd%)} = 0, 

and .*. d^(mv^) «= 0, 

that is, 2(mtj') is a maximum or minimum. To ascertain 
whether it be a maximum or a minimum, we may reason thus. 

If the position be one of stable equilibrium, the forces 
tend to prevent the system from passing out of that position ; 
that is, they have a tendency to reduce the system to a state of 
rest, and consequently to diminish the vis viva, which there- 
fore has its maximum value in that position. 
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If the position be one of unstable equilibrium the tendency 
is to carry the body out of it, and to increase the vis viva, 
which therefore has a minimum value in that position. 

If the position be one of neuter equilibrium there is no 
tendency either to increase or diminish the vis viva, which 
therefore remains constant. 

Hence in passing through a position of equilibrium the 
vis viva is a maximum, minimum, or neither ; according as 
the position is one of stable, unstable, or neuter equilibrium. 

210. If the system be acted on only by the accelerating 
force of gravity, {or any constant force) the right hand 
member of the equation of vis viva is equal to twice the force 
into the whole moss of the system multiplied by the space 
described, from ike position of rest, by the common centre of 
gravity, in the direction of the force. 

For let g be the farce, and suppose it to act parallel to the 
axis of as ; then 

J^ = g, V=0, and Z = 0; 

.-. 22{m/(^rf.r+ rdy+ Zdx) = 2l.{Jmgda!) 

= 2g'S(mir) + constant 

= 2g- (Sm) . X + constant 

-2i-(2;».).(5-5), 

a being the value of x at the beginning of the motion, and 
consequently 5 —a is the whole space described from rest by 
the centre of gravity in a direction parallel to the force. 

In calculating the vis viva of a body the following pro- 
perty will often be found of great use. 

21 1 . If a body move in any manner whatever, its vis viva 
at any instant is equal to the via viva of the whole mass sup- 
posed collected at its centre of gravity + the vis viva round 
a parallel axis through the centre of gravity ; or, in other 
words, it is equal to 

The vis vioa due to translation + the vis viva due to 
rotation. 
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Since the vis viva does not depend ujpon the position of 
the co-ordinate axes, we are at liberty to take the axis of x 
parallel to the axis of rotation. 

Let Vi be the distance of any particle mi from a line pass- 
ing through the centre of gravity parallel to the axis of ss; 
and let 6i be the inclination of r^ to the plane wz ; then 

a?i « 5 + ri cos 01 , ••. diWi « dtx - »*isin 0^ . dfii , 

yi « y + ri sin 01, .-. dty^ « d^y + rj cos 0^ . dfi^ 

sg^=: z-^- constant, .•. dtZi = dtz ; 

••. t?i» = (dtWiY + (dtyiY + (dtz^y 

« (d|5)* + (dtyY + (d^zY- 2diX . dt0i . Ti sin 0^ 
+ 2d^ . dj0i . r^ cos 01 + rj" (d^^i)^ 

Similar equations may be proved for v^^ i?s*, t?/,... mul- 
tiplying them respectively by m^, mg, m^, 9724,... and adding, 
observing that d^x9 d^^ d^zy are the same for all; and that 
d^0^= d^02==d^03s ••• because the body is rigid; and that 
2 (wr sin 0) «= 0, 2 (mr cos 0) « 0, by the nature of the centre 
of gravity, we obtain 

2 (mv') = 2 [m {(d.wY + (d,yf + (d,i)»}] + 2{mr^ (d,0)^}. 

The former term of the right-hand member of this equa- 
tion is the vis viva due to the volocity of the centre of gravity; 
and in the other term (rid^^i) is equal to the velocity of 
mi about a parallel axis through the centre of gravity, so 
that 2 {m (rd^0y} is the vis viva due to the rotation about 
the centre of gravity. 

212. 2{wir2(d,0)2} = (de0)'.2(mr*). Now dfi is the 
angular velocity of the body; and 2(mr^) is called the 
moment of inertia of the body about the centre of gravity. 
Hence the vis viva due to rotation is equal to the moment of 
inertia about the centre of gravity multiplied into the square 
vf the angular velocity. 

213. If a system be acted on by no impressed forces^ 
'^ by- forces which always satisfy the conditions of equi- 
libriumj the vis viva is constant. 
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For in both cases '2{m(Xda!+ Ydy + Zds)} = 0, and 
therefore equation (^) of Art. 203 is reducetl to 

2(mt)=) = C. 

From the equation of vis viva we may deduce a prin- 
ciple applicable to all systems to which that equation applies ; 
triz. : 

THE PRINCIPLE OF LEAST ACTION. 

214. When a system of particles either connected or 
unconnected, and either constrained to move on given curve 
lines or not,, be in motion by the action of external forces 
which are not impulsive ; the change of value of the function 
2_^(mv) in passing from one given position to another 
is less than if the particles had taken any other paths 
than those which they do take. 

Denote the above function by V ; then we are to prove 
that the variation of V between given limits is equal to 0. Now 
using the symbol S as explained in the Calculus of Variations, 
we have 

^ r = 5S / imv) = ^S J(mvds) 

— f'S,S(mvds) 

'^flimvSds + mdsSv) 

^fJ.(mvdh + mvdtSv) 

~ f^2.(mvd,Ss + mvh). 

But whether a particle move on a curve line or in free 
space, we have 

{dsy = (dx)" + (dy)- + (dicy ; 
.: ds . Sds = diV . Bd,v + dy . Sdy + dss . Sd«, 
or, by transposing the symbols B and d, 

ds . d^s -: dot . dSo! + dy . dSy ■+ dz . d^x ; 

.-. » . d,5s = djiP . d^^as + d,y . d,5y + d,sr , d,5«, 
and 
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Now j F is the change of value of V in consequence of 
the particles being made to take new paths. But it is impos* 
sible for them to take new paths unless compelled to do so 
by the introduction of liew forces ; and by the nature of the 
case these additional forces are not to afiPect the motion except 
in direction; they must therefore at every moment act at 
right angles to the new paths, they will therefore (Art. 206) 
not appear in the equation of vis viva for the new paths. 

The equation of vis viva for the original paths is 
2(mtjO = 22{ii>/(^d^ + Kdy + Zd%)} + C. 

But as the right-hand member is an exact integral func* 
tion ot xy« (Art. 144) denote it by 22(iitC7) + C; 

.-. 2(mtj») « 2^{mU) + C, 

where rf,f7«^, dyC7- F, and rf,f7« Z. 

Now since it has been shewn that the forces which were 
introduced to change the paths do not appear in the new 
equation of vis viva, we have merely to write w + ^<r, y + Sy, 
z •{• Iz in the equation just found, in order to obtain the 
equation of vis viva for the new paths. Hence, by Taylor'^s 
theorem, 

2{m(t? + 5t?)»} 

Subtracting the former equation from this, and retain- 
ing only terms containing the first powers of the variations, 
we have 

2(2mtj5t?) « 22 {m{d^Ulai + d^Uly + d^Ulz)} ; 
.% 2(mtjStj)»2{m(-y5a?+ r5y + Z5;?)}. 

But we know from Art. 200, that since ^.v, ^y, dz are Jp^- 
sihle displacements of the first order of small quantities, the 
equation 

^{m{d^a!U-^d,^y^y^d^zdz)}^^{m{Xlx-\-Y^y^Z^z)}, 

holds good. (This step requires that the connection of the 
parts of the system shall not be broken, and that particles 
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which wa% On curves or surfaces in the first case, shall con- 
tinue to move on the same curves or surfaces as before.) 

But 2(n»Bd,S«) = 2 {m(d,a!d,Sx + d,yd,Sy + d,xd,Sz)]. 

Hence, adding these two equations together, we obtain 

2(mwd,^s + mvSv) = d,I.{m(d,xSiB + d^y^y + rf,xSa) J ; 

.•• S r= 2{m(d(a;2iC + d,5^y + d,sr^K)J + const. 

Since the iirst and last positions of the system are given, 
the values of ^x, Sy, S« are zero at both the limits of the 
integral, and hence ^r = 0, that is, V is either a maximum or 
a. minimum ; it cannot be a maximum, since by causing the 
particles to take circuitous routes we may make V as large as 
we please : consequently F is a minimum. 

215. If the system be acted on by no forces, 2(ra»') 
is constant, and hence 

V ^ f2(mvds) = f^(mv'dt) = f(Cdt) = a. 

Hence Ct or t is a minimum ; that is, the system will 
pass from one given position to another, in less time than 
if it were compelled to take any other route than that, which 
in accordance with the Laws of Motion it does actually choose 
for itself. 

216. If there be but one particle and it be subject to the 
action of no force, then v is constant, and 

V = /2(mt>ds) = mvs, 

that is, « is a minimum ; consequently the particle in pass- 
ing from one given position to another, will describe the 
shortest line that can be drawn between them upon the given 
surface. 

217. Remarks. We have seen that the principle of least 
action depends upon Jidx + ¥dy + Zdss being an exact dif- 
ferential of a function oi .vyss; it is therefore not true when 
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sliding friction acts, or when the system moves in a resisting 
medium ; nor, in a word, in any of the cases enumerated itt 
the Remarks upon the principle of Vis Viva. 

Since ^f{mvds) » ^/(mv^dt) s j(2(mt^) the principle 
has been thus stated: The sum of the Vires VtviB, taken 
during the time that a system employs in passing from one 
given position to another, is less than if the particles had 
taken any other courses. 
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218. In our remarks on the Principle of Vis Viva, we have 
shewn that in a system of bodies there are in general certain 
forces which disappear from the equation. These have con<- 
sequently no effect upon the vis viva of the system. Notwith- 
standing this disappearance, however, they are not wholly 
^thout effect, but expend themselves in modifying the paths 
and constraining the motions of the particles on which they 
act ; from which circumstance they are called forces of re- 
straint. 

From the principle enunciated in Art. 177 we know that 
the forces of restraint are such as would, when applied to the 
system, produce equilibrium : consequently they can exert no 
influence upon the motion of the common centre of gravity* 
(Art. 196). From this circumstance we are able to deduce the 
general property of motion which is to form the subject of 
demonstration in this article. The principle may be thu$ 
enunciated. 

The motion of a system of particles, connected in any 
manner whatever, whose motions are modified by any external 
restraints whatever, proceeds in every instance in the greatest 
possible accordance with free motion, or under the least pos-^ 
sible restraint; that is, if the particles m^, m^, mg,... be 
respectively forced froni their free paths through the small 
spaces aru 0*2, os,.*. in the very small time r, then 2(mo^) is 
a minimum. 
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Let «iC, be the actual path of any one of the particles m,, 
and Oj&i the path which would have been 
described in the same time T-if it had been 
free (that is, if the forces of restraint had 
not acted). Join b^c, ; this is the direc- 
tion in which the resultant of the restrain- 
ing pressures acts upon w*,, and it is also 
the space through which that resultant deflects m, in the time 
r ; consequently 6,0, = u,. Similarly h.^Cs = Ui, bjCj = 0-3.... 

Let us now detach all the particles from the system and 
collect them in a free state at some point B 
in space, where let them be simultaneously 
acted upon for the time t in their proper 
directions, by pressures equal to the respect- 
tive forces of restraint. By such action m,, 
m^, Mj, ... will move from B to C,, C„ C3, ... 
such that -BCi, BC-^, BC%... are respectively 
equal and parallel to b^c„ b^c^, b^Cy... And because, as we 
have shewn, the forces of restraint are such as alone would 
produce equilibrium upon a free rigid system, 5 remains still 
the centre of gravity of the particles when at Ci, Co, C3.... 
(Art. 154). Hence by a property of the centre of gravity 

2(m,S(7) is a minimum; 
or2(iwiT') is the least possible. 

When it is said that S(ni(r^) is a minimum, it is meant, 
that its value is less than if the forces of restraint were not 
such as would keep the system in equilibrium. For it is 
only when these forces are such as would keep the system in 
equilibruni, that B remains the common centre of gravity 
(Art. 196) of the particles after they have been moved into the 
positions C„ C-i, C^,,. Hence, The motion, &c. 

IMPULSIVE ACTION. 

219. Before concluding this chapter, it may he proper to 
add a few remarks on the method of applying to impulsive 
ifction the preceding Dynamical Principles. In Art. 26 it was 
shewn, that irnpulaive action produces a finite pressure of a 
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finite duration; it therefore falls under the class of finite 
forces, the properties of which we have investigated in the 
present chapter. Since^ however, the duration of impulsive 
action is so short, that the whole effect appears to be pro- 
duced almost instantaneously, it always happens that the object 
of an investigation is to discover the state of a system imme- 
diately after the impulse has ceased to act. On this account, 
we are relieved from the necessity of inquiring into the cir- 
cumstances of the system during the continuance of the action; 
which might be obtained, were they required, from the princi- 
ples we have investigated. Our object now is to shew how 
we may step at once, from the known circumstances immedi- 
ately preceding an impulse, to the equations and properties 
which obtain at the moment the impulse ceases to act. To this 
end, we remark, that on account of the velocities being finite 
(Art. 26), while the duration of the action of the impulses 
is inappreciable, d^w, d^y, d^z will pass through continuous 
changes during the impulse, and yet «r, y, z will not sensibly 
change in that time ; we may therefore integrate the equations 
of motion on the supposition, that the co-ordinates of the 
points of the system affected by impulsive action are invariable 
from the beginning to the end of the impulse ; and that d^x^ 
d^y^ d^z and their differential qoeflScients with regard to^ are 
alone variable. 

In Arts. 33, 34 we have seen that 

impulse « P^t^ + P^t^ + Pzh + ••• - je-P- 

that is, the integral of a pressure with regard to t, taken during 
the time of its continuance is equal to the impulse, or momen- 
tum, communicated to the system. 

220. It will be seen at once from the above statement 
that the six equations of motion for ordinary forces will hold 
for impulsive forces also: and consequently all the general 
principles which have been deduced from them in the preced- 
ing pages of this chapter, with the exception of the equation of 
vis viva, and those which depend upon it. The reason of 
this exception is that ^of, jy, Iz in the investigation of that 
principle are not arbitrary but actual displacements, and in im* 
pulsive action there are no actual displacements. 
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If we integrate the six equations of Ait. 1 8 1 we sliall have 
the following six equations proper to impulsive forces. 

Let [7j, V„ JFj be the momenta communicated to the par- 
ticle nti parallel to the axes of x, y, x. Ut,Vi,W., U^V^fW^,,,, 
similar quantities for m^, mj Then 

S (larf,,.) - S /(m JT) - S (£/) + C„ 

s (m d,s) - s X('» n - 2: ( n + c„ 

2 {m (yd,!i - nd,!/)],. ^J,(mZy- m Yx) - !£ ( B'j) - F») + C„ 



CHAPTER VII. 



ON THE MOMENT OF INERTIA. 

221. Mention was first made of the subject to which 
this chapter is devoted in Art. 212. The moment of inertia 
of a particle is the prodtLct of its mass into the square 
of its distance from a fiooed Une. A very simple theocem 
which we shall prove in Art. 224^ enables us to deduce the 
moment of inertia of a body with respect to a given 
line, from its moment of inertia with respect to a line, 
drawn through the centre of gravity, parallel to the given 
line. On this account, it is sufficient to know the moment 
of inertia of a body about any one line, in order to be 
able to find by a short process the moment of inertia about 
any other line which is parallel to it, whether it pass 
through the centre of gravity or not. We shall there- 
fore investigate the moment of inertia with regard to any 
one line which is most convenient for our investigation. 

222. To Jind the moment of inertia of a uniform 
straight line or very narrow parallelogram about an ams 
perpendicular to it passing through one end. 



Let AB be the given straight line, 

M = its mass, a = AB its length, 

AP = a?, PQ = Sw. 

Then the mass of the element PQ = if . — , 

a 

So? 
and its moment of inertia = if . — . 

a 

*. the moment of inertia of the whole line 

= f.M- 

^ a 



-A 
-P 

-Q 
-B 
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= M-, 

s 

the limits of integration being .v = 0, iv=^a. 

223. Tojlnd the moment of inertia of a mrcular arc 
BAD about a diameter AC which bisects it. 

Let C he the centre of the circle ; PQ 
any small elementary portion of the arc: 
join PC, QC, BC, DC, and draw PM 
perpendicular to AC. 

a = AC, a = BCA = DCA, 

M = the mass of the arc. 

9^PCA, Sd = PCQ. 

^9 
Then the mass of PQ = J/ . — , 

and, since PM = a sin 0, 

mom. inert, of PQ = M — .a" sin° 6 ; 
2a 

,■. mom. inert, of whole arc = . /. sm (f { 



1 




.j!iCi-«^ 



= CJ9-Asin2e) 

, , -la 

Ma\ , . ^ 
= ^C«-Jsin2a) 

2 V 2a ; 

224. The moment of inertia of a body with respect to 
any line, is equal to its moment of inertia with respect 
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to a line parallel to it through its centre of gravity t together 
with its moment about the original line^ on the supposition 
of its whole mass being condensed into its centre of gravity. 

For convenience, let the axis of z be taken parallel to 
the original line, and passing through the centre of gravity. 

Let f7»i, nis, f7»s,,. be the masses of the particles of the 
I^X) ^1^1^19 ^ity%^t9 w^y^x^ J. ••tXieiv co-ordinates, and sup- 
pose a, 6, the co-ordinates of the point in which the original 
line cuts the plane siy. Then the squares of the distances 
of the particles from this line are respectively 

{x^ - ay + (y^ - by - w^ + y^^Staa^ - 26^1 + o* + 6* 

(a?jj - ay + (y, - by - a?/ + y/ - 2a^, - ^by^ + a* + 6* 

&c. &c. 

Hence the moment of inertia about this line 
- 2 {n> (a?^ + y»)} - 2a2(fiia?) - 262(fiiy) + (a* + 6«)2m. 

But the first term is the moment of inertia about the axis 
of z; the second and third terms are zero by the nature 
of the centre of gravity; and the last term is the moment 
of inertia of the whole mass collected at the centre of gravity. 
Therefore, The moment^ &c. 

225. Hence we perceive that the moment of inertia with 
respect to a line through the centre of gravity, is less than 
that with respect to any other parallel line whatsoever. 

226. To find the moment of inertia of a plane triangle 
with respect to a line through one of its angular points 
perpendicular to its plane. 

Let ABC be the triangle, A the 
angular point through which the 
line passes. PQ a very small part 
of AB\ draw PMy QN parallel to 
BCy and let AD bisect BC. 

M = the mass of the triangle, 
a^BCj b^AC, c^AB, 
w^AM, SwmMNy 




M N 
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u = the moment of inertia of the triangle AMP about A, 
Su = the moment of inertia of PMNQ about A. 

Then Su the moment of inertia of the elementary portion 
PN, which we may regard aa a very narrow parallelogram, 
whose centre of gravity is g the middle point of MP, 

= (its mass) {Agf + its mom. inert, about g Art. 224. 

Also by Article 222, the moment of inertia of PN about g 
= moment of inertia oi gN + moment of inertia of g'Q 
mass of PA^ gM' raassofPJV gF' 



M^ 
= (mass of PN) . —5- . 



Hence Su = (mass of PN) (Ag^ + ^M^). 



1 



area of PN 
But mass of PN = M . r— = M,- 



Sa?. sin C 



area of A ' ^a&sin C 

also Ag=AD .-, and Mg = \.~~; 



.iM.~^[jD'. 



This being integrated between the limits x =0, and x = 6, 
gives the moment of inertia of the whole triangle 

6' \ 12 } 4 
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This may be expressed, if necessary, in terms of a, 6, e ; 
for by the property of triangles 

.\ moment of inertia of A = — (66* + 6c* - 2 a*) 

24^ - ^ 

«:^(36"- + 3c*-a*). 
12^ ^ 

237. To find the moment of inertia of a triangle 
with respect to a line perpendicular to its plane through 
its centre of gravity. 

Let ABC be the triangle, G its centre of gravity ; 
M its mass ; join GJ, GB, GC. 

a = BC, b^ACy c^AB. 

The lines from G divide the tri- 
angle into three equal triangles, ^ 

M 

the mass of each of which is — . 

3 

Hence by the last article, 

M 

moment of inertia of BGC = — . {SB(? + 3CG^ - a% 

M 
^GC = -.(3JG* + 3CG^-6^), 

M 
AGB = --. (SAG^ + SBG^ ^ c"); 




36 
.-. moment of inertia of A ABC 

= ^. {6(AG^ + BG^ + CG') - (a* +6* + c")} 
M 

"is' {2(«' + *' + ^') - («* + ^' +^')i 

M 

= ^ . (a* + 6* + c*). 
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228. Tojlnd the moment of inertia of a circular area 
with respect to a line perpendicular to its plane through its 
centre. 

Let a = the radius of circle, 
jlf = its mass. 

Divide the whole circle into very narrow annul! ; and 
let r and r + Srhe the internal and external radii of any 
one of them. Then its area is ultimately equal to 2irrSr, 
and therefore 

S-n-rSr 
the mass of the annulus = iW . ^ —; 



Consequently the moment of inertia required 



between the limits r = and = a ; 

2jfr' (between r = Ol 

-•. moment of inertia ^ — h constant { ) 

ia' I and r = aj 



229. The moment of inertia of any plane area with 
respect to a line through the origin perpendicular to its 
plane, is equal to the sum of the moments of inertia with 
respect to the axes of x and y. 

Let the figure be divided into an indefinitely large number 
of small masses, of which let m be any one ; and ,r, y its 
co-ordinates. 

Then its moment of inertia about the proposed axis 



= «(«> + !,') 
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.'. moment of inertia of whole figure =s2(wy*) + ^(ma^). 

But 
2 (my*) 8 momentum of element with respect to axis of Wy 

and 
2 (ma;*)- y, 

Hence the proposition is true. 

230. Hence it follows that the sum of the moments of 
inertia about any two rectangular awes, in the plane of the 
Jigure, having the same origin^ is the same. 

For, any two may be taken as the axes of <v and y, and 
then the sum of the moments of inertia with respect to them, 
is equal to the moment with respect to a line perpendicular to 
the plane of the figure. 

231. To find the moment of inertia of a circular area 
4oith respect to a diameter. 

Let M B the mass of the circle, a = its radius. 

Then JIf . — = the moment of inertia with respect to an 

axis through its centre perpendicular to 
its plane Art. 224. 

s moment of inertia with respect to axis of or 

+ .y 

s 2 . moment of inertia with respect to a 
diameter ; 

a^ 
••. moment of inertia required = Jf . — . 

232. To find the moment of inertia of an elliptic area 
with respect to the major ams. 
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Let a, b be the semiaxes, M^ ^ ~~>.° B 


the mass of the ellipse, /"^ 


\ ■ 


rM = .'r WV = ^.r. AfP=v. f 


\ 


Thentheina5sofi'Ar=J/.^^, V 


"/ 


\/ 


its moment of inertia = M . ^ .^ (Art. 222); 


irab 3 ' 


.-. moment of inertia of half the ellipse 


.J^.r^f°»»--°l. 

Snab -^^ I to a! = + B| 


Now assume a: - a sin 6, and therefore y = t cos ; 


.•- moment of inertia of the ellipse 


from B= — 


2jH" , , 


= .h^a. tcos'e, 


Swab " 


Mh^ , 


--6;r/<('+°™«'')'' 


Mb^ , 


= -g— /«(• + 2COS20+1 + Jcos40), 


JfS" /39 . . . \ 


4 


Similarly, the mom. inert, about the minor axis = M . — • 


Consequently the moment of inertia of the ellipse with 


respect to a line through its centre perpendicular to its 


plane 
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= Jf .- + if . - (Art. 231) 

4 4 

4 

233. To find the moment of inertia of a cone with 
respect to its awis. 

Let a B its altitude, b « the radius of its base, and 
M *= its mass. 

Take a circular slice of the cone comprehended between 
two planes parallel to the base at the distances <r and of + Sa; 
from the vertex. 

bw 
Hence the radius of this slice = — , and the volume of it 

a 



= ^(^)*5^, 



and the volume of the whole cone = — a6*, consequently 

3 

the mass of the slice « — r- . oj^Sa, 

or 

SM b^a^ 
and its moment of inertia = — —ar^Sw. — ^ (Art. 228) ; 



hence the moment of inertia of the cone 

SMW a^ 



MV . rfrom a? = Ol 
a? ' \ to 0? = o j 



2o* 5 

= M . . 

10 

234. To find the moment of inertia of a sphere with 
respect to a diameter. 

Let this diameter be the axis of <r, the centre being the 
origin of co-ordinatesi Take a circular slice comprehended 
between two planes perpendicular to the diameter at the distances 
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.V and « + Sj! from the origin. The radius of this slice being 
y, its volume will be Try^Sa', 

4 
and since the volume of the sphere = - va', 

sM 
the mass of the slice = — - . y^lx, 

and its moment of inertia = — ^.y'S.i?,--...Art.228; 

3 jtf - ffrom a! = - al 

.■. mom. inert, of the sphere = — ^ . Ly' { ^ { 

^ %<£'■' (toa;=+oj 






1 



So? 
SM 



{a*x -- o'a!^+ -ip')-, 



235. From this we may Jind the motnent of inertia of 
a spherical shell, the external and internal radius of which 
are a, b. 

For let M = the mass of the shell. 

Then, because similar solid jigures are proportional to the 

cubes of their like dimensions, 

mass of the external sphere : mass of the internal sphere :: o' : 6"; 
,'. mass of external sphere : M :: a^ : a' — 1/' ; 

, , ■^«' 

,■, mass of external sphere = — — -^ . 

, . ^ . . ^f^" 2«^ 

Consequently, its moment of inertia = —5 — m'"7~* 
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Similarly, 

Ml? 26^ 
the moment of inertia of the internal sphere = -z — -: . — ; 

.•. moment of inertia of the shell s= Jlf . - . -- — - . 

236. To find the moment of inertia of an ellipsoid with 
respect to one of its principal axes. 

Let the mass of the ellipsoid be M and the equation of 
its surface 

3^ f^ s? 

and let the moment of inertia be required with respect to 
the axis of x. 

Take a small elementary parallelopiped, of which the 
volume is iw Sy Sz ; then, representing the density by /u, 
its mass ^ /mSxSy Sz; and the distance of this from the axis 

of tF being \/y* + «■, 

the moment of inertia of this element s ^aSx Sy Sz (j^ + z% 

Hence the moment of inertia of the ellipsoid 

the limits for z being such as satisfy the above equation of the 
surface, they are therefore 

-c(l---|)«nd + c(l---|): 

the limits for a being such values as satisfy z = 0, or 



they 


are 


1 

therefore 


-j and + a 


• 






and 


the 


limits for y 


being such 


as to satisfy 


both 


« = 


and 


Xns 


0, orl-g = 


= 0, which are - 6 and + 6. 
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To find /,/,/, J-, we proceed thus; 




[f,o„. = -e(l-^-^)' 




= -K-^S' 




, , 1 from x= — {a'- 

■■•/■/.^-?J^(-f--)'- 


401 


=...{.(.-»:?!-.)* 




-('--^)"'"-'r^} 




("■-/) 1 


-.•'■■("■-^)- 




.•.;x^^="r^<'v-.-) r°:-;:} 




f 'I 3 5/ 




.!,„.'. 




In a similar manner we might proceed to find 




;./,/.»' -^ '«'«'; 




therefore the moment of inertia required 




= — liirabc(b"-+c'). 
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But M sz "fi'Trabc; 
therefore the moment of inertia of the ellipsoid 
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237- To Jind the moment of inertia of a body with 
respect to any line passing through the origin of co^ 
ordinates. 

Let Oa/, Oy\ Oz\ be the three given axes, m the mass 
of an element whose co-ordinates are 

^^ y'i ^'- ^^ ^^ ^"® ^^^ respect to 
which the moment of inertia is required, 
making angles a', /3', y with Ow\ Oy\ 
Oz\ respectively. Draw ml perpendi- 
cular to 01. Then because 01 is equal 
to the sum of projections of OM, MN, 
Nm upon 07; 

.\ Ol^off cos a + y cos p +z cos y ; 

= w^ + y^ + x^ - {a/ cos a + y' cos /3' + % cos 7')^ 
= af^ sin* a + y^ sin* /3' + ij?'* sin* y - 2y'«r' cos /3' cos y 
— 2<r'j2r' cos a cos •y' — 2d?'y' cos a cos /3' ; 
therefore the moment of inertia required 

= 2{w.(iw7)*} 

= 2(ma?'') . sin* a + 2(my'*) . sin*/3' + 2(iw«'*) . sin* y 

- 22(wy';?f') . cos j3' cos 7 - 22(ma?'j2r') . qos a cos 7' 

— 22(ma?'y') cos a' cos j3'. 

238. We shall now proceed to shew that by referring 
the system to a proper set of co-ordinate axes the last three 



k2 



PalNCIFAL AXES. 203 

terms of this equation may be made to vanish. Such co-or- 
dinate axes as possese this property are called principal axes : 
the definition of which we may take to be, that they satisfy the 
three following equations, 

S(myK) = 0, 2(»wfl7x) = 0, '2(mxy) = 0. 

If any one of the co-ordinate planes divides tlie body 
symmetrically it is evidently a principal plane, that is, a plane 
containing two of the principal axes ; one principal axis will 
therefore be that co-ordinate axis which is perpendicular to 
this plane. Hence in all cases where two planes of symmetry 
at right angles to each other are known, we know the positions 
of the principal axes. 

239. Every rigid syntem has three principal awes at right 
angles to each other. 

Let us employ the figure and notation of Art, 237. It' 
the system admit of three principal axes having the origin O, 
let them be Ox, Oy^ Oz ; the co-ordinates of m referred to this 
system are, x, y, a. Let Oi ft, C[, a-^biC^, a^b^c^ be the 
cosines of the angles which the respective axes of x, y, x, make 
with the original axes of a/ y z'. For brevity also make 

/= 2(m*''), g = -S.{my'% h = S(m/0- 

F = S(tBy'«'), G«2(«i^V), H = '2.{mw'y'). 

Then we have to shew that it is always possible to find such 
■values of (ii6iC|, a^b^c-i, a^bsC^ as shall satisfy the three equa- 
tions 

S(».as) = o, 2(mi»)-0, 2(™s») = (1). 

Now .v is equal to the sum of the projections of ,t, y, s 
upon the axis of x ; 

.'. .v = a^x + %y + a^z (2). 

Similarly y = biW + b^y + b^x (3), 

x' = C[-i; + c^y + c^« (*), 

and X = a^a)'+ 6,y'+ V^x' (o). 
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Multiply (5) by maf \ 

Multiply (2) by ma?; 
.% ^{mww) s= aj2(ma?*) + a22(m/ry) + ajSCmo^iv) 

s= ai2(ma7*) from (l). 
Hence denoting ^(maP) by X we have 

o,/ + 6iJ3r+CiG-a,Jr (6). 

Similarly by multiplying (5) by my, and integrating; 
and combining the result with the integral of mw x (s) we 
obtain 

a^H+h^g-\'C^F^h^X (7). 

So from the integrals of mz x (5) andm^ x (4), we find 

a^G-\' b^F-^c^h ^c^X (8). 

Finally, eliminating a^b^c^ from equations (6), (7), (8), 
we find the following cubic equation for the determination 
of the value of Jf, 

{X^f){X-^g){X^h)^F'{X^f)-G\X^g)-H'{X^h) 

^^FGH (9), 

which being of odd dimensions has necessarily one real root, 
which being written for X in two of the equations, (6), (7), 
(8) will enable us, with the equation 1 = Oj* + ^i* + c^ (Art. 
19) to find the values of a^b^c^. Hence the position of the 
axis of (s is determinable, and has a real existence. 

Now inasmuch as equation (9) involves /, g^ A, J^, G, H^ 
symmetrically, it is evident we ought to obtain the same equa- 
tion for 2 (my*) instead of 2(ma;^) or X\ or for 2(m«*) 
instead of X^ and by going through a similar process to that 
above, it is found that we do arrive at the same equation; coq« 
sequently the three roots of equation (9) are the values of 
2(ma?*), 2(my*) and 2(m«*); these being all possible,* the 



* '< That the cubic equation 

(«-a)(*-i)(*-c)-a'«(«-o)-i'«(<-i)-(?'«(«-c) = 2a'6'c' 

has all its roots real, may be shewn by putting it under the form 

(«-c) 
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positions of the axes of y and a; may te determined in a 
manner exactly similar to that of a); and thus a system of 
principal axes is shewn to exist corresponding to any pro- 
posed origin. 

240. If through the same origin there can be drawii 
two sets of principal aseea of inertia, no axis belonging to 
both sets ; then every set of rectangular axes having that 
origin are principal axes, and all the axes are axes of equal 
moments of inertia. 

We may here suppose the original axes Ox', Oy', Oss to 
be principal axes, in which case F ^0, G = 0, H = 0, and 
these values being written in equations (fi), (7), (8) give 

leaving a^b^Ci indeterminate. In lil^e manner it may be 
proved that Y = f= g= h'^ Z, and that a^hiC^, a^bsC^ are 
all indeterminate: hence it follows, that every system hav- 
ing the proposed origin is a system of principal axes; and 
that the moments of inertia about any ooe of them, and of 
the original axes, are the same. 

241. Peop. Given one principal axis tojind the other 
two. 

Let the given axis be that of z, and suppose the axes 
of m' and sf, and therefore the planes of x' y and wy, to coin- 
cide : let Q be the inclination of x to x'. 

Then a; = a;' cos + y sin Q, 
y=-x' sin e-^y- cos 9. 
Now a condition that the co-ordinate axes of x and y 
may be principal axes is 



and substituting for s, n and ^ the roots of ((-a) (s-i)-i^> =0, 

The reiults of these substitutional since {ii-o)(a- 6)^o'', (o-/J)(i-^) = o", 

-{o'A-aii'V^rtls and +{o"«'^i^=b6'^'ft^|'; 
for a is greater than both a and b, and ^ less. Thecefore there is one root greater 
than a, another between a and /J, and a third less than J3." (Hymers' Geometry 
of Three DimensiOTu, page 143, Cor. 2nd Edition.) 
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.'. = 2 {m(y' mff + Of' cob9)(j/ cos 9 - x sin 9)\ 

= 2 {wi (y^ - 0?'*)} sin cos + 2(m^y) (co8«0 - sm"0) ; 

^ 2 2 (w .!?'«/') 

2{OT(a?'--y^)} 
from which the value of d is known. 

242. If through a principal aana of inertia there can be 
drawn more than two principal planes of inertia^ then every 
plane through that awis is a principal plane of inertia : the 
awes of inertia being supposed to have a common origin : and 
the moments of inertia about such axes as are at right angles 
to the given axis are all equai. 

Using the notation and construction of last article, we 
find, as there, that 

= 2 {m(y^ - af^)] . sin cos + ^{mx'y) . (cos«0 - sin«0). 

But in this article, by hypothesis, ^(mw^y) = 0, and neither 
sin 6 nor cos is equal to zero, consequently 6 remains inde- 
terminate, which proves the first part of the proposition : and 

2{m(y«-.T'0}-0, 

.-. 2(wa?'0-2(iiiyO W- 

Also 2(wa^) = 2 {m(x cosO + y sin Oy] 

= 2(wa?'*) . cos^ 9 + 2(w2<2?'y ) . 2 sin cos + 2 (my^) . sin^^ 

= 2(wa?'2) (cos«0 + sin^e) ... from (l) 

== 2(ma?'^). 

Similarly 2(wj^) = 2(m2/'0 = 2(wa?'2) ^ 2(m/i?2), 

which equations prove the last part of the proposition. 

243. (jiven A, B, C the moments of inertia of a body 
with respect to its principal axes^ to determine its moment 
of inertia with respect to any other line having the same 
origin. 

Let Q be the required moment of inertia with regard 
to a line inclined at angles a, j3, y to the principal axes; 
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.". Q = 2(maf'). sin' a + 2(my').siii^^ 

+ 2(maf^) . sm^7 Arts 237, 238. 

= 2(mar').(cos'/3+ co&^y)+'2(rny^).(^cos'a + ':os^y) 
+ 2 (mx-). {cos' a + coa'^) Art. 19. 

= Sfm(y^ + a*)i .cos*a + 2 {m (a;>* + «=)}. cos=/3 
+ 2 {m (a?* + y^)} . coa' y 

= Acos^a + B cos^ /3 + C cos= 7. 

244. TAe moment of inertia with respect to one of the 
principal awes is less, and with respect to another of them 
greater, than with respect to any other line havijig the same 
origin. 

For Q^^cos^a+ficoa^/S + Ccos'Y. 
But Q= QcDs'a + Qcos=/3+Qcoa=7...Art. 19; 
.-. = ( J - Q) cos' a + (S - Q) cos' ^ + {C'Q) ms'y. 

Consequently, the three quantities A-Q, B-Q, C-Q 
cannot be either all positive, or all negative ; wherefore, at 
least, one is positive and one negative. 

Hence if A Lc the greatest, and C the least of the 
. principal moments of inertia 

J is > Q, and C is < Q ; 
and since Q is the moment of inertia with respect to any line 
which is not a principal axis, the proposition is proved. 

245. If the origin coincide with the centre of gravity, 
the moment of inertia with respect to one of the principal 
axes is less than with respect to any other line whatsoever. 
Art. 225. 

246. If the moments of inertia- loith respect to the prin- 
cipal axes be equal, the tnoment of inertia with respect to any 
line having the same origin will be the same. 

For, in this case, 

Q = A cos' a + B cos* /B + C cos*7 
= A (cos' a + coa' /3 + cos' 7) 
= A. 




208 MOMENT OF INEATIA. 

247- If the moments of inertia with respect to the three 
principal awes be equaly then any three rectangular awes 
having the same origin are principal awes. 

Let us refer the body to any three rectangular axes having 
the proposed origin ; then (Q) the moment of inertia of the 
body with respect to a b*ne, having the same origin, inclined 
at angles a, /3, 7 to the axes of Wy y, Zy is by Art. 237, 

= 2 (ma^ sin* a + 2 (my*) sin* /3 + 2 (msf^) sin*^ 

— 22 (myz) cos /3 cos Y — 22 (mwz) cosa cos y 

— 2 2 (mwy) cos a cos /3. 

But the first line of this expression is 

= 2 (maF) . (co8*/3 + cos* 7) + 2 (wy*) . (cos* a + cos* 7) 

+ 2 (m»^) . (co8*a + cos*/3) 

= 2 {m(j^ + «*)}. cos*a + 2 {m(a;^ + «*)}. cos* /3 

+ 2 {i» (o^ + y*)} . cos*7 

= Q.co8^a + Q.cos*/3+ Q.cos*7 Art. 246- 

-Q; 

.«. Q t= Q - 2^(myz) cos )3 cos 7 - 2'2(rnwz) cos a cos 7 

- 22(m/i;y)cosacos/3; 
.'. s= 'Siimyz) cos /3 cos 7 + ^(mwz) cos a cos 7 

+ 2(m<ry) cos a cos /3. 

This equation being true for all values of a^ /3, 7, is 
equivalent to the three following, 

2(my«) = 0, 2(ma?«) = 0, 'S,(mwy) = 0; 

therefore (Art. 238), the co-ordinate axes are principal axes, 
and as they are any rectangular axes having the proposed 
origin, the proposition is proved. 

248. Fbob. To find the positions of all the lines, having 
a given origin^ with respect to which the moments of inertia 
are eqiuiL 

Let Wj yj z be the co-ordinates of a point in any one of 
the lines at the distance a from the origin; 
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.-. ^=-^# + ^ = «' (1). 

But A cos*a + B cos^/3 + C cos' 7 = Q ; 
.-. ^(ocosa)' + fl(acoS|3)' + C(acos7)' = a"Q, 

or, Aw^ + Bf -v 01^ = 0^ Q (9), 

which, as Q is constant, is the equation of an ellipsoid. 

Hence the required lines form conical surfaces, having 
their vertices at the given origin, and having the curves of 
intersectioa of the sphere (l) and the ellipsoid (9) for their 
directrices. 

249. PitoB. To Jind all the origins with respect to 
which the principal moments are equal. 

Let X, y, X be the co-ordinates of any particle m referred 
to principal axes through the centre of gravity as origin : and 
suppose h, k, I the co-ordinates (referred to the same axes) of 
any one of the origins with respect to which the principal 
moments are equal. 

The co-ordinates of m with respect to this point are 
x - h, y ~ k, !s ~ I; and, because any rectangular axes 
through the origin hkl are principal axes, (Art. 247); 
.-. = 2{m(y-/f)(at-/)} = 2(nJyar)~fc2(ni»)-Z2(my)-hW2m. 

But = S(mf/jB) Art. 238, 

and " 2(maf), = 2(my) by nature of cent. grav. 
.-. = kl'Zm, or = kl. 
Similarly, ■.■ = 2|m(,r - A) (a- Oj- 
and = 2 \m{w - h) (y - k)\ ; 
.-. = hi and = hk. 
Consequently, at least two of the quantities h, k, I must 
be equal to : let then k =0, and 1=0. 
To find A we proceed thus: 

Let A, B, C he the moments of inertia with respect to 
those principal axes which have the centre of gravity for 
origin. Then the moments of inertia with respect to axes 
parallel to them, and having Aft ^ for origin, are respectively 
(observing that k = 0, 1 = 0) 
14 
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AjB + (Sm)AV ^+ (Sm)A* Art. 224, 

which by thd question are to be equfil to each other; 

BmC, 



• • 



and A 



2(m) 



250. From which we infer, that there can be no origin 
with respect to which the principal moments of inertia are 
equal, unless the two least of the three principal moments 
of inertia which have the centre of gravity for origin be equal. 
If the centre of gravity be an origin of equal moments of 
inertia, there exists no other, for then A « o. If the centre of 
gravity be not an origin of equal moments of inertia, and the 
two least of the three principal moments of inertia having that 
point for origin be equal, then there exist two origins of 
equal moments of inertia, situated in the third principal axis 
at equal distances, on opposite sides of the centre of gravity. 



CHAPTER VIII. 



MOTION OF A RIGID BODY ABOUT A FIXED AXIS. 

251. The particles of a rigid body which has ajiaied 
axis can only move in circles, the planes of which are at right 
angles to the axis, and the cpotres of which are in the axis. 
The radius of the circle which any particle describes is the 
perpendicular distance of the particle from the axis. The 
angular velocity of every particle of the body is the same, 
because the body is rigid. 

252. The particles of a rigid body, which has a fixed 
aans, being acted on by given forces ; it is required to der 
termine the motion. 

Let Ml, wij, m,... be the masses of the particles, T|, r^, r^,„ 
their distances from the fixed axis ; 9 the angle through which 
the body has revolved in the time t ; tlien dfi is the angular 
velocity of every point, and therefore the linear velocity of 
the particles are Tid,0, r^did, rad,^,... consequently the effective 
accderating forces are d,(r^di&), d,{rid,&), dt{r^dS)... {by 
Art. 85.) 

or, r^d^e, r.,d^e, r.,d^d,... 
Wherefore the effective moving forces are 

»iir,d/9, m.^r^dt^9, m^r^d^B,... 
these being reversed (178) will balance the impressed forces. 
Now we know from Statics, that the only condition of equi- 
librium when a body has a fixed axis is, that the sum of the 
moments of the forces about the fixed axis is equal to zero. 

Hence the moment of effective forces about a fixed axis 
= moment of impressed forces about the same axis : 
or, (m,r,d,'6) r^ + {m^r^dtQ) r^ + (m^r^dtO) r^ + ... 

= moment of impressed forces about the fixed axis. 

14_2 
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But the first member of this equation 
= (ntiri* + m^ri + m^r^ + ...) dfO 
*a (moment of inertia about fixed axis) diQ ; 
moment of impressed forces about fixed axis 



.-. d^e 



moment of inertia of the body about same axis ' 



This is a general formula for the angular accelerating 
force on a rigid system which has a fixed axis. 

253. To find the same as in the preceding article^ when 
the body is acted on by impulsive forces. 

Impulsive forces produce their effects as to sense so nearly 
instantaneously, that ordinary finite forces, in the time that 
the impulses last, can produce no appreciable effect. Hence 
we may always calculate impulsive effects as though no other 
forces or motion existed. 

Put Fi for the impulsive accelerating force on the particle 
mi (in the plane of its motion), at the time t during its con- 
tinuance ; and let pi be the perpendicular from the centre of 
the circle, in which mi moves, upon the direction in which Fi 
acts. Then the equation for the motion of the body at any 
state of the impulsive action is (by the last article), using 
for for distinction as long as the impulses last, 

^(mFp) 
^'^'T(^^- 

This, according to the principle laid down in Art. 219, 
being integrated with respect to t considering p constant, and 
the integral taken from the beginning to the end of the 
duration of impulsive actions, gives 

.^ ^(pfmFdt) 
^'"^ 2(mO 

2 ( j). whole impulse communicated to m) 
^ ^{mi») 

moment of all the impulses about fixed axis 
moment of inertia of the body about same axis ' 
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This is the general formula for the angular velocity 
generated by impulsive action; and it must be added to, or 
subtracted from, the angular velocity previously existing ac- 
cording as, from the circumstances of the problem, the im- 
pulse is known to be communicated in such a direction as 
will respectively increase or diminish the previous angular 
motion. 

254. The particles of a rigid body, which has a JitBed 
axis, being acted on by given forces, not impulsive, it is 
required to determine the pressures on the axis. 

Since the body is rigid, and every part has in consequence 
the same angular velocity, it will be convenient to refer the 
particles to polar co-ordinates. Let therefore 9 be the angle 
described about the fixed axis by the centre of gravity in the 
time t ; then d^9 will be the angular velocity of every particle ; 
and by Art. 102 the effective accelerating forces on m^ are 
respectively r,d'8 and r,{d,Oy in directions of a tangent and 
normal to m,'s path. These must be reversed (by Art, 178), 
that is, mir^d'9 must be applied to m, so as to diminish $; 
and m,ri(diOY must be applied as a centrifugal pressure on 
m,. The other particles must be treated in the same way; 
and then these forces will balance the impressed forces, if 
we reckon among these latter the pressures on the axis, and 
consider the body free. Proceeding then on statical principles 
to find the conditions of equilibrium amongst these forces, 
we obtain equations from which we may find the pressures 
on the axis. 

We shall illustrate what is here meant by the following 
problems. 

255. Phob. a triangular lamina of uniform matter 
oscillates about its base which is fused in a horizontal po- 
sition. Find the pressure on the axis in any positittn during 
the motion. 

Let AB be the axis about which the triangle ABC 
oscillates ; let G be its centre of gravity, 6 the angle which 
its plane makes with the vertical at any time ( ; ?m the mass 
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of an element at any point P. Draw GC PM perpendicular 
to JLB ; denote the sides by o, 6, c. Jir ff J? 

Take A for the origin of co-ordinates, ' 

AB the axis of or; a line perpendicular to 
AB in the plane of the triangle for axis 
of y ; a line through A perpendicular to 
the plane of the triangle for axis of %^ 
+ % being above the triangle. V C 

The pressure on the axis due to the impressed force of 
gravity is the same at all times. Now when the plane pf the 
triangle is vertical, this pressure (= g^m) may be transmitted 
from G U} (j I at which point of the axis therefore it may be 
supposed always to act. 

We must now calculate the pressure due to the effective 
forces. These forces are of two kinds; one set of parallel 
centrifugal pressures in the plane of the triangle parallel 
to + y. Let Y be the resultant of these, and of the abscissa 
of the point in AB on which it acts; 

.-. Y^ 2{my(d,e)'} = 2(wy) . {dfif = 2m.y (d,0y ; 
and Yx = 2 {myx{dfiY] « 2(ma?y) . {dfiy. 
Now it is easily found that 

^{mwy) = ^'fn^y.^ip + 26 cos ^) ; 

.'. or' «= ^(c + 26 cos A) . 
The other set of pressures are niiyid^Oj 'm^y^d^Oy ... 
which when reversed will act in the direction of - ;» ; let Z 
be their resultant, and a" the point in AB on which it acts ; 

.-. Z ^ -^{myd^B) « - 2m . yd^e ; 
and taking the moments about the axis of y^ 

Za" = - l.{mywd^e) 

« - 2w . y . ^(c + 26 cos -4) . d/0. 

It -appears then that, to know the values of Y and Z, we 
must calculate the values of {d^Qy and d^d. These may be 
found from Art. 252; by which we obtain 
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Multiply this by 2d,0, and integrate, 
2g 



id,er ■■ 



6 sin 

I being the greatest value of 9. 
Hence r=2m.|gO 
and Z- 2w» .fg"si 



{cos$- cos a), 



? - cos a), 



These two forces we have already shewn act on the same point 
of the axis ; and may therefore be readily reduced if necessary 
to a single force acting at that point. This force, with 2m - g 
acting Tertically downwards at G' represent the pressures 
on the axis. 

256, Pbob. a uniform lamina of matter in the farm 
of a quadrant of a circle is attapendcd in a horizontal posi- 
tion by vertical strings fastened to its corners A, B, C. The 
string at A is cut, find the initial tensions of the other 
strings. 

Let a = thc radius of the quadrant, G its centre of gra- 
vity, 6 = the indefinitely small angle 
through which the plane of the qua- 
drant has revolved about BC fixed in 
the time t. Let m be a small element 
of mass at F, x = CM, y = MP, 
T = tension of the string at B, T that 

at C. The co-ordinates of G are — , 
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Now since initially d^0 » 0, there is no initial centrifugal 
force : consequently the only effective force on m is mopdfO 
to be applied upwards. We may take the impressed forces 
into account by supposing the force (S,fn)g to act at G. Now 
by Art. 178, there is equilibrium between the force Sm.g* 
at G, T at B^T at C, and m^x^d^Q^ m^x^d^O^ ... All these 
form a system of parallel forces, the conditions of equilibrium 
of which are three, viz. 

by resolving vertically ; 

o.w.--2(«*y).d.«d-ra, 

Stt 
by taking moments about CAy 

and . ^mg. ~ - 2(ffl«*) . d*9, 

by taking moments about CB. 

4a 
Now ^(mai) — Sm . — , and 2(mar^ s moment of inertia 

about BC m 2iii . —- : and ^(mxy) may be found thus, 

m = 2m..| — ^; 

Bwt ffxydxdy^^fxdw(t/'+C) from y««0, to y*«a«-^p« 

■ i(«*^* - i^v*) + C from d? = to a? « a 

a* 
8' 



o* 



.*. 2(m»y) -2i».-— . 
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Hence by substitution, the third equation gives 
2m. ^/" 
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l6f 



2m . -- 



and the second equation gives 

Sir Sir 3av Stt \ -rrj 

and the first gives 

r = 2tttff-2m. —^- T-=^mg. I —A. 

Si57' -^ rigid 6ody reuo/«es about a Jlxed axis, and is 
acted on by no impressed forces ; it is required tojind under 
what conditions there will be no pressure on the axis. 

Take the fixed axis for that of a, a perpendicular upon it 
through the centre of gravity of the body for that of .v ; and 
the rest of the notation as in Art. 254. Since the body is not 
acted on by any impressed forces 

d*6 = 0, from Art. 252 ; 

.■. d^B = constant, by integration. 

Hence the effective force on m, is jWir, (d,0)' only, which 
is to be applied as a centrifugal force: resolve it parallel to 
as and y, then we have 

m^x^{d^9y parallel to x, 

and m^yi{dfiy parallel to y. 

There are similar forces on m^, m^, ... These must satisfy 
the conditions of statical equilibrium of a free body, for since 
there is no pressure on the axis by hypothesis, the axis might 
be removed and the body considered free ; hence 

2(»Ma^)(de0)* = 0, forces parallel to j;, 

2(my)(rf,e)= = 0, y. 
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^(myx) {d^Oy ^Oy inoment about axis of m, 

2(ma?»)(d^0)* = O, y. 

The forces have no moment about axis of z^ because being 
centrifugal forces their directions pass through that axis. Now 
because (dfif is constant, and cannot be zero by the nature 
of the question, the above equations furnish the following 
conditions, 

or, instead of the first and second, ^ s= 0, y = 0. Consequently 
the conditions that there may be no pressure on the axis, when 
a body in motion is acted on by no impressed forces, are, 

1. The fixed tuAs must pass through the centre of gra- 
vity^ and 

2. It must be a principal awis of inertia* 

258. If there be no pressure on the axis no force is 
requisite to restrain it in its place ; it might therefore be free 
and the body would still continue to revolve about it with a 
uniform velocity. On this account the principal axes of 
inertia which pass through the centre of gravity have some- 
times been called permanent axes of rotation^ 

259. After the explanation of impulsive action given in 
Art. 219 it is hardly necessary to remark that the pressure on 
a fixed axis, arising from impulsive agency on any part of a 
body, may be found exactly on the same principle as finite 
pressure was determined in Art. 254. 

There is however one circumstance which must be care- 
fully noted. Impulsive action will produce a sudden altera- 
tion of angular velocity, and therefore a sudden alteration of 
centrifugal pressure : but this change is not to be accounted an 
impulsive pressure. If a body be laid upon a table, a sudden 
increase or decrease of the force of gravity would cause the 
pressure of the body on the table to undergo a sudden altera-* 
tion, but it would not amount to a hloWy which is the idea 
attached to an impulsive pressure. In fact there cannot be 
impulsive pressure in. any direction unless there be a sudden 
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Jiftite change of velocity in that direction. This will be at 
once evident by consulting Art, 34. Now do change of angular 
velocity, however sudden, can produce a finite change of the 
radial velocity of a particle, (i. e. the velocity in the line in 
which centrifugal force acts). Consequently, there is no such 
thing as impulsive centrifugal pressure. 

260. In the short time that an impulse lasts, finite im- 
pressed forces, such as gravity, cannot produce any appreciable 
effect; neither can they modify or affect in any way the 
effect of impulsive action. It is therefore allowable, as a mode 
of simplifying our investigation, in calculating impulsive effects, 
to neglect all other motions and forces by which the body is 
affected. The motion due to impulsive actions alone being 
thus found must be added with its proper algebraic sign to that 
which previously existed ; the result will represent the state of 
the body at the end of the impulsive action. 

261. Prod. The particles of n rigid body, which has 
a JisQcd a-'fis, being acted on by given impulses, it ia re- 
quired to determine the impulsive pressure sustained by the 

It is evident the hypothesis of no change of position during 
the continuance of impulsive action amounts to the supposition 
that the whole impulse is communicated instantaneously. In- 
stead therefore of using m^r^ d^{p as the effective pressure on 
m, at any instant, we may use the whole pressure exerted 
during the continuance of the impulse, that is, we must employ 
ft(miri d^tp) (Art. 219), or m^r^d/ip as the effective impulse on 
nil ; ^^^ ^° °f ™25 wij,... and therefore mirirf,^, WJargd,^... 
applied to diminish tp will balance the impressed impulses. 
We may find the impulsive pressures on the axis by reckoning 
them among the impressed impulses, and then considering the 
body as free. <p is here used as explained in Art, 253. An 
example will explain the method here proposed. 

262. AB one side of a rectangular lamina ABCD of 
matter is fixed in a horizontal position. The figure in oscil- 
lating about AB strikes against a fiwed point at D, To 

find the impulse o» the aa^a. 



^ 
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From A draw AE vertical ; put AB « a, AD » 6, 
Sin >- mass of the figure, / the impulse 
at D by which it is suddenly reduced 
to rest : B « inclination of the line AD 
to AE at the time t^ previous to the 
impulse. Take AB^ AD for axes of x, 
a^ the axis of y being parallel to DI 
and on the same side of the figure. •** S if 

We must first find the angular motion immediately pre- 
vious to the impulse. By Art. 252 we have for this pur- 
pose, 

, Smg^.^ftsing Sg . 

2m. ^6* 2b 

the negative sign is used because gravity acts to diminish 0, 

... (d;0)« = ^ . (cos + Q. 

Let now j3 be the value of when the motion began ; 
then when ■» /3, dfi « 0, .*. C = - cos /3, and 

(d,e)«=^(cosd-cos/3). 

And writing a for we have the angular velocity with which 
the plane strikes the fixed point Dy viz. 

(d^ey = ^ (cos a - cos /3) . . . (1). 

To find the effect of the blow / at D, we must apply to the 
particle nij the pressure i7ti<rid^0 parallel to the axis of y so as 
to diminish 0, the angle that would be described in conse- 
quence of the impulse /: that is, we must apply Y^iO^id^^ in 
the direction -y. So also m^^^jgd^^, ms^sd^^, ... These forces 
together with / constitute a system of parallel forces ; hence 
the pressure on the axis must be parallel to them ; denote it by 
Y; and let it act at a point whose ordinate is x\ Then 
- mia?id{09 ^ fn^Xf^d^Kf^y ..../, Y are a system of balancing 
forces ; and the conditions of equilibrium are 
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"I - S(m,E) rf,0 + / + y, forces parallel to y, 
= — £ (mxx) di<fi + Yz', moments about axis of x, 
>E — 2 (ma') d^tf) + lb, moments about axis of ::. 
Now 

also, since the plane is reduced to rest by the impulse /, the 
value of d,<p the angular velocity generated by / must be 
exactly equal to d;9 in equation (l) ; 

... /=^(^)d,0=2™.j^.(cosa-cos^)}-....(2), 
r= 2 (mx) .d,0 - / = 1 2m .1-^ . (cosa - cos ^)\ ....(3), 

^ = ^^ °t<t>- 2« W- 

Equation (2) gives the magnitude of the blow at D ; (3) 
shews that the blow on the axis is one half of that sustained 
by the plane at D, and in the same direction ; and (*) shews 
that the blow on the axis may be supposed to be applied at 
the distance ^ AB from A. 

263. A rigid body having a Jia:ed axis is struck by an 
impulsive force at a given point in a given direction, it is 
required to determine under what conditions there will be 
no impulsive pressure on the aosis. 

As stated in Art. 260 in this problem, the body may be 
either at rest or in motion previous to the impulse. 

It is a necessary condition that the impulse shall be commu- 
nicated in a direction that coincides with a plane perpendicular 
to the fixed axis ; for if not, it would have a component parallel 
to the axis, which would impel the axis in the direction of 
its length. Take then the fixed axis for axis of si, and the 
plane which contains the direction of the impulse for ary, 
the axis of y being parallel to and in direction of the im- 
pulse, which call Y. Since a force produces the same effect 
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at whatever point in the line of its direction it acts, we may 
suppose F to act at a point in the axis of <r, let its abscissa 
he a^. 

The forces which balance each other are Fand mirid^(f>j 
ff^Vid^^ ... (for there is no pressure on the axis). Resolve 
the latter forces parallel to a? and y, then the balancing forces 
are 

^\y\^t<t>9 ^2^1 ^t 09— parallel to ^, 

and F, — ii^i^id^^, ^miWj^d^d)^ y. 

And therefore the conditions of equilibrium are 
(l)...0 «= 2 (fny) d^(f>^ forces parallel to a?, 

(2)...0= F-2(ma?)d^0, y, 

(3)...0 s - '2(mw%)df<p9 moments about axis of ^, 

(4)...O = 2(myi!f)d^0, y, 

(5)...0= Fa?' - 2 (ma^ d^0, .' z. 

Equation (l) shews that y = 0, and the centre of gravity is 
in the plane wx ; and consequently a plane drawn through' the 
centre of gravity perpendicular to the direction of the impulse 
must contain the axis of rotation. 

Equations (3) and (4) shew that the axis of rotation must 
be a principal axis of inertia. 

And if d^0 be eliminated between equations (2) (5), we 
have 

^, ^ 2 (ma') 

2 {mof) * 

This gives the point at. which the impulse must be applied. 
It will be shewn that if the body were made to oscillate about 
the fixed axis by the action of gravity, the point here de- 
termined for the place of impact is the centre of oscillation ; in 
reference to the question in hand, it is called the centre of 
percussion. 

264. Since there is no pressure on the axis, it is not neces- 
sary that the body should have a fixed axis ; and if it were struck 
by a blow, it would spontaneously begin to revolve about the 
line which in the preceding article was the axis of ^^r ; the posi^' 
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tioD of which would be determined thus. From the centre of 
gravity draw a line perpendicular to the line of impulsive 
action: from the foot of this perpemlicular draw at right 
angles to both these lines an axis, and make the body oscillate 
about that axis ; — a line parallel to this through the centre of 
oscillation is the axis of spontaneous rotation. 

265. Origin of the terms "vis inertia''' and "moment of 
inertiaJ" 

Since a body at rest cannot be moved, and a body in 
motion cannot have its motion changed without the expenditure 
of some force for that purpose, it is usual to say that matter 
renists the communication of motion. If in the word 'resist' 
as thus used any idea of matter's exerting a force be implied, 
it certainly conveys an erroneous notion ; for matter is per- 
fectly passive ; and if a force act upon it motion ensues, how- 
ever small the force. The force which acts on matter, if 
unresisted by other forces applied also to the same matter, will 
be wholly unresisted, and its proper unresisted effect will be 
produced. The term vis inertia (or briefly, inertia) has been 
employed to denote the fact above alluded to, — viz. that the 
production or change of motion can be accomplished only by 
expenditure of force : and tlie vis inertia, of a given mass is 
evidently measured, according to this notion, by the whole 
quantity of force expended in communicating a given velocity 
to the body. 

By reference to Arts. 259, 253, the reader will perceive, that 
if an addition al particle rn' were attached to a system, in angular 
motion, at the distance r from the axis of motion, the effective 
angidar acceleration would be diminished by the addition of 
the term m'l" in the denominator of the fraction by which the 
effective angular accelerating force is cspreBsed. On this 
account rnr'^ is taken as the measure of the effect of the 
inertia of m' upon the angular motion of the system. To 
distinguish this effect from the effect of inertia on a motion of 
translation, it has been named the moment of inertia, and the 
whole moment of inertia of a system is measured by the sum 
of the products of every particle into the square of its distance 
from the axis of motion. 
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266. Def. The radius of gyration is the distance from 
the axis at which if the whole mass were collected, the moment 
of inertia would be the same as before. 

It is usual to denote the radius of gyration by the symbol k. 
By the definition 

(2m)&* = 2(iiir^); 

• •#•■* " __ 
2f» 

moment of inertia 
mass 

THE CENTRE OF OSCILLATION. 

267* Def. In Article l6S we have seen that the time 
of oscillation of a single particle (acted on by gravity) about 
a given point or axis depends upon the length of the string by 
which the particle is suspended; that is, upon the distance 
of the particle from the axis about which it oscillates. When 
a rigid body of finite magnitude is made to oscillate, the 
particles of which it is composed endeavour to complete their 
oscillations in difierent times, those which are near the axis 
of suspension having a tendency to oscillate quicker than 
those which are more remote. By reason of the rigidity of 
the body, they are all compelled to oscillate in the same time, 
which will evidently be intermediate to the times in which 
the extreme particles tend to oscillate : there is therefore some 
distance from the axis at which a single particle would oscil- 
late freely in the same time as the finite body. This dis- 
tance is called the length of the simple pendulum^ the finite 
body being called a compound pendulum : and that point 
in a compound pendulum at which the whole body might 
be collected without altering the time or manner of its oscil- 
lation, is called the centre of oscillation. 

268. Peob. a rigid body being suspended from afiosed 
awis ; it is required to find the length of the simple pen-- 
dulum. 
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Let the plane of the paper pass through G the centre 
of gravity of the body, and cut the axis of . 
suspension perpendicularly in S: from which 
point draw Sx vertical and Sy horizontal, 
which take for the axes of co-ordinates. To 
them let the body be referred at the time 
t, when the co-ordinates of any particle mi 



fi'/iK'i 



Employing the notation of Art. 252, i 
GSx, the effective forces arc 




denoting the angle 



ta^rjd'd, ni^Tid^Q, m^r^di^B 

these are to be applied so as to diminish &, 
The impressed forces are 

«»ig'. '"isgy "hg Art. 23, 

vertically downwards. These two sets of forces balance (177) ; 
hence taking their moments about the fixed axis, which is the 
only condition of equilibrium, we have 

= m^r^'d'e + m^T.^d^e + mj-^'d'O + ... 
+ m^Vi + ^'^Vi + ^"'^Vi + ... 

2(^7^) 

_ g.SG. (Sm) . sin 9 

But if the whole body were collected at O such that 
iw = 9', the same formula gives 

, , S.SO.{-S.m).A^0 

'''"° pm) . .SO" ■ 

By the definition d^d, and dfff arc always equal ; 
SG . jlm) «in 9 sin 6' 



. d;e 



15 



(2m>») 



SO ■ 
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But since and ff are quantities which are continaally 
changing in value, this equation cannot always be true under 
the circumstances of the problem, unless both 

, 2(i»r^ ^^ 

and — ^^ ^ - SO. 

SG.{I,m) 

The former shews that the centre of oscillation is in a 
plane passing through the axis of suspension and the line SG^ 
and the latter that its distance from S the point of suspension 
is equal to 

the moment of inertia about the fixed axis 
the moment of the mass about the same axis 

269. The centres of oscillation and stispension are con- 
vertible; that is, if the body be made to oscillate about an 
axis through instead of S9 the length of the simple pendulum 
will be unchanged, and S will be the centre of oscillation. 

For if (2m) ti^ be the moment of inertia of the body with, 
respect to a line throygh G parallel to the axis of suspension, 

moment of inertia about S 



SO 



moment of mass about S 

(2m).k^-^(2m).SG^ 
" (2m) . SG 

SG 

J^ 

and SG^~~; 
OG 

i» 

.-. SO^SG + GO^ + 0G 

OG 

(2m) . h?" + (2m) . OG^ 
* (2m) . OG 
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noinent of inertia about 

= — -z , -- „ - Art. 221, 

momi^nt oi mass about O 

= length of the simple pendulum when the axis 
of suspension passes through 0. 

Consequently S is the centre of oscillation, and the length 
of the simple pendulum is the same whether the axis passes 
through S or through O. 

270. Prom equation (l) it appears that the centre of oscil- 
lation is farther from the axis of suspension than the centre of 

gravity : for SO is greater than SG by the quantity ~- . 

271. The property of compound pendulums just proved 
has been ingeniously employed by Captain Kater in determin- 
ing the length of the second's pendulum. The following is a 
brief outline of the method employed. 

Let G be the centre of gravity of a pendulum, furnished 
with two parallel cylindrical axes of equal diameters, 
whose centres A, B are in a line passing through G. 
The body can be suspended by either of these axes 
and made to oscillate. By means of a sliding weight 
C, the times of oscillation about the two axes are made 
nearly equal. The oscillations are very small, and the 
axis from which the body is suspended rests on two 
perfectly horizontal planes, and does not slide but 
rolls. In the result, allowance is made for the buoy- 
ancy and resistance of the air. 

The number of oscillations when the body is suspended 
from the axis ^ in a day is observed; and also when it is 
suspended from the axis B. These having been made nearly 
equal by means of the weight C, are now made exactly equal 
by filing away small portions from the end of the pendulum. 
It has, however, been found more convenient in practice, for 
the pendulum to rest on knife edges instead of cylindrical 
axes. When the numbers of oscillations in Si hours have 

15_2 
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been made exactly equal about both axes, let n be the 
number of oscillations completed in the time T, (measured in 
seconds) 

. . T 

r, time of one oscillation = — , 

n 

and if / be the distance between the knife edges, which we have 
shewn to be the length of the simple pendulum, (Art. 269)^ 

— = -n- V - Art. 74. 

n g 

But if w be the length of the second^s pendulum, 

g 

n 30 

nH 

The same experiment gives the value of g 

This pendulum, once adjusted, will thus enable us to 
determine with great accuracy the value of g at diflPerent 
places. By this means it has been found, that in a given 
latitude, g is constant for small altitudes; but decreases as 
we ascend through greater altitudes, or into higher lati- 
tudes. 

272. We have mentioned in the preceding article that 
Icnife edges were found to be more convenient than cylinders 
for axes of suspension. We shall show however that if 
cylindrical axes be used, the length of the simple pendulum 
is equal to the distance between the cylinders, when the 
vescillations are very small. 



r 



SECOKD S rKNDUl.UJI. 



1 



Let a, h be the centres of the two cylindrical axes ; 
which must be in the line ab, the 
centre of gravity of the pendulum. 
First, let it be suspended by placing 
it with the axis AE on the fixed ho- 
rizontal plane CE. We have before 
stated that in oscillating the cylinder 
AE rolls upon the plane. Let 9 be 
the inclination of ab to the vertical; 
then as an approximation sufHciently 
near for our present purpose (we shall 
afterwards prove the supposition to be 

true for small oscillations) we may consider £ as a temporary 
fixed point of suspension; and therefore, applying Art. 252) 

, J.mg.aG sing 




moment of inertia about E 
^mg. aG .sin d 
' 2j« (/c' + GE') 



g.aG.e 



, very nearly, 



h being the radius of gyration about G, 
■ aG „ 

^ieTAG''='' 



rf^fl-i 



This is the equation of vibration (Art. I52), and there- 
fore the time of a vibration 



or, if we denote the length of the simple pcndulu 
vibrate in this time by /, we have 



In like manner when the body is suspended from the 
other axis npoii the plane CE, if I' be the length of the 
simple pendulum, 
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k^ + BG^ 

^" bG • 

But 1= t hy construction of the pendulum ; 

.-. /(aG-6G)«&* + JG*-(A;« + jBG*): 
or since a A ^bB, 

I (AG -- BG) ^ AG'' -- BG^y 

••. l^AG-\'BG^AB. 

273. Remark. The result just found is simple, and for 
small oscillations sufficiently accurate; but it has been ob- 
tained upon several suppositions which are only approximately- 
true, and which it is necessary to point out. We have assumed 
that £ is a fixed point while the body describes an indefinitely 
small angle; this is erroneous, for the point of contact E 
moves with a velocity which has a constant ratio to the 
angular velocity of the body. We have assumed that the 
only efiective force upon each particle is that which arises 
from angular motion about E, but it is evident that the point 
a has no angular motion ; for its motion is one of translation 
only, being in the direction EC as 6 increases. The proper 
mode of solving the problem is this. The motion of every 
particle is compounded, of an angular motion about a, and 
a horizontal motion of translation equal to that of a. 

The corresponding efiective forces on a particle mj whose 
distance from a is Vi are, putting Aa s=Cy 

mirid^O^ m^ri{dfiyj for angular motion about a (Art. 102), 

and niicd^Of for the motion of translation. 

The first of these must be applied to nii so as to diminish 9; 
the next as a centrifugal pressure tending from a; and the 
last in a direction opposite to the motion of a when increases, 
that is, in the direction CE, These sets of forces balance 
^mg acting vertically downwards at G, the friction F at E, 
and the reaction of the plane at E vertically upwards. To 
avoid the last, take the moments of the forces about a, and 
resolve them horizontally, 
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- 2 {mcr cos (f + $)} d^d + Fc, 
and = S \mT cos (^f- + &)} . rf,= 9 - 2 {mr sin (>/, + d)\{dfiY 

\f^i being the angle which j", makes with ah. 
Now 
2 {mr COB (i|^ + fl)^ = cob d . 2 (t»r cos t^) - sinG2(B»rsin\/f) 
= cosd.Snt-aG'i hy the nature of the centre of gravity; 
similarly 2{mr sin(i^ + 6)} = sin0. 2m. oG; 
also 2(m»-^) = 2m . (&" + Ga') ; 
.-. = 2m^.oGein9+2m(i"+Ga')rf/e 

~ 2w». Ja. aG.cos0d/e + F.Aa, 
and = 2m.«iGcos0(f,''0 - 2m. aG sin 0(^(6)^ 

-'S.m.Aad'-Q + F. 
Eliminating F between these equations, we have 
=g-.aG sin + (fcH Ga^ + Aa? -9,Aa .aGcose)dlB 
+ Aa.aGsme{dfif 



= ^.aG sin 9+ A:' + JG' + 4^a.HGsi 



U/9 



+ Jffl.cGsineCd.^)-. 

This equation coincides with the approximate equation 
which was employed in the last article, if we neglect quanti- 
ties of the third order of smallness, viz. those multiplied by 

sin' - d^9, and sin 6 (^dfif, each of which is of the order (P. 
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MOTION OF A RIGID BODY ABOUT A FIXED POINT. 

In preceding pages we have considered the motion of a 
rigid body about a fixed axis ; it now only remains to deter- 
mine the motion about a fixed point. This will include, as 
a particular case, the angular motion of a free body about its 
centre of gravity ; it having been shewn in Arts. 196, 197, that 
the motion of a free body about its centre of gravity is the 
same as if that point were fixed. This chapter then will com- 
plete the determination of the motion of a rigid body. 

274. D£Fs. When that extremity of the axis, about 
which a body rotates, is turned towards the spectator, which 
makes the body appear to revolve in the direction of the 
hands of a watch, the angular velocity is considered to be 
positive ; and it is here proposed to call that extremity of the 
axis the positive pole of rotation : and the opposite extremity 
about which the rotation is in the contrary direction to the 
hands of a watch and therefore negative, is the negative pole 
of rotation. As an example, we may mention that accord- 
ing to this definition, the south pole of the Earth is its posi- 
tive pole of rotation, and the north pole its negative pole of 
rotation. 

When we speak of the inclination of two axes of rotation, 
we mean the angle contained by the positive portions of those 
axes ; or if the body be referred to a sphere having its centre 
in the fixed point, it is the arc of a great circle comprehended 
between the positive poles of rotation. 

275. Pbob. Given w'^, w'jj ^'a* ^^^ angular velocities of 
a rigid hody^ estimated respectively about the axes of x', y', z', 
which are fixed in space, to find the linear velocities of 
any particle parallel to the same axes. 
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Let w\ y\ sis' be the co-ordinates of any particle P re- 
ferred to the fixed point as origin; r'l the distance of P 
from the axis of w\ 0\ the inclination of the line r\ to 
the plane w' y ; 

.'. y 8 t\ cos O'l and % = /j sin ff^. 

Differentiating these equations with regard to t^ remem- 
bering that diff^ = ctf'i, we have 

d^' = — t\ sin d\ . ft)' and d^' = r\ cos d\ . oi'i 

' ' -/ ' 

«— »a)i =ywij 

that is, the angular velocity w\ produces in P a linear 
velocity 

parallel to x = 0, 

parallel to y' = — «'ft>'i5 
parallel to »' = y' wi. 

Similarly, the angular velocity u/2 produces in P a 
linear velocity 

parallel to w' = x'w^^ 

parallel to y = 0, 

parallel to i8f'= —ww^i 

and, the angular velocity w'z produces in P a linear velocity 

parallel to a?' = — y w^ 
parallel to y =^af(t)\ 
parallel to % = 0. 

Consequently using dix\ d^\ dix' to denote the whole 
linear velocities of P, and collecting the partial velocities 
from the equations just given, we obtain 

diX sz % a)2 -^ y ft) 3, 

d^y' =s w'a/s — ^ ft)'i, 

dfz' sM y (Oi — x ft)jj. 

276. Prob. To find the position of the axis of 
instantaneous rotation^ and the angular velocity about it. 
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By the nature of the case, a rigid body having a fixed 
point can at the same instant rotate only about one axis 
passing through that point: the position of this axis may 
be however perpetually changing both in the body and in 
space ; we have to determine its position in terms of 
u)\ , ctf'29 ^\j supposed known ; which we may accomplish by 
considering that every point in the axis of rotation is 
linearly at rest; consequently all the points which satisfy 
the three equations 

<=^a)3— i^Twi, 

or the more simple equations 

~7~ r ™ "7~> 

oil (02 ft^s 

are in the axis of instantaneous rotation* If therefore 
a fi'y\ be the inclinations of this axis to the co-ordinate 
axes 



cos O = 



cos/3' 



cos 'V = 



Vcwi +0), + W3* 

f 

/ T% To 7^ ' 

Vft'l + W2 +0)3 

Cw'3 



• / / 2 . '2 V o ' 

Vft'l +CO2 +CO3 

which give the position of it. To find the angular velo- 
city (w) about it, we observe that, since the body is rigid 
the angular velocity of every particle is the same; let us 
therefore, to render the investigation as simple as possible, 
find the angular velocity of a particle P which is situ- 
ated in the axis of w\ Since the co-ordinates of P are 
a?', 0, its linear velocities parallel to the co-ordinate axes are 

0, 470)3, -"47(k)2 

and consequently its whole linear velocity 

- (^''coV + al^i^i)\ Art. 18. 
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But the distance of P from the axis of rotation (which 
is the ladius of the circle which P" describes as the body 
rotates) 



linear velocity 
Tadius 



277. Since c 



I + Ws')*- 



- ; therefore w', = d 



and be- 



cause the axis of x' may be taken in any direction whatever, 
it follows, that angular velocity about one axis may be 
resolved into angular velocity about any other axis by 
multiplying it by the cosine of the angle between their 
positive poles. 



, y\ %' to have been taken 
moment wo are considering 



278. Suppose the axes of 
in such a position that, at thi 

the motion, they coincide with the principal axes of the 
body ; then if a, ^, •y be the inclinations of the instanta- 
neous axis of rotation to the principal axes, the moment 
of inertia about it 

= ^cos^a-H Scos=)3+ Ccos=7 Art. 243. 

And consequently the vis viva of the body (which call h") 

= (/icoa'« + B cos=/3 + C cos'7).(o^ Art. 212. 

= A{m COB «)= + S (w cos ^f + C (w cos 7)^ 
^Am^ + Bw2^ + Coh^ Art. 277, 

W], (Dj, 1U3 being used exclusively to denote the angular velo- 
cities estimated about the principal axes. 

Hence if the body be acted on by no forces, J 
+ Bu>t + Cw^ is constant, which agrees with Ai-t. 213. 



^1 
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279* To investigate differential equations for determining 
the angular velocities of a body about its principal axes^ the 
body being acted on by given impressed forces. 

Let the co-ordinate axes fixed in space, be taken in 
such a position, that at the time t when we are con- 
sidering the motion, they may coincide with the principal 
axes of the body. 

Let nti, m^j ntsv- be the particles of the body; 

^\ Vi ^19 ^s Vi ^S9 ^3 Vs ^s> « * * * ^^^^^ co-ordinates, 
Xx Yi Zi, X^Y^Zt, X^YzZ^i the accelerating forces im- 
pressed upon them. 

Reversing the effective forces, they will balance the im- 
pressed forces. Now since the body has a fixed point, the 
conditions of equilibrium are, that the moments of the effective 
and impressed forces about the co-ordinate axes must be re- 
spectively equal. Hence the three following equations for the 
motion of the body, 

2 {m (yd^z — %d^y) } = 2 {wi {Zy - Yz) } ■= Z suppose, 

2{m {zd^w - a!d^z)\ = 2 \m {Xz-- Zw)] = M 

2{m (a^d.^y - yd.^w)} = 2 {m (Yw - Xy)} = N...... 

We must endeavour to simplify these equations by intro- 
ducing the angular velocities about the co-ordinate axes, for 
these are common to every particle of the system. 

Now by Art. 275, 

d^z = ywi — a?w2; 
.'. d^z = yd^cDi + wid^y — wd^o)2 — w^d^iV 
= yd^a) + 0)1 (a? 0)3 — %wi) — wd^w2 — ^2 (^w^ "" yft^a) 
% yd^^z = y^ (d^wi + 02W3) - ct?y (d^w^ - wiw^) - (coi^ + w^^) yz-^ 
.-. 2 {myd^z) « 2 {my^) . (d^wi + wzw^), 
because 2 (mwy) «= 0, and 2 {myz) = 0, 
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In a similar mannGr it may be shewn that 
2 {mzd^y) = S (mx*) . ( - d,u, + w^w^ ; 

or, L = Ad^mi + (C - S) watoj Art. 243, 

Similarly, 

M = Bd^w, + (A - C) a,ia>„ 
and JV = C(/,W3 + (B - J) wiwj. 

By the integration of these three equations, we should obtain 
the angular velocities of the body about its principal axes ; wo 
shall proceed to shew how when these are known, the position 
of the body in space may be determined. 

280. To investigate differential equations for determin- 
ing the position of the body from the angular velocities about 
its principal axes. . 

Let the fixed point, or origin of co-ordinates be the 
centre of a spherical surface of radius ^- 

unity. And at the time t let this sur- 
face intersect the principal axes in the 
points ,T,y,!S; and other co-ordinate 
axes having the same origin and being 
fixed in space, in the points ce', y, z- 
Join these points by arcs of great circles 
as in the figure; and let Nn be the node line or inter- 
section of the planes aiy, x'y'. 

Let tp = N3!, ^ = N.v'y B = wNii'. 

The point A'" is the intersection of the arcs ym, y ai' pro- 
duced ; it is not a fixed point in the body and therefore does 
not necessarily partake of its angular motion. Since it is 
always in the fixed plane a/'y', it has only an angular velocity 
df\^, and this takes place about Oz so as to increase \^, that 
is, in a negative direction, so that a^ is its negative pole. 
Consequently the angular velocity of N about On 
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- d^yff . cos (ir * ««) Art. 277 

Now d^^ = relative angular velocity of m and N sihoui Ox 

= (angular velocity of a? — angular velocity of N) 
about Oz 

= ftis + d^yj/ . cos 0. 

Again, 
dfiszd^ (»«') = angular velocity of the body about On 

= 0)1 cos n^ + 0)2 cos ny + 0)39 cos nisr ^^' ^77 

e= — oij coscb + oi^sin -O)* 

Again, since AT and w are always in a plane passing through 
Opi their angular velocities about Op are equal. 

But the angular velocity of AT about Op 

=3d^>^.cos (tt — ar'p) Art. 277 

s d^yf/ • sin 0. 

And the angular velocity of x (a point in the body) 
about Op 

= (tfiCOSjp^ + coacospy + wzcospx Art. 277 

= Wi sin + 0)2 cos ; 

.*. d^yfr. sinO = o)isin0 + 0)2 cos (2). 

COS0 

Consequently djA = 0)3 + -; — ;: (o)i sin + 0)3 cos 0). ... (3), 

'^ smS ' 

From the equations marked (l) (2) (3) we are to obtain 
the values of 0, ^^j by integration, when the position of the 
body will be known. 

281. Prop. When the body ia acted on by no forces 
there eoAsta a certain line^ determinable from the motion^ 
which is fixed in space* 



ABOUT A FIXED POINT. 239 

For refer the body to three rectangular axes of co-ordi- 
nates Om', Oy', Ox' fixed in space. Then the equations of 
motion are 

= 2 {m {«'(?'>»' - x'd^x')], 
0=2 [mWd^y'-y'd.W)]. 
By integrating each of these once we obtain 

h^ = -S.{m(z'd,.v'-w' dins')], 
A3 = 2 \m(x'd,y' — y'd^x')]. 

But "S, \m (y' d^z' — sr' d^y')} is equal to the sum of the 
products of each particle into twice the projection on y'z' 
of the area described by its radius vector in a unit of time. 
In order to find this sum we must find the sums for the 
three principal planes of the body. For the plane yz it 
is equal to 

2 {m {ydiZ — !Kd,j)} 

= 2(m7*rfj0') 

= 2(mr=).d,0', 

-= ^wi ; 

r being equal to (j/*-i-K')i and ff being the inclination of 
r to the plane xy, so that d^ff = oj, and 2(n»r^) = J. Simi- 
larly, the required sums for the other principal planes arc 
5(u„ and Cw-^. The projection of these (depending only on 
the projection of areas) upon the plane y z' is, by the 
property proved in Analytical Geometry of Three Dimen- 
sians, equal to ^ [m{y' delis' — z'd^y')]. 

Let therefore a, b, c be the cosines of the inclination of 
the axis of x to the axes of ai, y, z ; and suppose a'b'c, 
a"b"c'f similar quantities for the axes of y' and z' ; 

.■. h, = Awia + BtOib+ CmjC. 



COS 
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Similarly, h^^ Aw^a ^ Bwfb' + Cwze\ 
and hz'^ A (OiO^ + Bwfb'' + Cwzc\ 

Adding the squares of these quantities together and writing 
A* for Ai* + A,* + A3", we have 

A* - ^ V + S"ctfi« + Cw^y 

Wherefore a line inclined to the axes of x\ y\ z' at 
angles 

;-©. -(^) --(^ 

is fixed in position in space during the motion of the body. 

282. Pbob. To find the inclination of this line to 
the principal awes of the body^ and the angular velocity 
about it. 

The cosine of the angle which this line makes with 
Ojf is 

A, A2 .As ,, 

— •a + -r--o +-7-. a 
AAA 

which is equal to — — by substituting for Ai A2A3. 

Similarly, the cosines of the angles which it makes with 



Oy and 0» are 



Bwf Co), 



Again, the cosines of the inclinations of the axis of 
instantaneous rotation to Oj?, Oy, Oz are 



— , — , — Art. 277. 

w W 0) 



Consequently the cosine of the inclination of the pro- 
posed line to the axis of instantaneous rotation is 



Aw\ Wi B (02 0)2 Ca>s 0)3 

h w h o) h w 

« r— Art. 278. 

ho) 
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And the angular velocity required, leing the resolved 

part of w, is -^ Art. 277, which is constant. 

h 

283. Since this line is fixed in space, and its position 
can be found from the initial circumstances of the motion, 
we shall be enabled to simplify our results by taking it for 
the axis of %'. Hence 

— — =s a = cos i2? J? = - sm sm <i, 

h ^ 

— — ss 6 = cos 5f y = - sm cos 0, 

h ' 

— — = c = cos % %^ cos 9. 
h 

Upon this hypothesis the angular velocity of the body 
about Oz is uniform and equal to — . (Art. 282). 



284. Prob. To determine the motion when A, B, C 
are all^equal^ and the body is acted on by no forces. 

The equations of Art. 279? are reduced to 

= Ad^coii =s Ad^w29 = Ad^w^. 

Whence it follows, that wi, cog, Ws are constant, as is also w, 
being equal to (wj* + w/ + (v^^)K 

Consequently, the axis of instantaneous rotation is a fixed 
line in the body, and the angular velocity about it is uniform. 

Since this line is a principal axis (Art. 247), take it for the 
sake of simplicity for that of % ; consequently 

ft)j =0, Wg = 0, and (O3 = CO ; 
by which supposition the equations of Art. 280, are reduced to 

dfi = 0, 
dtyl/ . sin 6 = or d^\ff == 0, 

d (b ^ w» 
16 
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Hence and -^ are constant, from which we infer that 
% and N are fixed in space : that is, the axis of rotation is 
fixed in space. The equation <2^^ « constant, shews that the 
angular velocity is constant, as shewn before. 

285. Pros. To determine the motion token A and B 
are equal, and the body is acted on by no forces. 

The equations of Art. 279 now become 

*= d^Wgy 

= Ad^w^ + (^ - C) Wjft),, 
s= Ad^w^ '- {A ^ C) a)^Wy 

The first shews that w^ is constant, hence the velocity 
about Oz is uniform; multiply the second by w^, the third 
by coj, and add ; 

.•. wi* + ft>2* = constant ; 

.•.01" = (w^ + ft)/) + ft),* = constant, 

and . = constant. 

\/ft),* + fti/ + ftjg* 

Consequently the body revolves uniformly about the axis 
of instantaneous rotation ; and this line is inclined to Oz 
at a constant angle. (Art. 276). The axis of instantaneous 
rotation is therefore either a fixed line in the body, or it 
describes about Oz a conical surface, the cosine of whose 

semi-vertical angle is — . We shall shew that the latter is 

the case. 

The last equation of Art. 283 shews that Q or zz' 
is constant, and the first two shew that Q is negative 

and sin Q equal to - — {m^ + ta^)^ ; and 

and ft), = («)j* + ft)jj^i . cos ; 
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which being written in equation (2) of Art, 280 give 
d;>|/'.sin0= iw^^ + a>^)i ; 

Now d(i|( = d( (yVa;), consequently the axis Ox revolves 

round Oe with a uniform angular velocity — describing a 

conical surface whose semi- vertical angle is Q. The linear 
velocity of » = rf,>^.sin «»'= {ut^ + tMti)^. 

The motion may be mechanically imitated thus : 

With the centres a' and ar de- 
scribe upon the surface of the 
sphere two circles PQ, PR touch- 
ing each other at P, and of such 
spherical radii x P, mP that 

, k 
amafP;sin»P::— ; Wa 
A 

::C:^cos0...Art.281. 
Let the former circle be fixed 
in space and the latter fixed in the body. Then if « be made 

h 
to revolve about x with the angular velocity -z while the 

circle PR rolls upon PQ, the motion of the body will be truly 
represented. 

We may remark that the pole of instantaneous rotation is 
in the arc xx'. For, let / be the pole. Then 

fxis ION = cos lOx cos N0ii! + cosI0ycosNOy + cos lOx COS N Ox 

= — .cos<p+ -^ . COS (90" -i 



.Art. 280, (I) 
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B 0, because 9 is constant ; . ; 

.-. ION^90\ 

that is, / is in the great circle passing through z and z\ 

A* 
It was proved in Art. 280, that cos x'l as — . , 

hw 

and in Art. 276, that cos ;ir/>o — ; 

w 

consequently «I will be less or greater than z'l according as 

Ctfj . &" 

— IS > or < — - , 
w hw 

or h?a>^ > or < &*, 
or {A^a){ + S*ft)/ + Cwi) wi>ov< (Aw,^ + Bw,* + Cois*)', 



C 

or 1 - -T > or < 
A 



286. Prob. To determine the motion when the body is 
acted on by no forces ^ and A, B, C are all unequal, and the 
axis of instantaneous rotation nearly coincides with one of 
the principal axes of the body. 

Let the principal axis with which the axis of instantaneous 

/flu 

rotation nearly coincides be that of z. Consequently — the 

Q) 

cosine of their inclination is nearly equal to unity ; 

/. 1 - I — ) or -^ — — ^ IS very small : 
\<o/ O) 

hence w^ and w^ are very small ; we shall therefore neglect their 
product and second powers. By this hypothesis the equations 
of Art. 279 are reduced to 

= Cdjcya nearly, (l), 

= BdiW2 + (^ - C) WaWi (2), 

O^AdiWi + (C- 5)ft)3W (3). 
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The first shews that ws is very nearly constant ; and there- 

fore 6 or %z' is nearly constant (Art. 283), for cos 9 = — — . 

h 

Also because A^ = A^wi^ + B^io^ + C^Wg^; therefore h = Cwg very 
nearly, so that cos = 1 very nearly, and is very small. 

Hence the principal axis Oz nearly coincides with Ox and 
maintains nearly a constant inclination to it. 

Eliminating 0^29 by differentiation, from the equations 
(2) (3), we find 

df^ wi + n^Wi = 0, 

writing n^ {or ( ^ "~ 1 ) ( "7 •" M ^^^ for brevity ; 

.*. Wi = K cos {nt + e); 
.'. diwi = — nK . sin (nt + e). 

Substituting this in equation (3), we obtain 

r AnK 



"^ = (C = 5)^-^^^(^^-^^)' 



Now from Art. 283 we have 

Awi 

—- — = tan d) ; 

(C - S) w, 

.•. tan (b = =; ^ . cot (nt + e) 

^ En 




Again from Art. 280 we have 

di(f> =0)3 + d^y\f . cos 6 
= W3 -I: d^x//', nearly; . 

which completes the determination o£ the motion ^ 
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287* Remark. When C ^ A and C ^ B have the same 
sign, the above expressions are all possible; that is, when Oz 
is the axis of greatest or least moment of inertia, the body 
will go on perpetually revolving about an axis nearly coin- 
ciding with it. If Oz should happen to be the axis of mean 
moment of inertia C -' A and C — B have different signs and 
the equation for o>i is of the form 

the integral of which involving exponential quantities of the 
forms e^ and e""*, wy and w^ will perpetually increase vdth 
the increase of t^ and consequently though the body were 
originally made to revolve about an axis nearly coinciding 
with the mean axis, the axis of rotation would recede con- 
tinually farther from it, and the above investigation would 
cease to be applicable. 

288. If at the commencement of the motion, the body 
revolve about a principal axis, o^ = and C02 = when ^ = ; 
which can only be satisfied by making JT = 0, in which case 
a>i e= and co^ =" always : which shews that the body will 
revolve perpetually about that axis. On this account the 
principal axes of inertia are sometimes called natural awes of 
rotation. 

Conversely if ever Wj = and w^^ at the same instant, 
the body must of necessity be revolving about a principal 
axis of inertia : and therefore it always revolved about a prin- 
cipal axis. Wherefore unless a body revolved about a prin- 
cipal axis of inertia at the commencement of the motion it 
never will revolve about one. 

289. That the axis of instantaneous rotation may be 
a fixed line in the body, it is necessary that o^p a>29 ^ be all 
constant, in which case 

^t^\ = 0, d^w^ = 0, d^wz = ; 

.-. = (S - ^) WjWg, = (^ - C) W1W3, Or:^{C- B) OJ^Ohy 

to satisfy which it is necessary to suppose two of the three 
quantities cwi, Wg, a^ evanescent, in which case the body will 



r 
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revolve about a principal axis. Hence none but a principal 
axis of inertia can be a perpetual axis of rotation. 

290. Def. On account of tbe property proved in Art. 287, 
when the rotation takes place about either of the principal axes 
of greatest and least moment of inertia it is said to be stable ; 
and when it takes place about the mean axis it is said to 
be unstable. 

291. We have proved that 

and A''w^ + B^w^ + Cfio^ = ft^ 
Eliminating ws we find 

J[C-A) (B," +B(C~B) w/ = CA^ - A". 
Hence if Om be an axis of stable rotation, (u, and 01^ 
cannot increase beyond the limits 



\AC 



E|)*-G 



,BC~BV 



respectively : and as one of them increases the other de- 
creases. Also if they are small at first Cft" — A* is small, 
and therefore they are always small. 

292. Peod. To determine the motion generally when 
the body is acted on by no forces. 

Fixed in the body describe an eUipaoid, the semi-axes OA, 
OB, OC of which coincide with the 
principal axes of the body : and sup- 
pose its equation to be 

AaJ'+B-s^ + d^^^iy. 

At the time t let the axis of in- 
stantaneous rotation meet the surface 
of this ellipsoid in the point /; and 
let OM = z, MN = w, NI=ybe the 
co-ordinates of /. 




Then - 



01 



<slOM = 



..Art. 276. 






. .■-•. *..» 
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^ nr 

Similarly y = -2 . 0/, 

ft; 

_ ft', _ _ 

and 0? = — . t//; 

OP 

-A*. ~g- Art. 278; 

ft) 

.'. OI «5 -T . ft). 

Let now GEF be a plane touching the ellipsoid in /; 
and from O draw OE perpendicular to this tangent plane. 
Then by Analytical Geometry 

1 w" . ^ «* 






OE* OA* OB' OC* 



/w,.oJY A' (w..oi\- jr /W3. uiv 



fe'D 
A* 



A*Z>* 



• •••••••• Art. 281 5 



h 

Consequently OE is constant during the whole motion 
of the body. 

Again^ by Analytical Geometry, the cosines of the angles 
at which OE the perpendicular to the tangent plane is inclined 
to the axes of a?, y, %y are 

w.OE y.OE x.OE 

Jqlf' Josy' IfiCf' 
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which are respectively equal to 

Awi S{g>2 Cwz 

h h h 

which compared with the former part of Art. 282, shew 

that OE is the line which was there proved to be Jixed in 

space, consequently the tangent plane GEF is fixed in space, 

and as it touches the ellipsoid in the point /, such that 01 

is the axis of instantaneous rotation, it appears that as the 

body moves, the ellipsoid rolls upon this fixed plane, in such 

a manner that the angular velocity of the body about OE is 

A? 
constant (latter part of Art. 282) and equal to -7- . (See Camb, 

Prob. 1836). 
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PROBLEMS. 

1. A PARTICLE of matter placed at A is attracted towards 
the point S by a force which varies as its distance therefrom ; 
it is also attracted by a constant force acting in parallel lines 
at right angles to AS. To determine the form of the path 
which the particle will describe. 

lid fx be the absolute force residing in S ; then if the 
particle, whose mass denote by w, is at P at 
the time / from leaving A, it is urged to- 
wards aS by an accelerating force = jjl . SP^ 
and in a direction parallel to ^ j^ by a con- 
stant accelerating force, which denote by/. 
Let AP be the path of tw. j? = AM, y = MP, 
a = AS. The force jjl . SP is equivalent 
to 

+ Ik . SP cos ASP = + /i (a — 0?) in the direction Awy 
and - /i . SP sin ASP = - fxy in the direction Ay, 
Consequently, the equations of motion are 

d^w =iJL(a - a?), 

dt^y-f-f^y- 

Multiply these equations by 2cf|«?, 2dty respectively, and 
integrate ; 

.'. (dtwy = ii{2aw - ar^) + C, 
and (d^yf = 2fy - fxf + C. 

At the point J, ^ = 0, y = 0, dtw 8= o, dty = (for the 
body moves from rest), therefore C >= and C' = ; hence 
substituting these values of C and C, and dividing one equa- 
tion by the other, and extracting the square root 
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\2aw — 01^/ 



dy^^ dty 
dw diW 

dy dw 



[.ly-^) 



vers 



■(f)—© 



+ C. 



But at ii, J? = and y = 0, therefore C = 0, 
consequently, vers"^ f — j = vers"^ (--) ; 

It-y ^ 
/ a 

and y = — - . X. 

Hence the path is a straight line commencing at A^ and 
being inclined to the axis of ^ at an angle equal to tan"^ ( ) • 

2. A particle of matter is projected from a given pointy 
with a given velocity^ in a given direction, and is acted on 
by a force which varies as the distance, the centre of force 
also moving zmiformly with a given velocity in a direction at 
right angles to the line of projection. Tojftnd the path of the 
particle. 

Let O the point of projection be the origin of co-ordi- 
nates; Oy the direction of projec- 
tion ; Ow the line in which the centre 
of force S moves ; OM = w, MP = y 
the co-ordinates of the particle at the 
time t, at which time the centre of 
force is at S: let A be the position [ 
of S when the body was projected. 
a = OA : u = the velocity of projection, u' = velocity of S, 




a? 
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fi a> the absolute force. Then P is urged towards S with 
a force equal to ju, . SP9 which is equivalent to 

M . SP cos PSM'^fi . MS m fi.(a + u't- w), 

and ^/uL.SPsinPSM^ --fi.PM^ -fiy, 
in the directions Ox^ Oy respectively; 

.-. d^x 'a fji(a + ut - Of) (1), 

and d^ym^^y (2). 

Now, since d^{a + ut — a?) « tt' - d^o? ; 
.-. dl{a + m'^ - a?) « - d/o?, 

and equation (l) may be written thus, 

dx{a + u't -of)^ " /i(a + ut - a?). 

This equation is of the same form as (2) and may be 
integrated by the same method. The student will find little 
difficulty in proving that 

x^a + u't y=z sin {ty/fi) - a cos (t\/fi)y 

and y = — ^ sin {t\/^), 

3. Two weights whose masses are m and m are sus- 
pended frotn a Jujced point by an elastic string ; when they 
are in a state of equilibrium m' suddenly falls off, Deter- 
mine the time of one oscillation ofm. 

Let A be the point from which they were suspended ; 
P the position of m at any time t from the commence- 
ment of its motion, 

a « the natural (or unstretched) length of the string, 
X = AP its length at the time t, 

T = its tension at the same time, 

e = the constant which measures the elasticity, which is 
such that 
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a?= (l +eT)a; 
a? — a 



ae 

T 

This tension is equivalent to an accelerating force — 

m 
urging the body upwards ; m is also acted on by (g) the force 
of gravity downwards ; 

2 T w-a 

/. d^x^g ^g ; 

m mae 

.-. a/tP H •w^g-\- — . 

mae me 

This is an equation of vibratory motion (Art. 152). 

The oscillations are therefore isochronous and the time 
of one oscillation is equal to 



TT 



\/mae. 



4. A particle P is fastened to one end of a very fine 
inextensihle string PQ {supposed imponderable)^ and laid upon 
a perfectly smooth horizontal table y Ox : the other end Q is 
drawn uniformly along the right line Ox. To determine the 
motion of P. 

Let m =5 the mass of the particle, ^ 

w = OM^ y = MP the co-ordinates 
of P at the time /, 

u = velocity of Q along O^r, o 

a^PQ, 0=::OQP, 

T = the tension of the string. 
Then supposing Q to start from 0, OQ =s ut, and 
Off =: ut ~ a cos 0^ y =: a sin 0. 

There is no force upon P besides the tension T, which 

T . 

is equivalent to an accelerating force — in the direction 

PQ. Consequently the equations of P's motion are 



M 
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T 

d?w « H — cos 0, 
m 

T 

d^y t= sin 0. 

fn 

But because w^ut ^ aco^O\ 

.". d^x^afon Od^O + a cos (d^fl)*. 

Similarly d/y « a cos d^Q - a sin (dfiy. 

By eliminating T from the equations of motion we obtain 

B sin d^x + cos d^y 
B ad^Oi by substitution ; 
.'. dfi rz constant. 

It appears therefore that as Q moves uniformly along Om^ 
P revolves uniformly about Q; hence the locus of P is a 
trochoid or cycloid, the nature of which is, that the centre 
(Q) of its generating circle moves uniformly along a right 
line (Oa) while the generating point (P) revolves uniformly 
about the centre. 

If we wish to determine the values of x and y in terms 
of t we may proceed thus. Since dfi is constant, represent 
it by w; 

.% O^^wt+Cflfy integration. 
Now when Q is at 0, suppose that P is in the line 

IT TT 

Oy ; then = - when / = 0, therefore C = - ; 

2 

.*• ^ = t^^ + asinai^ and j(= a coso)^. 

We have yet to find the value of o). By differentiation 
we obtain 

d^x ^u + aw cos wt* 

But d^x = when ^ =s o, and therefore = w + ocw ; 
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consequently o 



. ut \ 
,'. a; = Mi — a sin — , [ 

and y = a cos — . I 




5, ^ I'ery «f»a// ring being placed upon a smooth straight 
rod, the rod is made to revolve uniformly {about one end) in a 
horizontal plane. To determine the motion of the ring. 

Let Ox and B be the positions of the rod and ring at the 
commencement of the motion ; OA 
and P their positions at t. Put 
r = OP, a = OB, m = the angular 
velocity of the rod. The ring P 
is acted on only by R the pres- 
sure of the rod against it in the 
direction PR at right angles to ~ 

OA : this may be avoided by estimating the forces in the 
direction of the rod. By Art, 93, as there is no impressed 
force on the ring in the direction of the rod, we have 

d,=r ~(D°r = 0, (l), 

which may be written, 

d,{d,r - tor) + w(d,r - tor) = 0. 
Multiply this by e"' and integrate, then 

e~'(d,r~ur) = C (2). 

Now as equation (l) is not altered by writing — a for (■>, 
we may obtain another integral by writing — (o for (u in equa- 
tion (S); 

.-. c""' (dir + tiir) = C. 
These integrals are to be corrected by making r = a and 
dfT =s 0, when ( = ; and 

■ . C = — a>a, and C = aiai 
consequently d^r - oir = — aiae'"', 
and rfjr + wr = wae"'; 
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and therefore by subtraction, and dividing by 2ai, 



a 



6. The rod in last problem being supposed to move in 
a vertical plane yOx, to determine the motion. 

The equation of motion is (by Art. 93) 

d*r - o>*r- ^gsintat; 

and .-. r = - (e"' + e""*) - -^(e^ - e—* - 2 sin wt). 

7- -^ particle descends along the convex side of a smooth 
parabolic arc, the aans of which is vertical^ having been pro- 
jected horizontally at the vertex with a given velocity. To 
find the pressure on the curve. 

Let Ax be the vertical axis of the parabola; P the 
position of the particle at any time t. a. 
X = AMi y = MPy 4fa = the latus rectum of 
the parabola : m = the mass of the particle, '^ 
u «= the given horizontal velocity at A. Then 

In general, (vel.)^ = 2/(-^d<r + Ydy) 

= ^j{gdx)y in this case ; 

= 2gx + C 
Now at A J (vel.) = w, a? = 0, and therefore C = «* ; 

.*. (vel.)^ = 2gx + u^. 
The radius of curvature at P 

_ P(? _ (g + cv)t 

"(2«)'"" ^'a 

Consequently, the diminution of pressure due to centri- 
fugal force 

m . (vel.)^ m (2gx + u^)\/a 
rad. curv. 2 ' (a + x)^ 
But the pressure due to the impressed force of gravity 




t' 
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= mg . cos PGA = mg 






••• tan PGA 



MP 
MG 



2a 




Consequently, the whole pressure at P, (Art. 147) 

/ o \ i m (2g^ + u^) \/a 
'^ \a + w) 2 ' (a + ir)t 

m (2a^-«**)\/a 
2 ' (o + 0?)* 

Remark. If the velocity of projection be such that 
u* = 2agf there will be no pressure on any part of the 
curve. 

8. A particle attracted to two centres offeree varying 
inversely as the square of the distance, will oscillate in the 
arc of an hyperbola of which they are the foci, supposing 
it to have been originally at rest in such a position as to 
be attracted equally by each. 

Let aS, H be the foci of the hyperbola AP ; P the place 
of the body at any time; 
PG SL normal, and PZ a 
tangent at P; SY, HZ 
perpendiculars upon PZ. 

rmSP, r'^HP; R, 
R' the original values of 
SP and HP\ then if ,x, 
ix be the absolute forces 
at S and H respectively, 




R^ 



-— 2 = ^Ts J by the question. 



Let a, b be the semiaxes of the hyperbola, and e its 
eccentricity : m = the mass of the particle, v = its velocity 
at P, « = the arc described from the position of rest. 

Suppose the particle to move on the convex side of the 

17 
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smooth curve PA, and let us find the pressure upon the 
curve upon this supposition. 

To find the velocity v. 

From Art. 147, v^ = 2f(Xdx + Ydy). 

But it appears from Art. 144, that the value ot f{Xdx + 
Ydy) is the same as if the particle had fallen freely through 
the space R -^r directly towards S, and the space R' - r 
directly towards H\ 

The former integral is to be taken between the limits 
T^ R, and r rzT% and the latter between r ^ R! and / =« r' ; 

The radius of curvature at P 

(e^g^ - ay __ (r/)t 
ah ah 

Consequently, the diminution of pressure due to centri- 
fugal force 

(vel)« 



m • 



2mah ( (1 l\ ,[1 i\\ 



rad. curv. 
Also the pressure due to the forces at S and H 

^^.^mSPY'-~.smHPZ 
rr r* 



7" 



•>] 7g-.6f-l ...hj Conic Sections, 



mh ffit' ju,'r\ 
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Consequently, the whole pressure upon the curve 

mb (fxr' ju!r (1 l\ ^ , fl l\] 



r«= 2 a, 



mb ( R' ,R\ „, „ 

Since there is no pressure on the curve, the curve might 
be removed without affecting the motion ; and, therefore, the 
body will oscillate in the hyperbolic arc as stated in the 
question. 

9. A particle oscillates in the whole cycloid CAc; shew 
that the point F, which is the intersection of the string 
EP with the base Cc, moves uniformly from C to c. 

Let w=^AM, y=^MPy s = AP, 2a^AB. Then the 
equation of the normal PE is ^ 

1 
9-9 = - 



d,9 



(/v - x'). 



But at the point F, a/ =i AB = 2 o, ^ 
and y:^BF; 

^« 2a-t'» 




Now, y « v2 ao? - a?* + a vers"^ -; 

•'• dg.y = ( ^"^ J > by differentiation ; 

17 — 2 
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.\BF'»y -y/^aof^a/^ 



Of 

a vers"^ - ; 



and .-. CF - BC - -BF 

Of 

fsaw a vers"* - . 

a 

Consequently, the velocity of the point F. 

^dt(CF) 

adtSf 

adgXdiS 

But(d,«)«-l + (d,y)«-^, 
and — ci|« «a vel. of P 



= \/2g(AB - AM) Art. 69. 

Hence the velocity of the point F 

a / *'*' \ * 

= \/ag> which is constant. 

10. Two equal bodies which attract each other with 
forces varying as the square of their distance inversely, are 
constrained to move in two straight lines at right angles 
to one another; shew that they will arrive together at the 
point of intersection of the lines. And having given their 
distance at the beginning of the motion, find the time to 
the point of intersection. 
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Let OA, OB be the lines ; A, B the places of the 
particles (whose masses are iti, m) at the b. 
beginning of the motion ; P, Q their places 
after the time t. a^OP,y = OQ, r = PQ,^ 
a ^AB, a = BAO. Then (Art. 29) the mu- o 
tual attraction of m and m' is equivalent to p a 

an equal pressure applied to them in opposite directions ; i. e. 
to P in the direction PQ^ and to Q in the direction QP. 
Since each particle of m attracts each particle of w , the pro- 
duct mm will denote this pressure when m and m' are at the 
unit of distance from each other, and then by the question, 
the mutual pressure at the time t^ when their distance is PQ, 



mm' mm' 



n • 



PCt r 

This is equivalent to an accelerating force on m in the direc- 



m 
tion PQf equal to — . (Art. 23). Which being resolved gives 

— . cos QPO = -T . - in the direction PO. There being no 

other force upon m in this direction, the equation for w's 

motion is 

m!w 
d?{c = - — - . 

Similarly, the equation for wi'^s motion is 

Multiply the former by y and the latter by w^ and subtract 
(observing that m = m) ; 

.'. wdiy-- ydfwt^ 0; 

.•. xdty - ydiW = C, by integration. 

But at the beginning of the motion d^x = 0, dty « 0, and 
therefore C s= ; 

.'. ccdiy - ydiw « 0. 
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Dividing this equation by ef and integrating, we obtain 

Consequently when or - 0, y » 0, so that the particles 
arrive at O together. 

y 

Again, since - « tan QPO is constant, QP is parallel to 

w 

BAy and QPO^a; 

.'. « s r cos a, y a r sin a. 
By which the equations of motion are reducible to 

This equation must be integrated from r^ a to r a 0. 
Multiply by 2dtr and integrate ; 



.-. (dtvy = 2w f- + c) . 



But when r ^s a^ d^r = 0, and therefore C = ; 

a 

J y — /I i\* 

\r a) 

The rest of the operation is the same as in Art. 88, in 
which fjL stands for m. Hence, the time required is 

o*7r 

* 

2\/2m 

11. Two particles f subject to no external infiuefncey 
attract each other with a force which varies inversely as 
the square of their distance, and are projected in any 
directions: shew how to determine tlieir motions. 

It has been shewn in Art. 184 that the mutual attraction 
of bodies has no effect upon the motion of their common 
centre of gravity, which will therefore move uniformly in 
a straight line. The position of this line, and the velocity 
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of the centre of gravity in it, may be found by Art, 50 from 
the known Yelocities and directions of projection. In Art. 193 
it has been proved that the motion relative to the centre of 
gravity is tlie same as if the centre of gravity were a fixed 
point. Hence we must apply to each body a velocity equal 
and opposite to that of the common centre of gravity, which 
will reduce this point to rest. Let now ?», m' be the masses 
of the particles ; r, r' their respective distances from the 
centre of gravity at any time t ; mm' the pressure at the unit 
of distance from each other. Then the accelerating force by 
which m is urged towards the centre of gravity is 

because mr = m'r. 



Hence m is urged towards that point by a force which 
varies inversely as the square of its distance therefrom. Its 
orbit will therefore be a Conic Section, the focus of which is in 
the centre of gravity of the system. The same may be said 
of m'. The exact magnitudes and positions of these orbits 
may be found as in Art. 126, observing that, since we are 
seeking orbits relative to the centre of gravity, we must use 
the relative velocities of the bodies with respect to that point 
instead of the absolute velocities in those articles. We may 
remark that the orbits described about the centre of gravity 
are necessarily similar, because r has a constant ratio to r. 
And by the nature of the case the periodic times are equal. 

12. A straight rod moves on a smooth horizontal plane, 
subject to the condition of always passing through a fixed 
ring; determine its position. 

Let AB be the original position of the rod, CD its 
position and G its centre of gravity 
after the time t, the fixed point, 

w=OM, y = MG, T=OG, e=AOC. 

M = the mass of the rod, MJc' =t its 
moment of inertia about G. 

The only force which acts upon 
the tod is the reaction (R) of tiie point 0, which must take 




1 
I 

I 

J 
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place in the direction OR at right angles to CDy the rod being 
supposed smooth. 

To determine the motion of the point G we may sup- 
pose the whole mass collected at G and there acted upon 
by the force R, (Art. 196) consequently the equations of 
motion for G are 

RcosROJ R y 
*^*' W-'M-r (*>' 

JBsiniZO^ R w 
^*y H^ — Mr ('>• 

Again, to determine the angular motion about G, we may 
suppose G fixed, the force R still acting at to turn the 
body round (Art. 197); 

Rr 
.-. dfe^-rp^ Art. 252 (3). 

Multiply (1) by y and (2) by x and subtract; 

Rt 

.'. ydfw - xd^y = -— 

M 

= U'd^e, from (3), 
Integrating this equation 

ydtx - xdiy = h^dfi + const, 
or - r^dfi = k^dfi + const. 

.-. (&2 + Od,0=C (4). 

Again, multiply (l) by 2d^a?, (2) by 2d^y, (3) by Zl^dfiy 
and add, observing that 

yd^x - xd^y + n^dfi « 0, 
because a? «= r cos and y «= r sin ; 
by this means we obtain 

^d^xd^x + ^.d^yd^y + ^l^d^dd^d « 0, 
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and integrating this, 

(d,wy + (d,yy + ic" (dfiy = c (5), 

or (d^ry + r» (dfiy + *» W^)* = C. 
From this and (4) we find 






By the integration of this equation the relation between 
r and t will be known. 

The pressure may be found from the equations (S) and 

(4) ; for 

Rr ,.^ iCrdtr 
0( (7 = — 



Ml? ' (ft* + r*)«' 






The negative sign shews that JB acts in a direction con- 
trary to that which we have supposed in the figure. 

Remark. The preceding, which is somewhat tedious, is 
the method of solving the question, (so far as is possible in finite 
terms) from the equations of motion. The student will observe 
however that equations (4) and (5), which are the limits to 
which we have been able to advance in the solution, are dedu- 
cible at once from the two principles of the Conservation of 
Areas, a,nd the Conservation of Vis Viva. 

For, since the only force acting on the system is the force 
JR which passes through the Jiofed point O, the Conservation of 
Areas holds good. (Art. 191, 3). 

Now if the particles of the rod be 972^, 97I2, ^g,.*. and their 
distances from O be r/, r/, r^\.,. then, since 

r^"^dt0 = ^I'd^y/ - y/de<, 
&c« 8 &c. 
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m^T^^dft + m^r^dfi + nhr^dfi +...»* Art. 185. 

or 2 {mt'*) . dfi - h. 

But 2 (mi^ B the moment of inertia about O. 

^Ml^+ Mf^ Art. 224; 

/. if (A? + r^d,e = A, 
which is equivalent to equation (4). 

Again, since the only force acting upon the system is the 
reaction i2 of a fixed point, the principle of Vis Viva applies. 
(Art. 203). And by Art. 213 the Vis Viva is constant. Now 
the Vis Viva, by Arts. 211 and 212, 

= M {(d,wy + id,yy} + Mh? {dfif ; 

.-. ^d^wy + (d^y) + ft^ {dfif = constant, 

which is equation (5). 

13. P and Q are two particles connected by an inflemble 
line FQ; Q moves along a straight groove^ and PQ on a 
smooth horizontal plane. Having given the inUitU position 
of the rod and the quantity of motion communicated to Q, 
find the angular velocity of the rod when it coincides with the 
groove. 

jr. 

Let f», m' be the masses of P and Q, I 
MV the momentum or blow commimicated 
to Q, which to be eflPective must be in the 
direction of the groove Oa?. 



o 



K 






a=PQ, e^PQO, x^OQ, x^OM, y ^ MP, r=ten. 
sion of the rod. The tension produces an accelerating force 

T T 

—, , in the direction QP, upon Q ; which gives ; cos in 

m m 

the direction Ox. This being the only force upon Q in that 

direction, we have for Q^s motion the equation 

T 

d^x' = ; cos 0. 

m 

T 

The only force upon P is the accelerating force — in the 
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direction PQ^ and therefore the equations of motion for P 
are 

T 

d^wss -^ cos Of 

T 

d^y = sin 0. 

fn 

These are the only equations of motion which are neces- 
sary ; there are besides them the geometrical equations of the 
system, viz. : 

^ = tP + a cos and y = a sin 0. 

Instead however of proceeding further in the solution of the 
question by the equations of motion, it will perhaps be a more 
useful example if we employ the general Dynamical principles. 

Since there is no force upon the system in the direction 
Oa?, the principle of the conservation of the motion of the 
centre of gravity holds good in that direction ; 

.•. (m + m) dix = MV ; 

.*. mdiUD '\' m' diX ^ MV (1), 

because (m + m) "x = wia? + maf. 

And since the system is acted on by no force besides 
the reaction of the groove at Q, the Vis Viva is constant. 
(Art. 213) ; 

.'. m' {dtx'y -^ m {{dtwf -^^ {dtyy\ = constant (2). 

Now MV ^mdiW -^-m'diijv -k- acosQ) from (l); 

MV + m'a sin ddtQ 

diy =» a cos Q . dfi^ 
and diX = d^x - a sin . d|0 

MV --masmQdiO 

By substituting these values in equation (2) we obtain 
if^P + wa^ {w! + m cos^ 9) {d^ey = C. 
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To find the value of this constant we must consider the 
initial state of the motion. 

Now since the blow is communicated to Q, we may in 
finding the angular velocity, consider P fixed for an instant, 
and the system otherwise free. On this supposition, the 
moment of the blow about P is MV. a sin a, a being the value 
of when the system is struck ; and the moment of inertia of 
the system about P is m'a\ therefore (Art. 253) the initial 
angular velocity 

MV. aeina JUVsina 



m'a* 



m a 



Hence at the beginning of the motion 

JTPsin'a 



ifP + wia* (m + m cos^a) . 



f»'"a* 



.-. ma* (m' + m cos* 9) (dtOy mma*(fn+m cos*a) . 

MV sin a (m + m cos*a\ i 
~m 



C; 

M*V*An*a 



m'^a* 



.-. d^e » - 



sin a (tn + m cos*a\ i 
\'a ' \m + mcos^O) 



fit cos' 0; 

When the rod coincides with the groove cos'^ « 1, and 
consequently the angular velocity required 

MV sin a fm + m cos'aN * 
** m'a V m -^m J ' 



14. Two weights P, Q are connected by a string (with- 
out weight) passing over a pully ; P descending draws Q 
along a smooth horizontal plane. To determine the pressure 
of Q upon the plane. 

Let m, m' be the masses of P and Q, 

a a= the length of the string, 

b^AB, = QBA, '^ 

w = jBP, y = ^Q, 

R = the pressure of Q upon the plane. 

Then since there are no forces upon the system except 
gravity which acts upon P, and the tension of the string and 
reaction at Q, the equation of Vis Viva holds good. 
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Now 2 (mv*) o m {dioif + m {d^yy^ 
and 22 {wi j{Xdx + Ydy + Zd»)} - 2 f(mgdx) 

« Zmgx + C; 
.•. )w (d^o?)* + wi' (d^y)* = Qmgx + C, 
But at the beginning of the motion P is at B, and therefore 
a? s= 0, dj J? a 0, diy « 0, and C = ; 

.'. m {d^wf -{-m {d^yY « ^mgx (l). 

But from the nature of the machine 

This being substituted in equation (l) gives 

m- -'"■'.- '''^^ 



— + " 



(2). 



m b^ -^ y'^ 

Now since Q has no vertical motion, the forces which 
act upon it in a vertical direction are such as exactly coun- 
teract each other. Hence resolving the tension we have 

O^mg-R- Tcos BQR ; 

.-. R-^m'g-'T cos BQR. 

To find T we must form the equation of motion for Q, 
which is 

TsmQBA 

^iV = ? — ; 

m 

.-. R^m g-^ m'd^y . cot BQR 

, fn!b 
s=mg + .dfy. 

%f 
Differentiating equation (2) with regard to #, we obtain 
the value of d^y^ which substituted in the last equation, the 
result expressed in terms of is 

/ / cos© (m' . „^ ^^ 2a , \ 

R^mg'-mg. , — + sm''0-.2cos^0+-7-cos'01. 

/w \ Vf» h ) 
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15. A uniform slender rod acted upon by gravity g 
is placed between two planes (one horizontal and the other 
vertical) having at their common intersection an attractive 
force oc (dist.)'* which at the centre of gravity of the rod 
always = -^g. If the rod be originally placed in any given 
position, determine the angular motion. 

Let AB be the position of the rod at the time t from 
the beginning of the motion; 

a^AG^BG^OG'.e^ OAR, JIf = the mass of the rod, 
and m — the mass of a small element 
at P, a?, y the co-ordinates of P, 
OP = r. Then since there is no 
friction the equation of Vis Viva 
applies ; 

.-. 2(wit?*)-22{m/(^d,r 

^•Ydy + Zdz)}. 

But by Art. 211, 

2 (mr«) = 2 \m{{dtxf + (dty)'}] + 2 (w . GF^ . (dt0)\ 

By the geometrical property of the system 

^ at a cos d, andysasind. 

And 2 (m . GP^) = moment of inertia of GA and GB about^G 

M a^ M a^ 

= — . — + — . — Art. 222, 

2 3 2 3 ' 




a* 
= Jf.-; 

3 



a 



3 
o 

Again, the attractive force of O upon P 



g a 



2'OP^ 



...by the question. 
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Which is equivalent to 

and -f-^-^ paraUel to Oy; 

2 OP"' 

and F« -fl---.^; 

.-. mf(Xdw + Fdy + Zd«f) = C - — | - - + 2y| 

= C - jrag-y + 



2r ' 
.-. 22{m/(^dar+ Fdy + Zdz)} = C - Sg-SCmy) 



+ (§• 



'<')■ 



Now 2(wy) = 2m. y = JIf a sin ; and to find the value 
of 2 I— ) we must proceed as follows. Let fall OK per- 
pendicular to AB; then OJT = 2a cos sin 0, and 

JTP « (r^ - 4a«cos^ sin* 0)J ; 
.*. an element of the rod at P^S.KP, 

S.KP 



and its mass ss M. 



2a ' 
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■■•^(=)4-(^) 

«— .2 



2a (r«-4a« cos* sin' 0)» 

- — .loge(r + \/r'-4a*cos«0sin«0) + C. 
2a 

If this integral be taken from r » OiT, to r « Oif 9 it will 
give us the value of 2 1 — j for the part KA of the rod 

JIf 1 + cos 

"2a* ^' sine 

ta loi?^ cot - • 

2a ^' 2 

The value of 2 f — j for the part KB may be deduced 
from this by using the angle OBA instead of OABf that is, 
by writing 6 for 0; and therefore it is 



2 



-^.log,cot(j-f); 

^fm\ Jf , f /TT 0\] 

.'. 2 1 — = — . loff.<cot - . cot I 1 > ; 

\rj 2a ^*\ 2 V4 2/j 

/. fJlf a«(d,0)* = C - 2gJlf a sin 6 

+ ^Jfga log, jcot- cot {^ - -j|. 
At the beginning of the motion d^0 » 0, and 6 ^ a; 
.•. SB C' - ZgMa sin a + ^ Jf^a log, jcot - cot f 1 > ; 
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tan- tan j 1 

.-. §aid,er^2g(mua- sin e)+iglog,^ 7^— ST ' 

tan - tan 



2 



(j-i) 



From which the angular velocity is known when the rod is in 
any given position. 

16. Two weights connected by a fleocible string without 
weighty hang over a fixed pully^ which is sufficiently rough to 
prevent the string sliding. To determine the motion. 

Let w, m\ M be the masses of the weights and puUy, 
the former descending. Mh? the moment of inertia 
of the pully about its axis. The equation of Vis J \ 



Viva applies, because the friction between the string 
and pully is rolling friction. 



v^ 



•m- 



w ^ Amy w' ^ Am\ a a= length of the string, i 
h =a radius of the pully, Q = the angle through £ 
which the pully has turned while m descends from 
A to its present position ; 

.-. w^hQ, and j? = a-a?'; 
and .*. diOB^hdfiy and diW^-^diX. 
Now, 2(mv^) = midiwf + m' {dtxf + Mk^{diOf....kri. 203, 



f ^\ 

And 2 \m{Xdw + Ydy + Zdz)} = mgdw + m'gdw' 

= (m - m')gdw; 
.-. 2 {mf(Xdaf + Ydy + Zd%)] = (w - w')g(<r + C) ; 

.-. I w + w' + M j (dtwy = 2(m - m')g(jv + C). 

But when the motion begins a; = 0, dja?=5 0; and .•. 
C=0; 

.-. f w + m' + J/— 1 (d<a^)« « 2(i» - m')^a?....(l). 
18 
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The student will find no difficulty in completing the solu- 
tion. 

If the tensions of the two parts of the string on opposite 
sides of the pully should be required, we must employ the 
equations of motion. Thus let T be the tension oi Am and 
7^ the tension pf the other part. Then the equations of 
motion for m and m are 

.'. T= mg ^md^Xy 
and T ^ m'g - m'd^a' 
= mlg-^-ni i^w. 

In which we have only to substitute for d^x its value obtained 
by differentiating equation (l). 

The pressure on the axis of the pully 
^Mg-^- T^T 
=s {M + r» + ni)g - (w - ni^d^x. 

17. A cylinder rolls down an inclined plane, the friction 
of which is sufficient to prevent sliding ; to determine the 
motion. 

Let ABC be the inclined plane, a = ABC ; m = mass of 
the cylinder, a = its radius, mlt^ = its >.a 

a* 
moment of inertia about its axis ^m. — . 

2 




X = AP the space described by the 
centre of gravity of the cy- 
linder, 

= the angle through which the cylinder has turned 
about its axis since leaving A; 

.•. X = aOj and dtX = adtO. 

Since the cylinder rolls without sliding, the equation of Vis 
Viva holds. 
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Now 2 (mv^) = m (dtaff + wi*' (dtOy 

= ^ (1 + ^j W^)'. 

Also 2 {m {Xdx + Ydy + Zd%) } = mgd {w sin a) ; 

.-. wifl + — )(d<a?)* = 2m^(a? sina + C). 

But at the beginning of the motion d^a? = 0, a? = 0, and 
.-. C=0; 



.-. ( 1 + 1 1 (^«^)^ = ^g^ sin a. 



The student can complete the solution. 

If the magnitude of the friction necessary to prevent 
sliding be required, denote it by F and employ the equa- 
tions of motion. By the principles of translation and ro- 

F 

tation, we may suppose — and g sin a to be applied at O the 

m 

centre of gravity of the cylinder ; and since O has described 

the same space as P by the nature of the system, therefore 

for the motion of O we have 

F 

diX s £" sin a . 

And for the motion of rotation, supposing O a fixed 
point, we hiave 

,«/. Fa 
dtd^ ; 

]^ 

.•. d^w ss ^ sin a . dfO 

a 

^gsina^ — .dt^af; 
or 

gAna 
" d> = 2 3» 

which leads to the same result as before. 

18—2 
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F - mg sin a - md^x 
k^ sin a 

If /I be the coefficient of sliding friction, the sliding 
friction ■» fi . pressure. Now the pressure = mg cos a, con- 
sequently the sliding friction =« /a . wg' cos a. The body will 
consequently not wholly roll unless 

- k^ sin a 

fi . mg cos a be > mg . — 



o» + &*' 



or tan a < /li 



hty 



unless this condition be satisfied the body will partly roll and 
partly slide. 

18. A body J terminated ct its lower extremity in a curve 
surface^ rests on another curve surface in a position of stable 
equilibriumj and is slightly disturbed; to find the time of 
titubatUm. 

The time of titubation is the time of making a small 
oscillation. 

Let the plane of the paper passing through G the centre 
t)f gravity of the titubating body be the 
plane of titubation ; PCj Pc the sections 
of the surfaces made by it: A^ B the 
centres of curvature of PC, Pci C^ c 
points which are in contact when the body 
is in a position of equilibrium; draw GM 
perpendicular to AC, which is vertical. 

Q cs the inclination of jBc to the ver- 
tical or AC produced, 

m 8 mass of the titubating body, 
mlc^ ^ its moment of inertia about Gj 
R^ACj r = Be, Gc^hy i « AM, y = MG. 
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Theni?. L CAP ^ PC^Pc^r. lPBc. 
But Q = CAP + PBc ; 

.'. PAC^-^. 

Now x^AB cos BAC - BG cos d 

= (jR + r) cos |— 1 - (r - A) cos d 

= («+.r)|l-i.^^,}-(r-A)(l-i0'), 
by expanding and neglecting 0*, ^, 






If the greatest value of d be a, the value of a? at the 
beginning of the titubation 



\R + T 7 2 



Hence the space fallen through by G 

Now because the body rolls without sliding, the equation 
of Vis Viva holds ; 

/. 22{w/(Jrd^+ &c.)} -mg (-^— - A ) (a^-fl')...Art. 203. 

But S (wtj^ = w» { (d,xy + (d,y)*} + mk'- {dfi)\ 

Rr 



and d^x = ( ^ k ) Od^Qy 



the square of which may be neglected^ being of a higher order 
than e\ 
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y^ABrin BAC --BGrnO 

K + T 

.'. df^ B hdi0 ; 
.-. 2 (ffic*) - mh* (dfi)* + m ** (dfiy ; 

.'. (A* + k") {dfif^g (^ - a) («» - ff) ; 

This being diflTerentiated and divided by 2 (A* + &*) d^0 gives 

This being of the form pointed out in Art. 152 as the equation 
of vibration, we know at once that the time of titubation 



TT 



v^ 






Wherefore the length of a simple pendulum which would 

oscillate in the same time is ^ . 

Rr 

— h 



R + r 



19* To one end of a string which passes over a rough 
Jiwed pully is fastened a weight, the other end is wrapped 
many times round a heavy cylinder. Determine the motion 
when the cylinder and weight are permitted to descend. 

Let P, Q be the masses of the weight and cylinder, 
JIf the mass of the fixed pully, 6 -its radius, j^^-^ 
a = the radius of the cylinder : T the tension ^V ^ 

of BPy T' that oiAQi w^ BP, a! = AQ,, and 
0, the angles through which the cylinder and ^ 
pully have revolved, in the time t from the be- ^ 
ginning of the motion. 
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For the motion of P^ we have 

^t^-^g-p (1). 

For the descent of the centre of gravity of the cylinder 

^t^'-g-^ (^)- 

For its angular motion 

c^e=54 (3)- 

For the angular motion of the pully 
^t<t>-- feSr- W- 

These are all the equations of motion; but there are 
geometrical conditions to which the variables are subject. 
Thus, the velocity of P must be equal to the velocity of 
the circumference of the pully ; wl^ich property furnishes the 
equation 

dttV =i bd^d): 

also, as the string is unwrapped from the cylinder it is em- 
ployed in increasing the lengths of BP and AQ; and therefore 
the velocity of the circumference of the cylinder arising from 
its angular motion is equal to the sum of the velocities of P 
and Q, that is, 

adtO = diW + d^^ . 

This and the preceding equations being differentiated, give 

d^a? = 6d^0 (5), 

oc^e = d?a? + dy (6). 

Substituting in (5) from (l) and (4), we have 
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and substituting in (6) from (S) (1) and (3), we have 

T T 

These two equations furnish the values of T and T\ and 
shew that they are constant ; being substituted in equations 
(]) (2) (3) (4), we see that the descent of both P and Q is 
uniformly accelerated ; as are also the angular motions of the 
puUy and cylinder. With this help the student will be able 
to complete the solution. 

20. On a rough horizontal plane revolving uniformly 
about a vertical axis a rough sphere is placed: determine 
its initial motions j and shew that its path in space will be 
a circle. 

Let O be the point about which the plane revolves; 

Ox^ Oy co-ordinate axes fixed in space; 
P the place of contact of the ball at the 
time t\ Xy y its co-ordinates. Suppose the 
plane to revolve from x towards y. 

Fj G the friction parallel to Ox and Oy 
respectively. 

CD B the angular velocity of the plane. 
a B the radius of the ball, m *= its mass, 
mft^ « its moment of inertia about a diameter, 
r^OP. 

For the motion of the centre of gravity of the ball we 
have 

d? X «= — , d{y = — . 
m m 

To determine the angular motion of the ball, we may 
suppose its centre of gravity fixed. If then wj, ^2, be its 
angular velocities about axes through its centre parallel to 
Ox and Oy, the former being estimated in such a direction 
as would elevate Oy above the paper, and the latter to elevate 
Ox above the paper : then 
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diWi = 



and difOi 






Art. 552; 



a a 

/. dta?= — (ftju + C), d^y = — (ctf, + C). 
a a 

Now the linear velocity of the centre of gravity of tlic 
ball due to the rotation of the ball is 

— actfg parallel to Oa, 

-awi Oy, 

and the linear velocity of the centre of gravity due to the 
rotation of the plane, is 

- wy parallel to OtV^ 
tax Oy\ 

.'. d^w = — o) y — a CU29 
and d^y = (tfo? — 0(tfi, 

or, by eliminating oii and a>o, 

'adt^xf 



(adiX \ 
dtOf^ --wy-a ( — - - Cj , 

diy^wX'-a (--^- - Cj; 

.-. (1 + Ti) dt^= ^C -coy, 
and 1 1 + ~) d^y = aC + ft).v ; 



eliminating t^ we have 

aCf + wx 

aC-(oy 
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.'. 2aCy - wf^ = 2aCm + wa^ + C, 
or ar + y^ + j? y + — — 0, 

w to iO 

which is the equation of a circle. 

We have to determine the values of the constants C, 
C C \ to do this we must consider the initial circum- 
stances of the motion. Let the axis of o^ be in such a 
position as to pass through the point where the ball was 
first laid upon the plane ; and let the distance of this point 
from be 6 ; at that moment diw s 0, oi, « o, and therefore 
C B 0. To find C we must consider that the roughness 
of the plane is such as to admit of no sliding, and conse- 
quently the, instant the ball touches the plane, it is put into 
such a state of motion as enables the combined motions of 
rotation and translation to keep pace with the plane. Con- 
sequently, the initial friction of the plane strikes the ball 
a blow parallel to the axis of y. Let this blow be / ; this 
being applied to the centre of gravity, gives a velocity 

parallel to the axis of y b — (Art. 34) ; and an angular 

velocity about an axis through the centre parallel to Oib 
la ^. ^ 



mh^ ^"" 


u ss 


OOJ, 




Hence, 


as 


before 








m 


la'' 
mk 






I 

tn 


(ob 



^■^i^ 



1 1 'x ^^ WOft 

.-. angular velocity = s . 

mlr a* + kr 



This is the first value of wu and the first value of d^y 

. I 
IS — ; 
m 
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wb ^ ( wab 






a 

But when y « 0, a^ = 6 ; .*. C" = - w 6* ; 

.•. j?^ + y^ = y, 

which is the equation of a circle whose centre is 0. 

The initial motions are known from what has been done 
above; for the instant the sphere touches the plane, the plane 
communicates to its centre of gravity a velocity, parallel to Oy, 
equal to 

/ wbh!" 

m a^ -^ k'^ 

and gives it an angular velocity equal to 

la wdb 



or 



about an axis parallel to 0<r. 

21. A rough body is placed with its Jlat surf ace upon 
a rough board, and this lies upon a smooth horizontal 
plane. The board is projected along the plane with a 
given velocity. Determine the motion of the body and 
board. 

For simplicity, we shall suppose the vertical plane which 
passes through the centres of gravity of the body and board 
to be parallel to the line of projection. 

Let OA be the intersection of this vertical plane with 




^m 



the horizontal plane. It will simplify our equations without 
diminishing the generality of our investigation, if we suppose 
G, G' the centres of gravity of the board and the body to 
have been at the moment of projection in the same vertical 
line; let this line meet the plane in 0. 
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0? = OG^ x = 0G\ u = velocity of projection, 

m s mass of the plane, m » mass of the body, 

II = coefficient of sliding friction between the body and 
board. 

Then the friction » turn g^ which retards the board and 
accelerates the body. The retarding force upon the board 

is which beiniP constant, we have 

m 

a:^ut''f^^!^t^ Art. 62; 

and .'. dtW = w 1. 

m 

The accelerating force upon the body is [kg^ which being 
also constant, we have 

of ^^.f^ Art. 59; 

and .*. di3D &= iigt. 

The sliding friction acts as long as the board moves faster 
than the body, and ceases the instant these are equal: the 
time when this happens will therefore be found from the 
equation d^x = d<^', or 

amg 

u t'^figi; 

m 

mu 
.*. t 



At this moment a^a? = /ngt = , . 

m +m 

With this velocity the board and body will go on toge- 
ther for ever: the space described before the system attains 
this state 



1 ^ f ^ y ^' 
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22. A body revolves round an axis by the action of a 
constant pressure in a direction always perpendicular to 
a plane passing through the acois and the centre of gravity. 
Determine the position of the point of application of the 
force^ that there may be no pressure on the axis except in 
this plane. 

Let the axis of revolution be taken for the axis of .r, 
and suppose the system to be 
referred to a set of co-ordinate 
axes Ox\ Oy\ 0% fixed in the 
body, as well as to the system 
Ox^ Oy, 0% fixed in space ; the 
planes a?y, x'y passing through 
G the centre of gravity of the 
body, and the plane x'z being 
that to which the given pres- 
sure P is always perpendicular. 
This pressure we may suppose applied perpendicularly at P 
a point of the body which is in the plane x'%. 

OG = «, OM = A, MP = k, the co-ordinates of P at the 
time t; M ^ the mass of the body. 

The pressure on the axis can always be reduced to a 
single force and a couple, but in the present case, since they 
all act in one plane x'x by the question, they can be reduced 
to a single force R acting at some point N parallel to Oa?'. 

I ■= OiV, 9 = xOx'; tT, y, z the co-ordinates of any particle 
whose mass is m, referred to the axes in space ; a?', y', ^ the 
co-ordinates of the same particle referred to the axes in the 
body. Then for the motion of translation. 




- P R 

dtx- - -r^ sin + -— cos©, 
M M 



(0. 



^tV = T^cos© + -rrsin 0, 



(2), 



d^'z = 0. 



5 
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And for the motion of rotation 

2{m(yd^*;jf-iifrf/y)} «- Pcosfl.*- J^rin^.l, 
^[m(zd^^af~afd^«)] »- Psin0. k + RconO.l 
2 {m {xd^y - yd^x) \ = Ph. 

By the nature of the ease % is constant for the same par- 
ticle, and therefore dfz^Oy hence the equations for the rotation 
are reduced to 

^{mzdfy) ^ PkQo^B + Bl^me (S), 

2(iniifdi'/F) = -PA;sin0 + ii/cos0 (4), 

'L{m{xd^y-yd^x)\^Ph (5). 

Now jT = a cos and y == a sin d, which being written in 
equations (l) (2), give 

P R 

a sin ed^^e + acosd (d.fl)^ = ]^sin0 - "jj^cos^ (6), 

and acosO d*9 ~ a sinO (dfiy ^ ~cos0 + --sin0 (7), 

MM 

between which eliminating R, which is unknown, we have 



I ....(8). 



J/ 



•••«^*^-;^-^J 



Again, 
2 (mzd^y) = d^'Zimzy) and 2 {mzd^x) - d^*2 (mjt«). 

But x^ o/ COS0 — y' sin 0, 

and y = <»' sin + y cos ; 

.-. 2 {mzd^y) « dt*2 {m» (j?' sin + y cos 0)} 

= 2 (mzx') . df^ sin + 2 (mzy^ . dt^cos ^ 
= Gd<*sin0 + Pdt»cosft 
So 2 (mzdfx) = Gdt^ cose - M* sin 0. 
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Also 2 \m(xdty - ydtoa)] = 2 (mat^) dtO ^fdfi ; 
/. 2 {m((cdt^y -yd^ai)] =fd^Q. 
Wherefore equation (5) becomes 

am am 
Eliminating R between (3) and (4), we obtain 
Pk = 2 (mxd^y) cos - 2 {mzdt^w) sin 9 
= G (cos di^ sin - sin d^^ cos 0) 

-f -F (cos dt^ cos + sin d^^ sin 6) 
^Gd^^e-FidtOf 
GP FP" 



aM a^M 



f, from (8) ; 



, 2(wig<r') P^{m%y') 
aM a^M^ 

Hence h is constant ; and P descends in the straight line 
PM according to the law of a particle acted on by a constant 
accelerating force. 

23. A straight rod is suspended in a horizontal position by 
two parallel strings fastened to it at given points. Compare 
the tension of one of them with its initial tension when the 
other suddenly breaks^ or is cut in two. 

Let AB be the rod, and CE, DF the strings, at first. 

M = mass of the rod, M1^ its moment 

of inertia about its centre of gravity G. 

CG =» o, DG = 6. Therefore the ten- a 

h Ms A ^ 

sion of CE is before the breakiofi: 

of FD. When FD breaks, let the 
initial tension of CE be T\ and sup- 
pose the centre of gravity G to descend through GG' = « in 




2> 
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the time t ; and the rod to turn through the angle ffCG or 
aC A' ^Qva the same time ; 

/. 8 ^ aO and dtS » ad^O. 

By the principles of Arts. 196, 197, we may consider the 
motion of translation and rotation separately. By the former 
principle the body would descend into the position ab ; and by 
the latter it would, G^ being fixed, revolve into the position A'B\ 

For the motion of G, we have 



and for the angular motion about G\ we have 

Ta 

Mk 



d'O^Vi-.:. Art. 252; 



tension before breaking 6 ft* + as 

tension after breaking a + 6 ' k^ 

24. A free quiescent body is struck by an impulsive 
force : to Jirid the axis about which it will begin to re- 
volve. 

This is called the axis of spontaneous rotation. 

Let a plane be drawn in the body through the centre of 
gravity ; and before the blow is given let this plane be per- 
pendicular to the direction of the impulse / : let P be the point 
in which the direction of the impulse meets the plane : we may 
suppose /communicated to the body immediately at this point. 
Take initial position of 6 as origin of co-ordinates, and initial 
position o{ GP as axis of <r, that of y being parallel to / : put 
GP = »r', m = the mass of the body, twA^ = its moment of 
inertia about axis of x. 
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For the motion of the centre of gravity > we have 

d y= - . ... Art. 220. 

Also if (Wj, ftjg, cwg be the angular velocities about the axes of 
Xy y, «f, we have (by Arts. 200, 253) 

mom. of / about axis of w 
mom. inert, about axis of w 



mom. of / about axis of y 
mom. inert, about axis of y 

mom. of / about axis o{ % Ix 
mom. inert, about axis oi z ml^ 



(Os = 



Thus we see that the angular motion takes place about an 
axis parallel to that of %. Also because G has no motion 
parallel to the plane w%, the axis of spontaneous rotation must 
be in that plane. Let Q be the point where it meets the axis 
of Wf and put GQ = x. Then the velocity of Q 

from translation of G = — , 

m 

. Ix X 

from rotation about G^ w^x ^ — -r ; 

mkr 

I I XX 

.*. whole vel. of Q = — + — -l . 

m mlc 

But by hypothesis Q is in the axis of spontaneous rotation, 
and therefore has no motion, 

/ Ixx 

m mkr 



^ = --; 



X 

or QG.GP^k^. 

The negative sign shews that the centre of percussion and 
axis of spontaneous rotation are on opposite sides of the centre 
of gravity. This determines the position of the required axis; 
19 
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and compared with Art. 26S shews that the centre of percussion 
and axis of spontaneous rotation have the same relation to each 
other as the centre of oscillation and axis of suspension. 

25. A straight rod, moveable in a vertical planCj about 
a hinge at one end^ rests on a peg in a horizontal posi- 
tion. By what vertical impulse must it be struck under" 
neath that it may just rise into a vertical position f 

Let OA be the rod in any position ^ 
of its ascent, being the hinge; let 
0^9 Oy^ the axes of co-ordinates be 
horizontal and vertical. M ^ mass of 
the rod, Mk^ its moment of inertia o^ m" 

about Of m - mass of a particle at P, the co-ordinates of 
which are Wy y. OP = r, AOw — 0, OA = a. Then, since 
the only impressed force in this position of the rod is gra- 
vity, the equation for determining the rotation about O is 

2(mr ) 
Mgof ga cos 

Multiply by 2(f^, and integrate ; 

/. {dfif = C - l^sin 0. 

But if (0 be the angular velocity communicated by the 
impulse, dfi = co when «= 0, and therefore C « oi* ; 

.•.(d,0y- 01* "lysine. 

And by the question dfi s^O when d « - ; 

2 

• • ft) ^ — r~ • 

Wherefore the impulse must be such as will communicate 
this angular velocity to the rod. 
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Let now OA be the beam in a horizontal position, and 
let it be struck at P by an impulse /. Then, since w is 
the angular velocity produced by this action, we have by 
Art. 263. 

I. OP 



mom. inert, about ' 



\/ea I . OP \y 

or — - — s= : 

A?' Mk"' ' 

.'. / = M s/ag. 



OP 



This gives the value of the impulse /. 

If the impulsive stress on the hinge be required, it may 
be found thus : 

Call it S. Then if we apply it to the body at O in a 
direction opposite to that in which / acts, we may consider 
the body as free. Hence, for the motion of G, we have 

OG . o) =» velocity of G 

= — -- Art. 253; 

M 

.\S^ I'-M.OG.w 

\3j \0P OAJ 

26. Prob. a circular hoop has communicated to it a 
velocity of translation, parallel to a given rough inclined 
plane with which it is in contact, and in the downward 
direction, and also at the same time a velocity of rotation 
about its centre. Find the conditions under which the hoop 
will descend to a given point on the inclined plane, and then 
just return to the place where it set out. 

19—2 
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Let m B mass of the hoop, a its radius : a » inclination 
of the plane to the horizon, fi b coefficient of friction, ff s 
force of gravity, w «= distance (at the time t) of the point of 
contact of the hoop and plane from the starting point : u «» 
the given velocity of translation, w = initial velocity of 
rotation. 

(The translation of the hoop is continually retarded by 
friction, which at length destroys all the initial velocity, and 
causes the hoop to return up the plane ; the acceleration of 
the velocity of return by friction continues as long as the 
point of contact has a sliding, motion, and ceases when the 
sliding ceases ; from that moment the hoop rolls up the plane 
till gravity destroys the velocity of translation up the plane 
which friction generated.) 

The pressure of the hoop on the plane = mg cos a ; 

.*• sliding. friction = /m mg cos a; 

.'. retarding force of friction on the motion of translation 

^ lULg COS a ; 

hence d/a? = g* sin a - fxg cos a (l). 

This equation holds until the sliding ceases. 

Again, the angular motion is retarded by ^ mg cos a acting 
at the circumference of the hoop ; if therefore be the angle 
through which the hoop has revolved in the time /, 

j«/i ii.mgco%a.a /i*^ cos a 

"« ^' ^^^i — " :; — (^)- 

ma a 

This equation holds also until the sliding ceases. 

Now suppose the sliding to last for the time r : and inte- 
grate (l) and (2) ; 

.'. d^x ^ g (sin a - ft, cos a) t -{- u (3) ; 

(the constant = w, •.• when / = 0, d^x = u) : 

also did « 1 + w (4); 

a 

(the constant = co, '.* when t « 0, then dfi ^ oi). 
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When / = T there is no sliding at the point of contact, and 

/. 0== dja? + adtO ; 
.'. = g (sin a - /m cos a) t + u — /ngr cos a -^ aw; 

u + ao) . 

••. 'T'^TZ 1 T" (^)- 

(2/ACosa - sin.a)g* 

The velocity of translation at the time r, obtained from (3), is 

u + g (sin a - fi cos a) T (6). 

Now (3) being integrated gives 

w = ^^f'(sin a - /ut cos a) + ut (7). 

No constant is added, because w ^ when ^ == 0. Let of' be 
the value of a? at the time t, 

.-. J?' = i^"^* (s^" a - /m cos a) + Wt (8). 

After the time t the friction is not sliding friction, 
but is just sufficient to prevent sliding; call it jP, then the 
equations of motion are 

F Fa 

diX = fi'sin a and diO = 5 . 

m ma 

But since there is now no sliding of the point of contact, 

^F 

.-. always = djcV + ad|0, and .*. = d, a? + od|*d = g" sin a ; 

m 

F 

••• -"i^'sina, 
m 



and by substitution, 

d^of^ i^sin a; 

wherefore by integration, 

d^w = \gt sin a + C ; 

but when ^ = r, diCO has the value marked (6), 

.«. C = w + ^grr (sin a - 2/ui cos a), 

and by substitution, 

diW = ^g^^ sin a + w + \gT (sin a - S^t* cos a). ..(9). 
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Integrating this, 

X - \gt^ sin a + f«^ + \g'rt (sin a * 2)tA cos a) + C. 
But when t ^r^ w^w % hence from (8), 
\gT (sin a - ^cos a) + t^T B ^^t* sin a + t^r 

+ \gt^ (sin a - 2/ui cos a) + C, 
and C « - i^T* (sin a - 2m cos a) ; 
•'• ^=ig^sina + w^+ i^T(/-^T)(sina - 2/uicosa)...(lO). 

Now the same value of t (the time, from the beginning, 
when the motion ceases and the body has returned to the point 
of projection) which makes ^ » 0, also makes diOB = ; and 
hence (9) and (10) are satisfied together when their left-hand 
members vanish : 

.-. 0«5^/sina + 2w +5^T(sin a - 2/uicosa) (ii), 

and = ^gt* sin a + 2ut + gr (^ -^t) (sin a - 2/ui cos a). ..(12), 
(11) X ^ - (12) gives 

= ^gf sin a + ^^T* (sin a - 2/ui cos a), 
or ^ « T(2MCota - 1),. 

This being written in (11), we obtain 
2u 



sm a 



gTf(2/uiCota-l) - (2/uicota - l)i}; 



,\ 2w« (u +aft)) . {l - (2MC0ta - l)'i] from (5), 
or auj + u ts (ao) - t/) (2/uicota - 1)4... (13). 

But by the question the hoop descended to a given point 
(ar = 6 suppose) before it began to return. Hence the same 
value of t which in (7) makes j? = 6, makes d^j? = in (S). 
We must therefore eliminate t between the equations 

= ^ (sin a- IJLC08 a)t + u 
and b « ^g^ (sin a - /a cos a) + uL 
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Multiply the former of these by -^^ and subtract from the 
latter, 

.'. b = iutf or t = — . 
^ u 

This value of t is the time when the hoop began to return 
up the plane, and being written in the former of the equations 
from which it was obtained, it gives 

2bg , . 

as (sm a - xi cos a) + w ; 

u 

.-. 2/UtCOta-l = r : + 1 (l*)^ 

bg sin a 



and .-. from (13) 

=1 + 



* w* 



bg sin a 



Aiabgw . 

or, (aco — uy = sin a, 

u 

which expresses the relation between the initial velocities of 
translation and rotation ; and being solved as a quadratic, it 
gives 

{uaw)^ = (6^ sin a) J + {v? + 65^ sin a)*. 
With respect to the friction, (14) shews that 

fjt, cot a > Ij 
or jii> tana: 

and therefore the inclination of the plane must be less than 
that at which a body would begin to slide down by its own 
weight. 
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ON MOTION IN A RESISTING MEDIUM. 

293. In the preceding pages, the motion of a body 
has always been supposed to take place in a vacuum (see 
page 54). If a body move in a medium, it displaces the 
particles of the medium as it successively comes in contact 
with them. Momentum is thus communicated to them and 
lost by the body (Art. 27). Hence the resistance of a 
medium is of the nature of a retarding pressure, taking 
place in a direction opposite to the motion. If we reckon 
this pressure among the forces impressed upon the body, 
we may consider it as moving in a vacuum, and apply the 
methods employed in the preceding articles. It is found, 
by experiment, that the retarding force of a medium, for a 
given body, varies as (density) . (velocity)* when the velocity 
is nather very great nor very small. We shall^ therefore, 
in general, represent it by kv^-^ k being a quantity de- 
pending on the form of the body and the density of the 
medium, and v being the velocity of the body. 

294. It is to be observed also, that if a body whose 
volume is F, and density p be within a medium whose den- 
sity is p\ and be subject to the action of the force of 
gravity g\ then 

pressure of the body downwards = Vgp^ 
medium upwards = Vgp -, 

.'. moving force on the body downwards = Vg{p - p'), 
and the mass of the moving body = Vp ; 

.*. accelerating force on the body downwards 



= ^ (l -^j Art. 23. 
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This quantity we shall always represent by g ; it is 
called the force of relative gravity. 

Notwithstanding the retarding force of a medium varies 
as the square of the velocity ; we shall sometimes, for the 
sake of examples, suppose it to vary according to other 
laws. 

295. Prob. a 'particle acted on by no forces is pro- 
jected in a uniform medium^ the resistance of which varies 
as the velocity ; to determine the motion. 

Let u a the velocity of projection, and s the space de- 
scribed in the time t. Then, since the resistance acts in a 
direction opposite to the motion, it will not make the body 
deviate from the direction in which it is at any time moving : 
consequently, the path will be a straight line. And the 
equation of motion is 

diS = - kv^ 
= — kdiS ; 

• *. CLiS ^ C» "^ fCS* 

But when « = 0, dtS ^ u; .'. C ^Uy 

and dtS = u ■- ks; 

kdfS 

. I/' »— ^— ^_^— _- . 
. . /i? = , 

u — ks 
/. kt = - log^ (u - ks) 4- C. 
But when ^ = 0, « = 0, and .-. C = log u ; 

^'u-ks 

.•• « = -.(!- e'% 

and dfS = ue~^. 

The last two equations determine the space described, 
and the velocity, at any given time. 
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296. If chords be drawn from either ewtremity of a ver- 
tical diameter of a circUy the time of descent down each of 
them will be equal to the time down the diameter. 

Let g be the relative gravity (Art. 294), a - JB, a « 
ABC9 and let s «= space descended from C 
down the chord CB in the time t ; 

.'. di^s m g cos a - kd^s ; 

and /. d^s = g' cos a . / — ks^ by inte- 
gration, no constant being added because 
d^Sy t and s are zero together. 

We may integrate the first equation otherwise; for by 
division 

kd.^s 

g cos a - kd^s ' 
/. kt^ - ^^SeiS cos a - kdts) + C, 
when / « 0, d,* « ; and .•. C = log^(g'' cos a) ; 

.-. *^ = log^ ^^^"y . ; 
^ cos a -- kd^s 

.*. g' cos ae"** «= g^' cos a - Ap(f^« 

= ^' cos a - & (^'/ cos a - A «) ; 

.*. k^s «= ^' cos a (kt + e"** - l). 

When the body arrives at the bottom of the plane 
« <s a cos a, and 

Consequently t is constant ; for being independent of a, 
it is the same for any one of the planes as for the diameter AB. 

The same property holds in a vacuum; see Art. 67. 

297. -4 body^ acted on by gravity^ is projected from a 
given point with a given velocity and in a given direction in 
a medium^ the resistance of which varies as the velocity. To 
determine the path of the projectile. 
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Take the point of projection for the origin of co-ordinates, 
the axis of <r being parallel, and that of y perpendicular to 
the horizon. 

u = the velocity of projection, 

a = the elevation of the direction of projection, 

/Vf y the co-ordinates of the body at the time tj and 8 the 
length of the path described, 

Q ts the inclination of the motion to the horizon at the time t. 

The retarding force of the medium = kd^Sy which being 
resolved, gives 

kd^s cos « kd^8 • d,a? = kd^^v 

parallel to <r; and similarly kd^y parallel to y; 

.'. d^m = - kd^Wy 
and d^y = — ^' - kd^y, 

The first equation we have shewn how to integrate in 
Art. 2^5^ and by proceeding in the same manner, we have 

u cos a , w. 

a, ^_(i-e-«). 

The second equation may be put under the form 

which is of the same form as the first, and may be integrated 
by the same method ; 

But when f = 0, y = 0, d^y = u sin a, and therefore C = 

t^ sin a + ^ ; 
k 

.-. d,[y-^-)-u.ma^^^-k[y^-). 
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Dividing this equation by its right-band member and inte- 
grating, we have 

kt^ " \ogAu sin a + ^ - A;(y + ^j i + C. 

But when ^ = 0, y = ; and /. C = log^ [ w sin a + ^ ) ; 
-'- ky + gt ^ f tt sin a + j (l - e~*0 



(«8ina + |). 



ktV 



t^cosa 
u cos a 



But / = - log -— ; 

K u COS a — kw 

g g I hx \ 

.-. y = (tan a + 7— sec a) a? + 7^ log 1 , 

kn AT V u cos a J 

the equation of the path of the projectile. 

298. By expanding the expression for y^ we find 

^'sec^a , A:^'sec'a . 
^=:<rtana ^ or — or ^ 

which coincides with the equation in Art. 76 when & = 0. The 
terms containing k shew the effect of the resistance of the 
medium upon the path of the body. 

299. Since the logarithm of a negative quantity is imagi- 
nary, and of zero negative and infinite, the 

value of w cannot exceed — cos a, and when 

k 

iV = — cos a, y = — 00 ; consequently this ^ 

ordinate is an asymptote to the path : it is 
represented by EZ, 

w may increase in a negative direction without limit, but 
there is no asymptote to that branch of the curve. Also, 
since 
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dgV = tan a + ^ sec a - ^ . -— , 

ku k uco^a-^kx 

the inclination of the path to the horizon when <r s -. oo, is 

tan"^ (tan a + ^ sec a). 

ku 

300. The range AB on the horizontal plane may be 
found by making ^ = in the equation to the path. 

Also by making d^y = 0, we find 

u^ sin a cos a 
g -h A;i^sina 

which therefore gives the greatest altitude y 

u , g ku , ^ 

" ifc ^^" "* ¥ ^^' £^ ^^° '*^' 

301. Let the tangent at P be produced to meet the asymp- 
tote in T. Then 

PT = {AE - w) sec 9 
= f— cosa - a? I dg* 

(u \ diS di8 

k J ditV k 

•.• dtOf = u cos a •- kw ; 
.-. the velocity = k . PT oz PT. 

Consequently the velocity at any point is proportional to 
the length of the tangent intercepted between the body and the 
asymptote. 

Also, since 

ky-^-gt^ fwsina+^j (l-e"*'); 

.*. kd^y + ^' = {)cu sin a + g"') e "*'. 



.8 
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Consequently the ultimate value of d^y is — ~ , which is 

therefore the ultimate value of the velocity of the body. Hence 

the ultimate value of PT is j^ . 

At 



302. A heavy body descends from rest in a medium^ 
the resistance of which varies as the square of the velocity ^ 
to find the space described in a given time. 

Let s be the space descended in the time t ; 



.-. \/k = -7 



\/kd,' 



s 



g-k (d,Bf ' 



Wg s/g - \/kdtS ' 

No constant is added, because when t = o, dfS = 0i 

.'. ks = log^(e^*^« + e-'^'^) + C. 
Now when ^ = 0, « = 0, and therefore C = - log^ 2 ; 



/. *« = log. 



2 



303. -4 ftody is projected vertically upwards in the air, 
the resistance of which varies as the square of the velocity ; 
having given the velocity of projection, find the height to 
which it will ascend^ and the velocity with which it will 
return to the point of projection. 
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Let A be the point of projection, B the point b 
to which it will ascend, P the place of the body at 
the time t from leaving A, 

u = the velocity of projection, u = the velocity ^ 
with which it returns to A, 



-p 



B = -4P, « = the velocity at P. 
Then the equation of motion for the ascent is 

or since d^s = v, 

• 9 =a 



and 2« « - - . log^ (g*' + A;tj') + C. 
k 

But when « = 0, v = «^, and /. C = 7 . log^ (>' + A:w*) ; 

1 _ £•' + A;«** 
k ^*/ + A;«« 

At the point B, s ^ AB and v = ; 

2k ^^ \ g ) 
For the descent. 

The body begins to fall from rest at J?, and therefore 
calling BPf s, the equation of motion is 

d^^s ^ g - k (dfSy^, 
or if v' be the velocity of descent at P, 

v! d^v ^ g' — kxl^ \ 

• 9 S — 
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and 2« - - -log, {g - kv'^ + C. 
At £9 « a> and v' = ; .-. C = - log^g*' ; 

AT 

••• 2« - -. log, , ,—« • 
K g" — e» 

Now at ^, » = ^5, and »'=«'; 

1 e 

2a; g — KU* 

g' * . 



• » 



1 1 * 

t^* vr g 
from which t^' the velocity of return is known. 

304. A bodyy acted on by gravity, is projected from 
a given point with a given velocity and in a given direc- 
tion, in the air, the resistance of which varies as the square 
of the velocity. To determine the path of the projectile. 

Let us use the notation of Art. 297, then the equations 
of motion are 

di^w 5= - & (disy cos = - A; (dtsydgOfy 
and d^y ^ - g -k {d^s^ sin 9 ^ ~ g - k {dtsy d,y. 

These equations will be rendered much more simple by 
changing the independent variable from t to w. By this 
means they are reducible to 

-j—^kd^s, (1), 

d,t 

and dfy^-g'idjy (2). 

The former of which by integration gives 

^oge (dj) = Aj« + C. 
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But at the point of projection « =s o, and d tm ; 



' u cos a 



••• (7 = - log^ (u cos a), 
and log^ (dj) + log^ (u cos a) = &«; 

/. d^t^ (3). 

u cos a 

Hence by substitution in (2) 

rf/y«--r^-^*' W- 

w' cos a 

Write p for d,y, and multiply both sides of this by d,8 
or vl +p% 

u COS a 



consequently, by integrating this, 

C + p x/ l + p« + log,(p + x/TTT) = "- ' .n.3 ^ 

/ifw cos a 

.•.-^^ = -.— cos^o[p\/l+p- + log,(p + Vl+p^) + C}...(5). 

Now if S be the length of the arc described by the 
same projectile in vacuo, comprehended between the point 
of projection and the point where the inclination of the 
path is the same as at the extremity of the arc s in the 
medium, then by Art. 82, 



2k 
.'. 2A« = log^(l + 2kS) (6). 

The equation of the curve described by the projectile 
must be determined by substituting d^y for p in equation 
(5), and then integrating. No method, however, of effecting 
this integration in finite terms has yet been discovered, al- 
though the problem before us has exercised the abilities of 
20 
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the most celebrated writers on Mechanics, in consequence of 
its great importance in the Science of Gunnery. 

305. From equation (6), we learn that 8 and ^S^ in- 
crease together, but S much faster than s ; and that they 
are infinite together. Now we know that when S is infinite, 
p is also infinite. Consequently, the descending branch of 
the curve is ultimately vertical. To find the ultimate value 
of <r, let us suppose p very large. Then by differentiating 
the equation (4), or 

tt'cos a 
we find 



• • 



B= 2kdgpy/l + p^ 

■ 2kpdjgp ; ••• p is very large ; 
d,p « kp\ 

no constant being added because it vanishes compared with p\ 
Dividing by p* and integrating, we find 

-^ Cf - ka. 
P 

Since this equation is true, when p is not infinite but 
only very large, C is necessarily finite; and when p is ac 
tually infinite, 

i 

Consequently, if AE be made equal to f 

— , EZ which is perpendicular to AE, will 

be an asymptote to the descending branch. 

306. In the ascending branch s and S are both nega- 
tive, and equation (6) becomes 

-2&« «log(l -2&*S), 
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which shews that s will be infinite when S has the finite 

value — r. 
2k 

If, therefore, in a negative direction, we take an arc of 
the common parabola, which is the projectile in vacuo, equal 

to — , the tangent at its extremity will be parallel to the 
^ fc 

ascending branch at an infinite distance. This proves that 

the ascending and descending branches are dissimilar, the 

body rising obliquely and ultimately descending vertically. 

From equation (5) it appears, that when 8 has a very 
large negative value, p is very nearly constant; 

/. d^y = A nearly ; 

which being true when w and y are not infinite, but only 
very large. A' must be finite; and consequently the as- 
cending branch haii an asymptote whose equation is 

y =a Aw + A\ 

3(yj. In the practice of gunnery, p is always small, and 
consequently, we may neglect terms which contain higher 
powers of p than p^. Hence, 

trcora 

= (I + iP*) <*.? ; 

But when 5 = 0, p = tan a ; .*. C » tan a ; 

.•. e*"* = 1 + — r-cos* a (tan a - p). 

g 

Substituting this in equation (4) 

d,p (= d/y)=- ,^, - 2k (tan a -p) ; 
^ ^ tt^'cos^a 

20—2 
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.'. d,p - 2ifep = — ( 2ife tan a + -5^-5— ) . 

\ u cos'o/ 

Multiply by c** and integrate; 

_ - _ ffsec^a 

But when af ■« 0, © « tan a ; /. C « — , ^ ; 

.-. d.y(-p)-taiio-^^J^(e«'-l); 

(/?•' sec* a\ ^'«** ^ 

JOT 

But when ^ s 0, y b ; and .•. C =» -fr2 



4ife*u* cos*a ' 

.-. y-^ tana+^— -^ "TIT^ T' 

\ 2ifew* / 4&*w'cos*a 

which is the equation of the projectile. 

308. A body momng in a resisting medium is acted on by 
a force in parallel lines ; to jind the resistance that a given 
curve may be described. 

Let the axis of y be parallel to the direction in which the 
force acts, and represent the force acting at any point .ry by 
Y and the resistance by jR. Then the equations of motion are 

d^r = -- Rd^cD (1), 

and dly == F - Rd^y* 

Eliminating R we have 

d^wd\y - d^yd\x = YdiW ; 



dtOBd^y - dtyd^^ x Y 



.', (diX)^ — J J , 



Y 
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\dgyl 



and substituting this result in equation (l), we have 

Y 



ii=-id.«d.(^). 



309. If the resistance vary as the product of the density 
into the square of the velocity^ to find the density y that a 
given curve may be described ; the Jbrce acting as before in 
parallel lines. 

Let JZ 8 Qt)^ s Q (dfSy; then the equations of motion are 

d^of « - Q(5^)*d;r« - QdfSdgEC (l), 

d,'y^r--Q{dtsyd^^Y^Qd^sda. 

Eliminating Q between these equations, we find 

diX diy - d^ dix -= Yd^x ; 

^ djOf d^y - d^ d^w Y 
•*• '^^ {d,wf " (d^wf' 

Y^ 

dj^y 

and by differentiating this equation 

Y 2 dt^x 
^t^^Se IT = -^ — "= - 2Qdt«, from (1); 
d^y dfps 

.-. Q = i d, log, -^. 

310. On Me same supposition^ if the density be given^ 
we may find the force by which a given curve may be 
described. 

For from the last found equation 



.•.log,--2~=2log,dt«?5 
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311. The velocity at any point is that which is due to 
one fourth of the chord of curvature at that point. 

The equations of motion are 

dty^Y^Rdgf-Y-R^. 

afi 

FilitniiwtiBg Mf we get 

YdflmdfOfd^y ^diyd^M'y 

X d^ a^ d^^y — d^ dfm ^^ 

.'.(dfY^Y.p^^Y.pd^ 

m 2F.^ (chd. curv.). 

Consequently the space due to the velocity is equal to one 
fourth of the chord of curvature. 

312, A body moving in a resisting medium is acted on 
by a central force ; to find the resistance that a given curve 
may be described. 

Let us use the notation of Art. 107. The equations of 
motion are 

(le'^ --/'-- «d,a? =- F- -i?^, 
r r dgS 

and d,«y = - F?? - i?d,y = - F?? ^ J?^. 

r T d^s 

Multiply these by d^y and dim respectively, and subtract; 
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F 

.*. diwd^y - d^ydtOB = — (atdiy ^yd^ai) ; 

T 

or, i — — = — .|?dt« from Diff. Calc. 
p r ' ^ 

^ r ^ r 

--F^pV (0- 

Again, eliminating F from the equations of motion above 
given, we have 

But a?dt^y — ydt^w = rf| (/pcf^j^ — ydtw) 

^dt(pdt8); 
.*. — Rp = d^ (pd^«) ; 
.-. - 2jRp* = 2 (pdts) dg(pd^8) 
^d,{pd,ey 
^ d^(Fp%r) {vom (1) ; 

d,(Fp%r) 



.% fi = - 



2p* 

313. If the resistance varies as the product of the 
density into the square of the velocity, 

let R^Qv^ 

« QFpdpVy from (l) ; 



.-. Q=- 



d^(Fp'd^r) 



9,Fp^d^r 
«-id,log,(Fp»d^r). 
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If t* be the force by which the curve may be described 
in vacuo, then 

"^ '^ Art. (118); 



9' 

F 






.-. Q - - id, log, (^) 



314. Having given the density , tojind the central force 
by which a given curve may he described ; the resistance 
varying as the product of the density into the square of the 
velocity. 

We have shewn that * 

Q«-id.log,(FpM^r); 
•• 2 ^ Q + const. = - log^ {FjPdfr)y 
whence Fp^d^r « Cc"*-^-^; 

drP 



and .-. F^Ce-'f'^. 



f 



«r. «-«/•«.. .Art. (118). 

315. On the same supposition^ having given the density 
and for ce^ tojind the orbit. 

The equations of motion are 

w d»w (D 

d,«ar - - F- - JZ-f- = - F- - Qd,sd,w, 

r d^s r 

d^^y^^F^-R^^^F^-Qd.sd.y; 
. r d^s r 

.'. ad^y - yd/.r « - Qd^s (jvd^y - yd^x). 
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Dividing by wd^y - yd^oe^ and integrating, we have 

loge i^^tV - y^t^) = - X Q + const. ; 
.*. ofd^y — ydiW « Ac"-^'^, 
or pd^8 =s he"^'^. 

Again, eliminating Q from the equations of motion, we find 

F 

diOfd^y - diyd^tV « — {(fod^y - yd^x)^ 

T 

{dtsf F 
or ^^ — ^ «=s— prft«; 
/> r 

.'. Fp^dpr^p*(dt8y 

or /" « — -— . e ^'^ 
P 

Now — = w* + {d uf ; 
.-. - -^ = (^^ + d/t^) d^u ; 

p »e^ 

316. To Jind the time of oscillation in the arc of a 
cychidy whose aads is vertical and base horixontaly the motion 
taking place in a uniform medium', the resistance of which 
varies as the velocity. See Art. 156. 

Here the resistance — A;v ; and employing the usual nota- 
tion for the cycloid, 

d^s = "-J* 8 + *^« 
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But in the descent « » ^dfS; 

.*. dt*« + *di« + Y« « 0......(i). 

When the body ascends through the other arc of the 
cycloid after passing the lowest point, if a be the arc ascended 
the equation of motion for the ascent is 



djVes — -r-gf'— *v- 



But V B i^s^ and «'«-*«, therefore this equation be- 
comes 

-d/^e + ^.g-' + id^*, 

which is the same as before* Hence equation (l) is true both 
for the ascent and descent. Since it is a linear equation of 
the second order, its integral is 

« = €?-**« (^ sinA^ + jBcosAQ (2), 

h being such a quantity that ^^h^h \/- 1 are the two roots 
of the equation 

L 

and .-. A«=^ . 

The roots are imaginary^ because h is supposed to be less 
than 2 [ y j . 

In order to determine the values of the arbitrary constants 
A^ B9 let us differentiate equation (2) ; 

.-. diS^e ■**' (hJ cos ht - hB sin ht) 

- ^ie"*** {A sixiht-k- B cos ht). 

But when / = 0, d^« = ; 

.-. O^hA'-^kB. 
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And if /3 be the length of the are of descent, then when 
/ = 0, 5 = j3 which being written in equation (2), gives 

A *^ 

3 
.-. 8^ ^(ksinht + 2h cos ht)e'*^ .-(S), 



and d,« = - I A +— r) /Se"*** sia ht 



^, .e-***sina^ (4). 

hi 

Now at the beginning and end of each oscillation diS a o, 
and therefore sin ht ^0; 

.•. ht i=i)y TT, Sttj S-tt, • 

and therefore the time of an oscillation 



'""''W^- 



This being independent of the magnitude of the arc of 
oscillation, shews that the cycloid is tautochronous in this 
medium as well as in a vacuum. 

317. The velocity will be a maximum when 

e^^^ sin A^ is a maximum, 

or when « e""*" (h cos ht — Jfc sin ht) ; 

2h 
.'. tan hts=i — ; 

k 

.-. sin A/ = A I—, J and cos A/ s -1 — ) ; 

« 

and .•. when * 



^i(l,) V&Mt) . 
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318. At the lowest point s ^0, and k sin ht + 2 A cos A^ 
-0; 

2A 
••. tan ht » — r- , 

k 

2h 

or tan (ir - A/) «» T" • 

ib 

Hence if if' be the time when the velocity is a maximum, 
and t'' the time of passing the lowest point, 

TT — hf C8 A/ ; 

A 

■> time of an oscillation 

But 7 — i' is the time of ascent ; consequently, the time 
of aseent is equal to that part of the time of the descent which 
is spent in acquiring the maximum velocity. 

The velocity at the lowest point 

= ^c-**^sinA^". 
hi 

But sin hi' « sin ht\ and therefore 

vel. at lowest point c***' .u(r-o 
maximum vel. c 

319. By writing ir for ht in (S), we have the arc of 
ascent 

an arc of descent ^ 
• - — c^. 



next arc of ascent 



This being a constant ratio, the successive arcs are in 
geometrical progression. Hence the whole space described 



before the motion ceases 



RESISTING MEDIUM. 317 



= jS + 2j3c~ 2A + 2/3c* a*" + 



ca* - 1 

320. To determine the same as in Art. 316, the re- 
sistance of the medium being supposed to vary as the square 
of the velocity. 

In this case the retarding force of the medium s Arv^, and 
therefore the equation of motion for the descent, is 

d^s = — 7 -g' + A?w*. 

But — d^s « u ; 
A — d^s = d^v e d,v . dj« = — vdjU ; 

The same equation will be found to be true for the ascent. 
Multiply by 26"** and integrate; 

(2A« +!)§•' __2j. 



2&«f 



. e-""* + C. 



But when 8 = 13, v => o, and 



2Ar*/ 2A;*/ 

It does not appear that this equation admits of integration 
in finite terras ; we may, however, obtain approximate results 
when the density of the medium is small, by expanding 
g-2fc(^_*) ^g £^ ^g terms containing k^. 
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By this means we find 

fg\i ^d^s . kfft-s' 



(f)-^-!-i(|^)<'^")-!= 



... (C)'... 



i , ,8 k(3-8)\ 



fi S((i + 8)h' 

No constant is added, because i ^ Oy when 8^ fi. ^ When 
« «= a, let t ^f ; 






Consequently the excess of the time of descent above that 
in vacuo, omitting the effect of buoyancy, is 

331. To determme the motion of a body acted on by 
gravity, and de8cending in a circular arc in a uniform 
medium, ,the re8i8tance of which varie8 a8 the square of the 
velocity. 

Let a s the radius of the circle, then the force of gravity 



8 



down the arc ^ g' sin - , and the retarding force of the me- 



a 



dium = kv^, consequently the equation of motion is 

vd^v s= — £"' sin — h kv^, 

a 

or ijd,v — kv^ = — g^' sin - , 

which is true both for the descent and ascent. 
Multiply by 2e'"^ and integrate, then 

(1 +4fc*flOf>' = 2ag-'(cos- + 2aA;sin-) 

\ a a) 

j8 being the value of a vhen the motion commences. 
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322. If the value of )3 be such that 



COS — + 2ka sm — = ; 
a a 



or ^ka s tan 



(!-f)- 



then v^ = 2aff sm — sm | - sm - ) . 




S 
Now if the angle BJC = — , and a body begins to de- 

scend in a vacuum from C, acted on by an accelerating force 

ff sin — in the direction AFy then at any point P, 
a 

Q 

its (vel.)* = 2g sin - . a sin PJC 

d 

ss 2 aff sm — sm f ^ 1 

^ a \a a) 

= (vel.)^ in the resisting medium. 

Consequently the motion of such a body in vacuo will 
be the same as that of the body in the medium. 

323. The general equation of an ellipse referred to its 

focus as origrin beins^ r = -r-^ , in which there are 

three disposable constants a, e, cr, it can be made to pass 
through three given points, while it retains a fixed focus. 
Now the tangent of a curve depends only on two consecutive 
points, and the curvature depends only on three consecutive 
points ; consequently we can always find an ellipse having a 
fixed focus which shall have the same tangent and curvature 
at a proposed point as a given curve. Hence whatever be 
the nature of the orbit which a body describes round a fixed 
centre of force, we can at any time suppose it moving in an 
ellipse which has a common tangent with the actual orbit, 
and the same curvature. This may be expressed by saying 
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that the orbit is an eUipse, the dements (viz. the axis major, 
eccentricity and position of the axis) of which are continually 
varying. 

324. Paob. a body moves in a resisting medium ctcted 
on by a central force « D"*; the resistance « (density of 
medium) . (vel.y. To Jind the effect of the resistance upon 
the elements of the varying elliptic orbit in which it may 
be supposed to be moving. 

Let us use the notation of Art. 315, then the equation of 
the elliptic orbit at the time t is 

1 + e cos (0 - Ts) 

u «= 

a (1 - e"") 

which, for convenience, we may put under the form 

ws ^ + Scos(0 - 'o) (l). 

Now because the tangent and curvature of the elliptic orbit 
are the same as in the actual orbit, therefore u^ 9, d^Uy d^u 
are likewise the same for both. 

Hence d^«^ = - JB sin (0 - tbt) (2), 

and d/w= -5cos(0-?ir) (3). 

These being written in the equation of the actual orbit 
(Art. 315), viz. 

F^h^u^{diu^u)e''^SM^ 
give yiV? ^l^v^ A e"^^' ^, 

ox A^ TT,i^'^\ 
h" 

.'. lat. rect. = -7 = — e"--^*^ (4). 

A fi 

This equation shews that the latus rectum of the orbit is 
continually diminishing, a result which also appears from 
equation (2) of Art. 129. 
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Again, by the nature of our hypothesis respecting the 
elliptic orbit, A^ jB, tst change with 9, yet so as that they 
always satisfy the equations (1) (2) (s). Hence differentiating 
(l) and (2) taking account in each case of (2) and (3) re- 
spectively, we have 

=^ dgA + d^B, cos (6 - Tsr) + d^isr* B sin {Q - bt), 
and = d^B. sin (0 - -ar) - d^-ar. B cos {0 - "sr). 

From which we find 

d^B = — dgA. cos (9 — •5r)> 
and Bd^'sr =2 — dgA. sin {6 - -ar) : 
or changing the variable from 6 to 5, and substituting for d^A, 

d,B = - ^e5/.Qcos(0 - sr) = - 2 JQ cos (6 - •ar), 

iBd^-ar = - ^e^/.Qsi^ (0 - -ar) = - 2 J Q sin (9 - -ar). 

But B = Je, and .-. dgB = ed,-rf + -rfd^e = A{2eQ + dsC); 
consequently by substitution the last equations become 
dsB = - 2Q {e + cos(0-tir)} (5)> 

2Q 

and d^-ar = sin (0 - -ar) (6). 

e 

Equation (5) shews that the eccentricity diminishes as 
long as the body's distance from the centre of force is less than 
the semi-major axis ; and increases in the contrary case. 

But the greatest value of the rate (dgC) of diminution is 
2Q(e+ 1)5 and the greatest value of the rate of increase is 
2Q(l - e); and the whole length of arc (s) described in both 
cases is nearly the same (the diflference being caused chiefly by 
the variation of tjt) ; consequently upon the whole the 
eccentricity is diminished at each revolution. Now in (4) 
we have seen that a(l - e^) diminishes continually; and as 
the factor 1 - e^ increases, it follows that 2 a, the major axis, 
rapidly diminishes at each revolution. Also since both a, 
21 
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and 0(1— e*) diminish, .•. a^(l-«^, and consequently the 
minor axis diminishes rapidly, though less rapidly than the 
major axis. The effect on the eccentricity may be reversed 
if the density of the medium increase rapidly from the centre 
of force, for then the value of 2 Q (l - e) at the farther apse 
may exceed that of 2Q(1 + e) at the nearer apse. 

The discussion of (6) is not so simple as that of (5), on 
account of e occurring in the denominator of the expression 
for dgixr^ the effect of which will be very considerable when e 
is small. If e were constant the apsidal line would regrede or 
progrede according as the body is receding from or approach- 
ing towards the centre of force : but as the body approaches 
more than it recedes (for we have shewn that the size of the 
orbit decreases at each revolution) the apsidal line would upon 
the whole seem to progress. But this effect will be diminished 
if the arc (5) described in descending towards the nearer apse 
be not as large as the arc previously described in ascending 
towards the farther apse. Upon the whole it is probable the 
progression of the apse will not be very great, though the 
oscillation of the major axis on each side of its mean position 
will be very considerable. 

The reader may refer back to Art. 131, where he will find 
most of these results anticipated. 
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ATTRACTION. 

1. Kepler first discovered, with much labour of ob- 
servation and calculation, that the Planets describe about 
the Sun areas proportional to the times of their descrip- 
tions ; that their orbits are ellipses having the Sun in one 
of the foci ; and that the squares of their periods are pro- 
portional to the cubes of the major axes. The first of these 
laws, compared with Dynamics^ Art. 122, shews that the 
force which acts on each planet is directed towards the cen- 
tre of the Sun; the second, compared with Art. 120, shews 
that for the same planet this force varies inversely as the 
square of the distance between the centres of the Sun and 
planet; from the third, compared with Art. 133, we infer 
that it is the same force which acts upon all the planets, so 
that if they were all removed to the same distance from 
the Sun's centre, they would fall towards it with the same 
velocity ; and, therefore, the respective gravitating forces 
of the planets are proportional to their masses divided by 
the squares of their distances from his centre. The Laws 
of Kepler are found to be equally applicable to the motion 
of satellites about their primaries ; and therefore such of the 
planets as have satellites, exert attractive influences which are 
directed towards their centres, and vary in intensity in the 
inverse ratio of the squares of the distances from their centres. 
Analogy leads us to conclude that the other planets exert 
similar influences, varying according to the same law. Sir 
Isaac Newton proved that the Moon is retained in her orbit 
by the same force as that which causes the descent of bodies 
near the Earth's surface. It is therefore probable, that every 
particle of matter is endued with the power of attracting every 

21—2 
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Other particle, and that the attraction of the Sun and planets 
is the resultant of the attractions of their several particles. 
It will be shewn hereafter, that if this be true, each particle 
must exert an attractive influence, the intensity of which varies 
according to the same law as that exerted by the Sun and 
planets. Every molecule, therefore, in the solar system, 
attracts every other with a force varying as the number of 
its particles (that is, its mass) directly , and the square of 
their distance inversely : and this is the law of attraction, 
which, unless it be otherwise stated, will always be supposed 
to be observed by small elements of matter. On the subject 
of this article the reader may consult the third book of 
Newton'*s Principia ; chap. i. liv. ii. of the Mecanique 
Celeste ; and the Exposition du Systeme du Monde of 
Laplace; where he will find the arguments stated at con- 
siderable length. 

2. To find the attraction of a thin prism, of uniform 
density^ on a given particle. 

Let A be the attracted particle, BC 
the given straight rod. Draw AD perpen- 
dicular to 5C, and let AD = /, DP = y, 
PQ = 5^9 p - the density of the rod, S ^ 
the area of a section of it, which is supposed 
to be indefinitely small ; jF, G the resolved 
parts of the attraction of PD in the direc- 
tions AD, DC. 

Then the mass of PQ = p SSy, and 
AP^ - f^ + y^; therefore the whole attrac- 
tion of PQ in the direction AP is ultimately equal to 

and therefore ^F, that part of it which acts in the direc- 
tion AD^ 

__ p SSy AD 
"f^'/AP 
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pSfSy 



(/ + !/*)*' 






- pSSy PD 
Similarly, 50= j^^ . -j^ 

pSyly 



if + it)* ' 



' " if + fr 

Hence, by integration, 

F ^^^=^ + C = ^smDAP+C, 

\/f + r ^^ 

and therefore, for the whole rod, 

F^^. (sin DAC + sin DAB) ; 

J 

3. With the centre A, and radius AD^ describe an arc of 
a circle, cutting the lines AB^ ACj AP^ AQ, in fc, c, p, g; and 
suppose bDc SL material arc of the same density and thickness 
as the rod BC. 

Then the attraction of PQ in the direction AP 

pS.PQ 
AP" ' 
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But drawing Pn perpendicular to AQ^ we have by the 
similar triangles APD, PQn, 

PQ Pn 
JP'^AD" 

and by the similar triangles Apq, APn^ we have 

Pn pq 



and .*. 



AP AD' 

PQ Pn pq 



AP" AD.AP AD'' ' 

therefore the attraction of PQ in the direction AP 

^ pS'Pq 
AD" ' 

which is equal to the attraction of the circular arc pq. 

Hence the particle A is attracted by the straight line BC 
in the same manner as by the circular arc he ; and therefore A 
is attracted in a direction bisecting the angle BAC. 

4. Peob. To find the attraction of a uniform circular 
arc on a particle in the centre of the circle. 

Let C be the centre, BAD the arc, A its middle point, 
join CA^ that is the line in which the re- 
sultant attraction acts. Let PQ be a small 
element of the arc. Put BCA = a, PCA 
= 0, QCP = 50, AC ^ a, juL = mass of a 
unit of length of the arc; then the mass 
of PQ =i imaSdj and its attractive force on 

fiaSO 
C « — — , and consequently the effective 

attraction of PQ upon C 

=a COS 6. 

a 
This being integrated, and the integral taken between 
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the limits — a, 4- a of 0, we have the attraction of the 
whole arc 

= — sin a. 
a 

5. Pbob. 7^2170 straight rodsy situated in the same 
straight lincy are mutually attracted towards each other ; 
to determine the force necessary to keep them, asunder. 

By Art. 2, the attraction of the rod AB whose density 

= p, and the area of a section of which is 8^ = pSl —- - -j~ | 

on a unit at P ; also the mass of an element PQ is p'S^Sof, 
and therefore the weight of the element PQ 



namics 



a 
HP 



o 



3S 



X 



= P^[-^ - -jp) • p'S'Sw...Art. 23, Dy 

^ppSS'l^^^-^-]; 

where p', Sf are the density and area of a section of the 
rod CD, HD = BPy and Sw^PQ; 

...weight of CP = ,,'^y^(i-^) 



.-. weight of CD « pp^SSr . log, (l^j^) . 

Similarly, weight of AB = pp'SST . log, ( ^^ '^ j ) . by 

changing S into Z), and C into -4,*and conversely ; which is 
equal to the weight of CD, as it ought to be, from Art. 29, 
Dynamics. 

6. To find the attraction of a circular plate, of uniform 
density and of inconsiderable thickness, on a particle situated 
in a line through its centre perpendicular to its plane. 
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Let h be the thickness of the plate, / tlie distance of the 
attracted particle from its centre. Then the mass of a con- 
centric circular annulus, whose radii are Ty r -^ 5r, is ulti- 
mately equal to ZirphrSvy and the attraction {SF) of this on 
the given particle in direction of/ 

2wphfrSr 

we estimate the attraction of the element in this direction, 
because the attraction of the whole plate evidently is in this 
direction; and, therefore, the attractions of the elementary 
portions of the plate in directions at right angles to this 
destrov each other; 



-/ 



Zirphfr 



^vph. fl - . V 1 



7« The attraction of all circular plates, of the same 
thickness and density, on a particle situated as in the last 
article, will be the same, if their apparent magnitudes, as seen 
from the attracted point, be the same. 

8. When r is infinite, we have the attraction of a plate 
of unlimited extent -Qirpky which is independent of the 
distance of the particle from it. 

9. To determine the attraction of a cone, of uniform 
density, on a particle at its vertex. 

Let 20 be the vertical angle of the cone. Then (Art. 6) 
the attraction of a slice whose thickness is hf parallel to the 
base, at the distance / from the vertex, is ultimately equal 
to Stt/o^/. (1 - cos 0); and therefore the attraction of the 
cone = 27r/o(l - cos 0) . (altitude). 

10. To determine the attraction of a spherical shell of 
uniform density on a given particle ; the attraction of the 
particles, of which the shell is composed^ varying as any 
function of the distance. 
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Let S be the centre of the shell, p the attracted particle, 
AB the section of the external surface 
by the plane of the paper ; in this plane 
draw SPy SP' making angles 6^9 -\- SO 
with pS; and let SP, SP be produced 
to Q, Q' ; let a, a be the external and 
internal radii of the shell, 

h^^Sp, u::^pP, r=^SP^SP, 

Sr = PQ = PQ\ and suppose iJL(pu = the attraction of a mass 
fi at the distance tiy and let p be the density of the shell. 

Then u^=-b'' ^ 2br cos 6 + r* (l), 

and PQ' ultimately =rSeSr, 

Sr and S9 being independent increments. Also the mass 
of the annulus generated by the revolution of this element 
round Sp 

^^wpr'Sr. sin e.Se 
= - 27rpr^Sr . 5(cos 9) 
27rprSr . uSu 



by eliminating cos 9 by means of (l), for uSu = — brS cos 0,' 
because r and 9 are independent. 

And the attraction of this elementary annulus in the di- 
rection pS 

27rprSr . (bu . uSu ^ ^ 

= — " r^^- . cos SpPj 

b 



— — — ^ . rSr . u^u . ^u I 



2bu 



)• 



Hence the attraction of the shell, which manifestly takes 
place in the direction pSj 

The integral, with respect to w, is to be taken from 
u=: b '- r to b + r, when the particle p is tcithout the shell ; 
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but from u ^^r - b to r + 6 if it be wiihm it. The integral, 
with respect to r, is to be taken from r » a' to a. 

11. Ex. 1. When the attractive force of each par tick 
varies as the distance. 

In this case (pu » Uj and 
.-. /r/.r(6' - r" + u^<pu - J^r {i(6» - r=')«» + i»* + C} ...(l), 
which, whether the particle be within or without the shell, 

= f 6V + C 

And therefore the attraction of the whole shell 

= 6 . (mass of the shell). 

12. This result may be arrived at in a more simple 
manner as follows: 

Let MN^ wn be two sections of the shell, by planes per- 





pendicular to pS^ at equal distances from the centre S \ and 
suppose P an element of the shell. Then the force of P on p 
in the direction pP= (mass of P) . Pp, which resolved in the 
direction pS =^ (mass of P) . p JV, and is the same as if it were 
placed at j/V; and therefore the whole section attracts with the 
same force as if it were collected at JV; similarly the whole 
section through m attracts with the same force as if it were 
collected at 9i, and therefore the sum of these attractions 
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s= (mass of the section through N orn) , (pn ^ p N) 
a= (the mass of a section) .2pS 
» (the sum of the sections) .pS; 

(-1- or — to be used according as the attracted particle is with- 
out or within the sphere.) 

And the same being true of each pair of equidistant sec- 
tions, it is clear the whole attraction of the shell 

= (mass of the shell) * pS^ as before. 

13. Ex. 2. When the attractive force of each particle 
varies inversely as the square of the distance. 

In this case (bu = — , and 

r rr (b^ - r* + «^*) r f ^^^ - ^ ^1 



= or J^^ 

-0 orKr^+CO 

= or |(a3 - a% 

according as the particle is within or without the shell. 

Hence the attraction in the former case = 0, and in the 
latter 



= S-(«^-«") = 



mass 



36^ " ' 6« 

14. The results of the last example, which is the case of 
Nature, may be arrived at in a different manner. 

Using the notation of Art. 10, let ^= /.SpP (Fig. p. 329), 
5= the attraction of the shell in the direction pS, 

m = the mass of the annulus generated by PQ'; 
.'. m ^27rpr^ sin d.^rSO'^ 

r = 2 ( — ) = the sum of the quotients of each particle divided 
by its distance from p. 
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Then 

and .*. ud0U »&r sind, 

^ fc — r cos 9 

cos r = = dkU : 

^ u 



and5«2(^^.cos^), 



also - duV cs - 2dj 







Now 

r r f^ sin 0\ 



2 'TT /) 

= -j— ' frfe (^^d^)* by eliminating sin 0y 

= — -^./2r*, when the particle is without the 
shell, 

but » — -^ . fr^br. when it is within the shell 

=s — 7^ . (a^ - a'^), and 2^p . (a* - a^) in the two 
cases. 
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Hence 



B=-d,r=*-^.(a^-a'^) 



mass 



--— in the former case; 
and s= in the latter case. 



e 



15. Since the attraction of a spherical shell on a particl 
is the same as if its mass were collected at its centre, both when 
the force of each particle varies as the distance, and when it 
varies inversely as the square of the distance, it follows that 
the attraction of a sphere composed of such particles will be 
the same as if it were collected at its centre, whether it be 
homogeneous or heterogeneous, providing the density be the 
same at all equal distances from the centre. For it may be 
considered as made up of an infinite number of concentric 
spherical shells, of indefinitely small thickness and uniform 
density, each of which produces the same efiFect as if it were 
collected at the centre. 

16. When the force of each particle varies inversely as 
the square of the distance, the attractive force of a homoge- 
neous sphere on a particle on its surface, found from Art. 13, 
by making a = 5, and a' = 0, is |^7rp6, which therefore varies 
as the radius. 

17. To find the attractive force of a sphere on a particle 
situated within it. 

Conceive a concentric spherical surface described within the 
sphere, and passing through the attracted particle. The sphere 
is thus divided into a spherical shell, which, by Art. 13, pro- 
duces no efifect on the particle; and a smaller sphere on the 
surface of which the particle is situated, the attraction of 
which by the last Art. 

= f TT/) . (radius) 

= ^Trp . (distance of particle from the centre). 

This is, therefore, the attraction of the whole sphere ; and 
it varies as the distance of the particle from the centre. See 
Art. 90, Dynamics. 
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18. Two spheres attract each other in the same manner 
as if their masses were collected at their respective centres. 

For, by Art. 15, the sphere A will attract each particle of 
B in the same manner as if its whole mass were collected at its 
centre : and since, by Art. 29, Dynamics^ the particle exerts an 
equal re-action on Aj therefore each particle of B acts on A in 
the same manner as if ^ were collected at its centre ; but B 
acts on a body, collected at a point, as if it were itself collected 
at its centre (Art. 15) ; and, therefore, A and B attract each 
other in the same manner as if they were respectively collected 
at their centres. 

19. This is true when the force of each particle varies 
either as the distance or inversely as the square of the distance. 
Art. 15. 

20. From Art. 13, the attraction of a shell of indefinitely 
small thickness ha 



= ^ {«'-(« - ^«)'} 



= —~ . c?la^ ultimately. 

21. If a cone he described enveloping the shell jtist 
mentioned^ and having its vertex in the attracted point, it 
will by the circle of contact divide the shell into two parts, 
(one convex, and the other concave, towards the attracted 
particle) whose attra<:tions are equal. 

For, by Art. 10, the attraction of such a shell 

irp raSa (V — a^ + u^) 






«* 






aha / „ b* — a* 



aS-a (^ fe'-o* \ 



and this taken from w=fe-atot^ = \/V — a*, gives 



. 2a, or -~ .a^la 



^ — -' -- 5 
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for the attraction of the convex part, which is half the attrac- 
tion of the whole shell ; and therefore the attractions of the 
convex and concave parts are equal. 

22. Or we may demonstrate the same property thus; 
^ ^ l'^\ ^ /«* sin e . SaSe\ 

2irpaca - _ . . 

= — *~ . JqUqUj as m Art. 14, 

= — ^ . (u + C). 

o 

This integral taken between u = b — a, and z^ = & sin a, 
(2 a being the angle subtended at the centre of the shell by the 
convex part of the generating circle). wiU give 

__ 2'7rpaSa 

V s= — ~ . (6 sin a - 6 + a) 



« ^irpaha . (sin a - 1 + -) 



for the convex part; and, therefore, the attraction of this 
part 

=s - dft r = — —^ — . as before. 

23. The following is Laplace's method of finding the 
attraction of a spherical shell for any law of attraction of its 
component particles. 

Let ^uhe the attraction of a unit of matter at the dis- 
tance u ; then, proceeding as in Art. 10, the attraction of the 
shell, whose internal radius is r and thickness 5r, will be found 
to be 



oc\ r f^ — rcos Q , .A 



b - rcos 6 
= 2wpr^Sr . fl ((j)u . dbU . sin 6), as in Art. 14. 
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Let now (f>7i .df^u — df^<piU, then the attraction 

^2wpr^Sr .df,fe{^i7i. sin0), 

= 2irprir.df, r_cl ^ by eliminating sin 0, 

= QTrprdr. ^b J f ' 

and if the integral of u(j)iU be represented generally by 
\1/U 4- C, its value between the limits u = b - r and w = Z> + r, 
will be 

f^u<piU = \l/(b + r) - x|/(6 - r) ; 

and therefore the attraction of the shell on an external 
particle 

Similarly, its attraction on an internal particle 

24. To Jlnd according to what law the particles of a 
spherical shell must attract^ in order that the whole shell 
may attract an external particle in the same manner as if it 
were collected at its centre. 

By the last article, the attraction of the shell 

Now (yj/f \{/\ denoting d^^//, d^j^y]/ ) by ex- 
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panding these functions by Taylor's Theorem, the whole 
expression is reduced to (putting M (or ^irpr^^r the mass 
of the shell) 

which will be equal to the attraction of the whole collected at 
its centre, if 



". (^ ' 



).o, 



for then the terms containing r vanish. Hence, by inte- 
gration of this equation, we obtain 

and integrating again, 
and integrating again, 

But yl/b = b<pib; 

.-. b^p.b^^Ab^ + Bb'-C; 

C 

and .-. ^6 = df^cpib = Ab + jt. 

that is, the force must vary. either as the distance directly, 
or as the inverse square of the distance, or partly as one and 
partly as the other. 

Hence the law of Nature is the only law of attraction of 
the particles of matter, that a spherical shell may attract with a 
force varying inversely as the square of the distance from its 
centre. 
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25. To find the law of attraction of each partudCy that 
a spherical shell may exert no attractive force on a partiek 
within it. 

In this case, from Art. 23, 



^j^^r^h)-Mr-h)\^^ 



whatever be the value of b ; and therefore, by integrating, we 
must always have 

or expanding by Taylor^s Theorem, 

^ Cb^yl/r . b + yL'"r . + ...; 

^ ^ 1 .2.3 

/. yf/r =» — c ; 
and .'. - C =s>|f'6 s= b^^b; 

C 

which is the law of Nature; and, therefore, by the last 
article, the force of each particle varies inversely as the 
square of the distance. 

26. To find the attraction of an oblate spheroid of 
uniform density and small ellipticity on a particle at its 
pole. 

Let a, 6, be the semi major and minor axes of the 
spheroid, within which inscribe a sphere touching it at its 
poles. Then the equation of the generating ellipse is 



a^ 



the particle being the origin, and the axis of revolution the 
axis of w. 
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The mass of a circular annulus between the sphere and 
spheroid, which is contained between two planes parallel to 
the plane of the equator, at distances x and x ^hw from 
the particle 

= 7r fl- — 1|0. y'5*, ultimately ; 

or if € = (the ellipticity), then ^ «= 1 — 2€ nearly, and 

the mass of the annulus 

= 27r6/o . — {9,bx - a?)hx^ 

=»2Tr€p{2bx - a^)SXf nearly. 

Now every particle of this annulus may be considered at 

the same distance y/^bx from the attracted point ; and, there- 
fore, its attraction in the direction of the minor axis (in which 
direction the attraction of the whole spheroid takes place) 

27r€p(2bx - w^)Sx m 

9.bx ' y/^bx 

by/U ^ 

and by integrating this we have the attraction of the part 
which is exterior to the sphere 



Sttc/o 



oh \^ 5 7 



by/9.b 
= If 7rep6, between a? = 0, and x = 26. 

But the attraction of the sphere = f ^p6 Art. l6, 

and therefore the attraction of the spheroid 

= f7r/)5(l+f€). 

27. If b be greater than a, the spheroid will be prolate, 
and 6 will be negative ; and therefore the attraction of a prolate 
spheroid on a particle at its pole 

= |7rpfe(l-fe). 

22 — 2 
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28. To jini the attraction of an oblate spheroid of 
uniform density and small ellipticity on a particle at its 
equator. 

Let the particle be taken for the origin, and the diameter 
of the equatorial circle passing through it for the axis of J7 ; 
and circumscribe a sphere about the spheroid. 

Then the equation of the generating ellipse is 

a 

Now to find the attraction of that part of the sphere 
which is exterior to the spheroid, let us take a slice of it 
comprehended between two planes, at right angles to the 
axis of <r, at the distances of and of -^ Sof from the attracted 
point. The mass of the sphere contained between these 
planes 

and the mass of the spheroid between the same planes 
and the difTerence of these 






and every particle of this mass may be considered at the 
same distance \/2aaf from the attracted point ; and therefore 
its attraction in the direction of the axis of a? 



2aa? — zp* 



Trpe 



9,aai \/^ax 
irpe 



.3 



X 



2a\/2a 



. (Sfltr^ - tr*).5a?; 
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and therefore the attraction of that part of the sphere which 
is exterior to the spheroid 

= 7= . I - aw^ d? + C, 

av^a \S 5 J 

= jg irepa^ between a? « 0, and cc ^^a*^ 
and since the attraction of the sphere = ^tt/oa ; 
.•. the attraction of the spheroid 

= f'rpa(l-f6). 

29. If 6 be greater than a, the spheroid will be prolate, 
and € will be negative, and the attraction of a prolate spheroid 
on a particle at its equator 

= ^'Trpa (1 + f e). 

30. To find the attraction of an oblate spheroid of 
uniform density on a particle at its pole. 

Taking the attracted point as origin, and putting r for 
the distance of a small element from that point, and Q the 
angle which r makes with the axis of revolution, a small 
element of the generating ellipse = rSrSO, and the mass 
generated by the revolution of this element 

-27rp'rSr.sin9 .S9; 

and the attraction of this annulus in the direction of the 
axis of 0? 

= 2TrpSr . sin 6 cos . S9 ; 

and therefore the attraction of the spheroid 

= 2Trp. frfesmOcosO 

= 27r/o -feir + C) sin 6 cos 6; 

1 . , . , , * 26a-cos^ 

the integral is to be taken from r = 0, to r *= -;: z-r, ;r7, 5 

° b^ + a^e" cos^O 

this value of r being determined from the equation of the 

a* 
generating ellipse ^ = ^ (2baf - o?^), by writing r sin and 

r cos 6 respectively for y and or, and e for the eccentricity* 
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Hence the attraction 

2Trp /•26a*e*cos*0 sin^ 



Jrxoa e 



a*e*cosP0 
Aihirp 






^hwo (^ ^ b 



wp 



{^ /* * t fae cos 0\^ 

C-c»«+-t«.-(-^)} 

-^•('-r.--T) 

the integral being taken from » 0^ to « ~, for the whole 
spheroid. 

31. If the spheroid shoald be prolate we must write d 
for b and 6 for a in equation (l) of last article. And for 

- which is equal to — — -r we must write — or ; 

er ^ ar-'b^ b^ -- a? a^ 

and for a^c' or a*- 6*, we must write 6* — a*, or - a^«*, conse- 
quently equation (l) becomes 



the attraction of a prolate spheroid 

P 



46^- - ' -« 



a6 






&Vp rf sind . \ 



46 xp - 1 , 1 + e cos - ^^ 

— Is 1 - r~ l^g# ;i + cos + C J 

ae^ * 2e ^l-ecos0 * 



46' 



•'-jrp f 1 1 + c 1 

-V-<— log^ ^P between limits. 
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32. To find the attraction of an oblate spheroid of 
uniform density on a particle at its equator. 

Let the particle be taken for the origin ; the equator for 
the plane xy ; and that diameter of it which passes through 
the particle for the axis of a? ; r the distance of an element of 
the spheroid from the origin ; the inclination of r to the 
plane xy ; ip the inclination of its projection on that plane to 
the axis of w. 

Then an element of the mass «= pi^^r . cos ^^6 . S<p; and 
the attraction of this element in the direction of the axis of «r, 
(which is evidently the direction in which the whole attraction 
of the spheroid takes place) 

B pSr . cos 0.^0^0. cos cos ; 

and^ therefore, the attraction of the spheroid 

^ p^frfef^co^OcosKp; 

= p .J^f^ (r -\- C) cos^ cos 

2 |t>6* r r^ cos' Q COS^ 

oe* ' JbJ^ 1 - 



e' cos's 



2 1? cos Q cos 

(the intesral being taken from r = 0, to r = —, 5 — 0^ > 

^ ^ ^ a(l-e^cos^0) 

this value of r being deduced from the equation of the sphe- 

a^s^ 
roidal surface a^ + f^ + —^ = 2oa?, by writing r cos Q cos 0, 

r cos Q sin 0, and r sin Q respectively for <r, y and %) 

= '^M.cos>{ ^.;^7^^,^ - cos 0} (1) 



2 



2pB 



r a ^ f ^ . , ac sin . ^ _,! 
./^ . cos' (p<— . tan"^ 7 sm + C> 



^./^(l + cos20)^^.sin-^e^l), 
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I the integral being taken between 0c-- and 0^ _ J 

the integral being taken between ^ « and « ~ . 

33. If the spheroid be prolate we must proceed with 

h h* 

equation (l) as in Art. 31 ; writing — - for — - and - a*e' 

e* aer 

for a'e*. By these substitutions, we obtain the attraction of 

a prolate spheroid 



2p6 



e' 



fef^co^^ibl-^ 8 2 . 2Z. - cos 0) 

^ ^ [a - a^e sm J 



^^* ^l2a*e **l-csin0 J 

= - ^-/,cos>j---log, -^^-2|,between0=»^- 

= -£,/,(l+cos2<^){^.,-^log---2| 
TTpb { |6- , 1 + c] 



TT 



34. If F be the sum of the quotients of the particles of 
a body divided by their respective distances from a given point, 
whose co-ordinates are f^gyh; then the attractions F, G, H 
of the body on a particle situated at that point in the direc- 
tions of the co-ordinates, are respectively equal to 

-d/- -d^F, -d,F; 
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and V may be determined from the equation 

or, d/F + d/F + d^V = - 47r/o, 

the latter only being true when the particle attracted is a part 
of the body. 

For, let Wy y, % be the co-ordinates of an element m of the 
body, and u = its distance from the attracted point ; then 



and V 



-0= 



and .-. d,F-2(d,^)=-2(^,.d,«) 



\w u J 
Similarly, d^V ^ - Gy and df,V= - H. 

Again, udyu ^f - a)\ 

and, differentiating again, 

udfu + {djuf = 1 ; 

1 {dfuf 
^ u u 

= 2[— .(d,«)«--.d>j 
Similarly, d/F- 2 (^.(d,«)«- 5), 
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andd«F=2(^.(d,«)«-^3); 

.-. d}r + d^r + dir ~ (i), 

because 

(d,«)» + (d,«)« + id,uy = (•^)*+ (^*+ (^) = »^ 

35. Equation (l) is universally true when the particle at- 
tracted is not a part of the attracting body ; it fails, however, 
in the contrary case, for then u becomes evanescent between 

the limits of the sum of ( — j for the whole body, and conse- 



quently there is a term in the expression for dJV + d^V+ dj^V 

of the form - . To determine the proper fona of equation 

(1), in this case, let a spherical surface having its centre in the 
origin of co-ordinates be inscribed within the body so as to in- 
clude the particle attracted within the mass of the sphere thus 
formed ; the function V will thus be separated into two parts 
Uf U' ; of which U belongs to the sphere, and IT to the part 
of the body exterior to the sphere; since, therefore, the at- 
tracted particle is not a portion of this latter body, we have, 
by the former part of the investigation 

and, therefore, 

d}V-^dlV+dlV^d}U + dlU -\-dlU. 

But the three quantities —d^U^^ — dglJ^ — dfJJ^ being the 
attractions which the sphere exercises on the particle in the 
directions of the co-ordinates, will be respectively equal to 
fTrp/, fxpg, f 9r/}A, by Art. 17; that is, 
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DiffiBrentiating each of these equations, we have 

dlU^-§wp; 

and, therefore, 

d^r^d^V + d^V^^^irp (2). 

36. As an example of the application of equation (1), 
suppose it wer^ required to find the attraction of a sphere on 
an external particle. 

Let the centre of the sphere be the origin of co-ordinates, 
and b^=f^ + g^ + h\ Then, from the symmetrical form of 
a sphere, so long as 6 remains the same, the attraction is 
evidently the same ; and therefore F is a function of ft only ; 
and fgh enter V, only because they enter 6; consequently 

dyV^d^r.dyb^d^r.^; 

= d|F.^ + i.d,r-d,r.'g. 

Similarly, d/F=d,^F.^ + i.c^,F-d4F.^, 

andd,«F=d,«F.^+l.d,F-d,F.^[; 
.•.0 = d/F+d/F+d;,«F 
= d,«r + |.d,F. 

Multiplying by b\ integrating once, and then dividing by 
6^, we find the attraction of the sphere 

--d^F=-. 
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37. As an application of equation (2), suppose the par- 
ticle to be within the sphere. 

Then ^^tto « d^*F + - rf^F. 

o 

Multiplying by V, and integrating, we have 

But when 6 « 0, d^F « 0, and .\ A ^ 0; and, conse- 
quently, the attraction of a sphere on a point within it 

« — d^F -X ^irpb. 

38. Again, suppose it were required tojind the attraction 
of a cylinder of indefinite length on an ewtemal particle. 

It is evident, from the symmetrical form of the cylinder, 
and from its being of indefinite length, that the attraction will 
remain the same so long as 6, the distance from its axis, is the 
same. Now, supposing the axis of the cylinder to be the axis 
of «r, 6' —/^ +g* ; and F is a function of 6 only ; and fg enter 
F, only because they exist in b; and h does not enter V 
at all, 

.•.d/F+d/F=0. 
Butd;F-d,«F.-^ + i.cf,F-d,F.-^\ 



|+^.cf,F-.cf,F.|: 



andd/F-rf/F.^, +-.cf,F-cf,F.f^; 



.-. = d;v + d/F« d,*r+^.d,r. 

Multiplying by 6, and integrating, we have the attraction 
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Consequently the attraction of a cylinder of indefinite 
length varies inversely as the distance from its axis. 

39. If the particle be within the cylinder, 

then - 47rp = d^V + - . dj^; 

But when 6 « 0, df,V = ; and .*. -4 « 0. 

Hence the attraction of an indefinite cylinder on one of its 
own particles 

= - djF= 27r/o6. 

40. Lastly, suppose it were required to Jind the attrac- 
tion of a solidy of indefinite extent^ oi% an external particle ; 
the solid being bounded on the side next to the particle by a 
plane. 

Here F is a function of b (the distance from the surface) 
only, and b ^f\ g and h do not enter 6 ; 

.-. d^V^O. 
Consequently, the attraction (— d^F) is constant. 



ON THE ATTRACTION OF AN ELLSIPSOID. 

41. Let. the co-ordinate axes of j?, y^ «^ coincide with the 
semi-axes o, 6, c of the ellipsoid ; let /, g, h be the co-ordi- 
nates of the attracted particle, which take for the origin of 
polar co-ordinates ; u the distance of an element m of the ellip- 
soid from this origin ; 9 the angle which u makes with the axis 
of <r; and the angle which its projection on the plane yz 
makes with the axis of y. Then m may be considered as a 
small rectangular parallelopiped whose dimensions are hu^ uSO, 
usin 0S(l>; 
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and •*. m -» tf* sin . iu^OStf^y 
considering the density uniform, and equal to 1. 
Consequently, 

F^l(^^.cos0\ =j5,/,j(; son e cose. 

Similarly, 

G = fufefi, sin* 6 cos 0, and H = fufefi, sin* 6 sin (f>. 

In integrating with respect to u^ we observe that two 
cases occur, according as the particle is within or toUhaut the 
ellipsoid. 

42. In the former case, the line which passes through the 
particle attracted, is divided into two parts u, u\ which are 
terminated by the surface of the ellipsoid ; the integrals are 
therefore to be taken between these limits, and consequently 

F=: faf^^iu + u) sinflcos 0, 
G = fej^iu + u) sin* 6 cos 0, 
H = ffff^iu + u) sin* d sin 0. 

These expressions are now to be successively integrated, 
with regard to 6 and 0, from 6 and (j> each = 0, to each = tt. 

43. In the latter case, u cuts the ellipsoid in two points, 
the distances of which from the particle attracted are u and u ; 
the integrals are therefore to be taken between these limits ; 
consequently 

F = fef^iu - u) sin cos 0, 

G = fef^iu' - u) sin* 9 cos ^, 

jH" « fel^iy^' - ^) sin* sin 0. 

These expressions are now to be integrated between the 
values of Q and 0, corresponding to the points where u' ^u 
= 0, that is, where w is a tangent to the ellipsoid. 

44. Now X ^f — u cos 0, y ^ g --u %\vlQ cos ^, z = k 
- w sin sin (j> ; and substituting these in the equation of the 
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surface of the ellipsoid, in order to determine the values of u 
and u', vfe have for that purpose the equation 

(cos'0 sin^0 cos^d) sin^0sin^d>\ . 

(/cos gsinO cos A sin d sin 0\ 
~^+ 6* •*• ^ J^^ 

/2 ^ ^ 

from which, by writing Z and M for the coefficients of u^ 

and - 2w, and N" for JIT + L ( 1 -"^ - rr ; ) >$ we 

\ or tr cr) 

obtain 

u ^: ^ and w=5. —- . 



Consequently, when the particle is within the ellipsoid, 



-f.m- 



sin 6 cos 6 



-^la-L- 



sin^dcos 






and when the particle is without the ellipsoid. 



F^2 



I! K--' 



sin cos d 



• 



-'Ui 



J5r«2 



.sm*0cos0l, 
sm^dsm^ I. 



Ui^- 



(^), 



45. On account of the irrational quantity ^y/JV, it is 
quite impossible to integrate these latter expressions by any 
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known method. We are able, however, to elude the difficulty, 
by making the attraction of the ellipsoid on an ea^temal 
particle depend upon the attraction of another ellipsoid on 
an internal particle, by a process, first discovered by Mr. 
Ivory, which the reader will find detailed in Airy's Hetero- 
geneous Figure of the Earth. For this reason, we shall 
confine ourselves to the determination of the attraction of 
an ellipsoid on an internal particle. 

46. For this purpose, substituting for M its value in the 
first of equations (A), we find, 

2f r /• sin cos' 2g r r siu^ 6 cos cos 
^h r r sin* 9 COS d sin 



+ 



""•(^ 



Now, it is well known, if P be any rational function what- 
ever of sin and cos" d, that ^P cos 6^0 between the limits 
ta and d s TT ; hence the last two terms in the above 
expression disappear by integration ; and, consequently, writing 
its value for L, we have 

^ ^ sin cos" B 

^='-^- f / 7^ sr: — • 

jB J^ ^'os* + -p sin^ cos^ + -g^ sin* 6 sin* 

o c 

Similarly, 

sin^ 6 COS" (f) 

G^^g. r r p ^ , 

Je J^ sin* Q cos- ^ + -^ cos*0 + — ^ sin* Q sin* 

and 

^ ^ sin^ 6 sin* d> 

H^^h. r ^- — 2i^ . 

J 9 J^ sin* 6 sin* + — 2 cos*0 + ^ sin* cos*0 

47. Dividing these three equations respectively by /, g 
and A, and adding the results, we obtain 
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f g h 
a very remarkable equation. 

48. The values of F, G, and H^ contain only the ratios 
of the quantities a, 6, c ; so long, therefore, as these ratios re- 
main the same, F, G, ff, will remain unaltered ; whence we 
conclude that all similar ellipsoids exert the same attraction on 
an internal particle whose co-ordinates are given. 

49. And from this it follows, that an ellipsoidal shell,, 
contained between similar concentric ellipsoidal surfaces, exerts 
no attraction on a particle within it ; because it is the difiPerence 
between two similar and concentric ellipsoids, which, by last 
Art., exert equal attractions on the particle. 

60. The integrals in the last expressions for -F, G and ff, 
are to be taken between limits (see Art. 42.) which are in- 
dependent of /, g and A, and therefore the integrals them- 
selves are independent of these quantities ; consequently 

Foe/, Gozg, Hozh. 

51. Hence F remains the same so long as /is unaltered; 
let, therefore, another particle be placed in such a situation 
that g and h may vanish, but/ remain the same as before; 
then, since the attraction of the ellipsoidal shell, which is 
contained between the external surface, and a similar con- 
centric surface passing through the second attracted particle, 
is evanescent (Art. 49), we infer that the attraction of the 
whole ellipsoid on the first particle is equal to the attraction 
of the small ellipsoid, contained by the second surface, on 
the second particle, in the same direction. (See Airy's Tracts, 
Homogeneous Figure of the Earthy Prop. 8). 

52. Integrating now the expression for F in Art. 46, 
with regard to 0, between the limits ^ = 0, and ^ = tt, 
we find 

„ ^ - - sin cos* 6 ' 

ie\cos'9 + ^ sin^ej . Ico^O + ^ sin"0J 
23 
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The integral of this is to be taken from d <= 0, to 
es TT) which comes to the same as taking it from d «= 0, to 

^ -y and doubling the resTilt. Hence, by writing v for 

cosd, and /x for the mass of the ellipsoid, we obtain 



3m/ ^ « 



8 



a* 



f-Hf¥f¥if¥f' 



the integral of which is to be taken from v •- 0, to t? « 1. 

■ 

53. If this integration could be effected, it is evident 
that V would disappear in the result ; and therefore ^ is a 
function of/, a, 6, c only ; consequently G and H are similar 
functions of gy 6, a^c; and A, e, a, 6 ; respectively. 

between the same limits of v as before. 

54. It is impossible to exhibit the integral, with regard to 
Vj in finite terms ; we may, however, put the values of F, G 
and H under a somewhat more convenient form, as follows. 

For -J — 1, and -^ - 1, substitute (? and e^ respectively ; 

bv' 
and in the value of G write 7 — for « ; and in that of 

CV 

H write / for u ; then 

a\/l + €*v * 
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s^g 



o fjig r U 

^ " ^" X(l + ^vy . (1 + eW)^ ' 

" a' 'Wl + e^t?"*. (1 + e^O*' 

Since, however, these integrals are all to be taken between 
V = and « = 1, and at these limits v' and «" have the same 
values as v, we may in the expressions for G and H write « 
for V and v" without altering the final results. This being 
done, and substituting 

°^J^^/l+e2«^^/l+€^«H to tj=ij' 
we have 

or 

56. We can find F in finite terms only in two cases> 
when e e e, and when one of them = ; on both which 
suppositions two of the three semi-axes a, 6, c are equal; 
and, consequently, the ellipsoid becomes a spheroid of revo- 
lution, the attraction of which may be found independently of 
JT, by Arts 30 — ^33, 51. 

56. For a more extended view of the subject of the 
Attraction of Spheroids, and for the application of the results 
above deduced to the determination of the figures of the Earth, 
and the heavenly bodies, the reader is referred to the writings 
of Newton and Laplace ; or to Airy's Mathematical Tracts^ 
and the Tkiorie Analytique du Systeme du Monde^ tome ii, of 
Pont&oulant. 
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MISCELLANEOUS PROBLEMS. 



1. A ROW of four elastic balls A^ By C, D is placed in a 
right line. Required the ratios of their masses, that the mo- 
mentum of A may after impact be equally divided among the 
four ; B^ Ci D being originally at rest. 

Find the result also when there are n balls. 

2. Two billiard balls are lying in contact on the table ; 
in what direction must one of them be struck by a third so as 
to go o£P in a given direction ? The balls are supposed equal 
in all respects, smooth, and of given elasticity. 

3. AB is the vertical diameter of a circle. A perfectly 
elastic ball descends down the chord AC, and being reflected by 
the plane BC describes its path as a projectile ; shew that the 
body will strike the circle at the opposite extremity of the 
diameter CD. 

4. If two bodies be projected from the same point, at the 
same instant, with velocities v and Vj, and in directions a and ai, 
shew that the time which elapses between their transits through 
the bther point which is common to both their paths is equal 

2t?Vi sin (a - a,) 



to 



^(ucosa +t?i cosai)' 



5. An imperfectly elastic body, acted on by gravity, is 
projected in any direction with a velocity V against a vertical 
plane, making an angle 9 with the vertical plane in which the 
body moves ; find the velocity V after impact ; and shew that 
if the ball were perfectly elastic, a the elevation which 
would make V a minimum, and a the distance of the point 
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of projection from the given plane tan a « 9 and 

r=: Fcota. 

6. A perfectly elastic ball falls from a height A on a 
plane inclined 30^ to the horizon ; shew that it will strike 
the plane again after an interval equal to twice the time 
of its fall, and that its range on the plane will be 4fh. 

7. Find the locus of all the points to which a body will 
descend in the same time on straight lines drawn from two 
given points. 

8. Find the line of quickest descent from the focus to 
the curve of a parabola, whose axis is vertical, and vertex 
upwards. 

9. If a ball, whose elasticity is X, be projected in vacuo 
at an elevation a, with the velocity «. Shew that it will go to 

the distance — . on a smooth horizontal plane before it 

ceases to rebound. Does the ball stop there ? 

10. A body, of the elasticity X, is projected up an inclined 
plane with a given velocity, and at the top impinges per- 
pendicularly upon another plane, and returns to the point 
from which it set out with two thirds of the velocity of 
projection. Find the length of the plane, and shew that X 
is less than |^. 

11. A ball, of the elasticity X, is projected with a velocity 

u at an angle of elevation a; and at the instant of attaining its 

greatest altitude, it strikes a similar and equal ball falling ver- 

u 
tically with a velocity - at that point. Shew that the distance 

of the balls from each other at the end of the time t after the 
impact is ^tu^l + 4X*cos*a. 

12. A body falls from rest acted on by a central force 
varying as— ?==; it is required to find the time of describing 
a given space. 
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13. If a particle in space be acted on only by a force 
which is parallel to the axis of x, shew that its intensity is 
equal to 

where a and b are the constant velocities parallel to the axes of 
w and y respectively. 

14. Find the law of force by which a body may describe a 
lemniscate ; the centre of force being the pole of the lemniscate. 

15. A body acted upon by two central forces, each vary- 
ing inversely as the square of the distance, is projected from a 
point between them towards one of the centres : required the 
velocity of projection that the body may just arrive at the 
neutral point of attraction and remain at rest there. 

16. Two imperfectly elastic spheres attract one another 
with forces which oc Z>~' ; find the greatest separation of their 
centres after n impacts, their original distance being given. 

17. Three equal particles repelling each other with 
forces oc D"' are placed in the same straight line, the two 
extremes being immoveable. Find the motion of the one 
which is interposed. 

18. Apply the equations of motions to shew that if a body 
describe a circle, of radius J?, by the action of a force F 
tending to its centre ; the (vel.)* = FR, 

19. A particle attached to one end of an elastic string 
moves on a smooth horizontal plane, the other end of the 
string being fixed to a point in the plane. If the path of the 

), a and 

T being the natural and stretched lengths of the string. If 
the orbit be nearly circular find the angle between the apsides. 

20. Find the law of force by which a body may describe 
a circle : the centre of force being in the circumference of the 
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circle. Find also the periodic time, and compare it with the 
period in the same circle when the same force is in its 
centre, 

21. A body, acted on by a force varying inversely as the 
fifth power of the distance, is projected in any direction with a 
velocity equal to that which would be acquired in falling from 
an infinite distance : find the orbit. 

22. A particle acted on by a central force varying as 
— 5 is projected from a given point with a velocity which is to 
the velocity from infinity as 5 : 3 ; in a direction making an 

angle sin" ^^ with the radius vector. Find the position 

of the apses, and the time of describing a given angle. 

23. Find the time in which a body will move from the 
vertex to the end of the latus rectum of a parabola ; and sh^w 
that if the velocity be there suddenly altered in the ratio m : 1 
(m being < 1) the body will proceed to describe an ellipse 
the eccentricity of which =» (l - 2 m* + 2m*)i. 

24. If the earth^s orbit be taken an exact circle, and a 

comet be supposed to describe round the sun a parabolic orbit 

in the same plane; shew that this comet cannot possibly 

/ 2 \*^ 
continue within the earth's orbit longer than the I — I part 

of a year. 

26. A body, projected in a given direction with a given 
velocity and attracted towards a given centre of force, has its 
velocity at every point : the velocity in a circle at the same 

distance :: 1 : \/2 ; find the orbit described, the position of 
the apse, the magnitude of its axis, and the law of force. 

26. A body acted on by a force varying partly as the 
inverse cube and partly as the inverse fifth power of the 
distance is projected with the velocity which would be acquired 
in falling from infinity, at an angle with the distance the 



a 
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tangent of which e \/2, the forces being equal at the point 
of projection : determine the motion. 

27. A spherical surface is described in space, having in 

its centre a force varying as — ; shew that if a particle be let 

fall from this surface, and be projected in any direction at any 
moment of its descent with the velocity acquired, it will move 
in an ellipse the major axis of which is equal to the radius 
of the sphere. 

28. The force tending to the centre of a circle whose 

radius is c being fi (*• + ")> fi^d the velocity with which 

body will describe a circle ; and shew that if the velocity be 
suddenly doubled, it will come to an aspe at the distance 3 c. 

29. If a force vary inversely as the seventh power of the 
distance, and a body be projected from an apse with a velocity 
which is to the velocity in a circle at the same distance 

:: 1 : v5; find the equation of the curve described. 

30. A body is projected from a given point with a given 
velocity, acted on by a central force « — ; shew that what- 
ever be the direction of projection, the centre of the orbit 
described will lie in the surface of a certain sphere. 

31. If a body be projected about a centre of force varying 
inversely as the square of the distance, with a velocity equal to 
n times the velocity in a circle at the same distance, and in a 
direction making an angle a with the distance ; the angle 79- 
between the axis major and this distance may be determined 
from the equation 

tan (w -a) = (l ~ rr) tan a. 

32. A body describes a parabola about a centre of force 
residing in a point in the circumference of a given ellipse, the 
foci of which are in the circumference of the parabola, the 
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force varying inversely as the square of the distance: shew 
that the time of moving from one focus to the other is the 
same, at whatever point in the circumference of the ellipse the 
centre of force is placed. 

33. Two equal spheres, composed of matter attracting as 

— , revolve in a circle round their common centre of gravity ; 

determine the velocity of a small body moving in the same 
plane in an orbit very nearly circular, at such a distance that 
the cube of the distance of the equal bodies divided by the 
distance of the third may be neglected. 

34. If V be the velocity of a body revolving in an ellipse 
about the centre, v its velocity when the direction of its mo- 
tion is at right angles to the former direction ; the time of 
describing the intercepted arc 



\/m 



sm' 



\fjLabJ 



36. By supposing a comet, which really moves in a 
very eccentric ellipse, to move in a parabolic orbit, shew 
that in the computed time of passing from perihelion through 
90" there will be in ASP an error of defect, which nearly 
equals! (i-c). 

36. A body acted on by gravity moves on the convex 
surface of a cycloid, the vertex of which is its highest point ; 
the velocity at the highest point being given ; determine the 
point where it will leave the curve, and the latus rectum of the 
parabola afterwards described. 

37. An ellipse is placed with its major axis in a vertical 
position ; shew that the velocity, with which a particle must 
be projected vertically upwards, from the extremity of the 
minor axis, along the interior of the elliptic arc, so that after 
quitting the curve it may pass through the centre, is 

I 7=—}; tit beine the setni-axes. 

I SaVs i 
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38. A molecule is projected from the wheel of a coach in 
rapid motion ; given the velocity of the coach, find the 
greatest distance before the wheel to which the molecule can 
be thrown. 

39. A body moves in a groove under the action of two 
centres of force each varying inversely as the distance, and of 
equal intensity at the same distance; the body is projected 
from the mid-point between the centres : prove that if 
the velocity be uniform the form of the groove is a lem- 
niscate. 

40. A circular horizontal lamina of matter, every particle 

of which attracts with a force varying as ^, — , is made to 

revolve with a uniform angular velocity w round an axis 
through its centre perpendicular to its plane. Shew that a 
particle of matter will move freely along a groove (in the 
circle) whose equation is 

\aj w 



a cos 



where / is the force at the circumference of the circle and a 
its radius. 

41. In the last question supposing the force repulsive 
and a string coiled round the circle, now supposed at rest, to 
the extremity of which is attached a particle P, shew that 
when the string has been unfolded from an arc subtending 
an angle 6 at the centre, 

(Fs velocity)^ =/o log^ (l + 0^. 

42. The highest point of the wheel of a carriage moves 
twice as fast as those points of the rim whose distances from 
the ground are equal to the radius. 

43. A groove in the form of a cycloid with its vertex 
downwards and base horizontal is cut in a solid vertical 
board : determine the motion of a ball moving along it 
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while the board itself is capable of moving freely along a 
smooth horizontal plane; and the curve which the ball de- 
scribes in space. 

44. A cylinder unrolls itself from a vertical string which 
passes over a fixed pulley and has a weight attached to its 
extremity ; find the tension of the string and the force ac- 
celerating its descent. 

45. Two equal particles A and B^ connected by a rigid 
line, are placed in a narrow groove, in which they can move 
•without friction, the groove revolves with a uniform angular 
velocity about a vertical axis passing through a given point 
C in it. A-t the beginning of the motion BC = SAC ; find 
the time of A'*s arriving at C, and the tension of the line AB 
at any moment. 

46. A uniform lever ACB^ of which the arms AC and 
BC are at right angles to each other, rests in equilibrium 
when AC is inclined at a given angle to the vertical : if AC be 
raised to a horizontal position (C being fixed), find the angle 
through which it will fall. 

47. Two equal balls are attached to the extremities of a 
straight lever having equal arms without weight, and are each 

attracted to a centre of force oc --5 , situated in the vertical 

through the fulcrum, and at a distance from it equal to the 
length of either arm; the rod being originally placed in a 
position inclined to the vertical at an angle a, shew that the 
time of its becoming vertical is 



(D ^ sin a . log, tan (^ + f ) 5 



where a is the length of the lever and / the force of attractioii 
on the fulcrum. 

48. A uniforoi rod of length 2 a slides in a vertical plane 
between two rough planes, one of which is vertical and the 
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Other horizontal ; the friction on each is equal to the pressure, 
and the rod starts from the vertical position with a given 
angular velocity : determine the motion, and shew that if the 
given velocity be just sufficient to enable the rod to reach 
the horizontal position, the angular velocity at the inclination 
to the horizon will be 

6g\i 



(-^) .(c-*^ + 6 8in0-co8e)J. 



49. A horizontal wheel moves freely about a vertical 
axis through its centre; a string of definite length is wrapt 
round its circumference, and passing through a ring has 
attached to it a weight which falls by gravity ; determine 
the whole motion. 

50. A spherical sector rests with the lowest point of its 
spherical surface on a smooth horizontal plane, find the time 
of its small oscillations. 

51. A heavy chain is wound round a cylindrical axis of 
given weight and radius, placed in a horizontal position; 
required the tension of the chain when a given length is 
unwound, and the velocity when the whole is run off. 

52. A hemisphere rests on a horizontal plane with a 
string fastened to its edge, which, passing over a puUy, 
supports a weight : when the string is cut find the motion 
of the hemisphere. 

63. If two bodies whose masses are m, «i', be placed on 
a smooth horizontal plane, and be connected by a string 
passing through a small ring in that plane ; and if m be 
projected with a velocity u in a direction perpendicular to 
its distance a from the ring, then when its distance is r, 

1 11 • #• 1 . mm (au^) 
shew that the tension of the stnng «= ; . — -j— . Find 

the time which m' takes to reach the ring, and the acquired 
velocity. 
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54. Two heavy particles are connected by a rigid rod 
without weight; from what point in the rod must the system 
be suspended that the time of its small oscillations may be 
a minimum ? 

55. Form a given quantity of matter into a cone of 
such dimensions that its centre of oscillation may be in its 
base, the point of suspension being its vertex. 

56. Find the time of oscillation of a paraboloid of re- 
volution about the directrix of the generating curve. 

57. Find the moment of inertia of a cone about a slant 
side. 

58. Find the time of the small oscillations of a uniform 
bent lever, the point of suspension being the angular point. 

59. A heavy screw descends by its own -weight ; deter- 
mine the motion. 

60. A screw of Archimedes is capable of turning round 
its axis, which is vertical. A heavy particle is placed at the 
top of the tube and runs down through it. Determine the 
-whole angular velocity communicated to the screw. 

61. A spiral groove is made upon the surface of a heavy 
cone ; a fine string is then wrapped upon the surface along 
the groove, so that the coils are close to each other, and one 
end of the string is made fast to the vertex, and to the other 
end a given weight is attached. The weight descending 
turns the cone about its axis, which is fixed in a horizontal 
position. Find the angular velocity acquired when all the 
string is unwrapped; and investigate the form of the path 
described by the descending weight. 

62. A body revolving about a fixed axis, is suddenly 
compelled to revolve about a new axis parallel to the former : 
find the impulse upon the new axis at the very instant the 
body begins to revolve about it, and the new angular ve- 
locity. 
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63. A beam is drawn from a horizontal to a vertical 
position about one extremity, which is fixed, by means of a 
string which is attached to the other extremity of the beam 
and after passing over a puUy placed above the fixed ex- 
tremity at a height equal to the length of the beam is attached 
to a faUing body ; determine the motion. 

64. A cylindrical body oscillates on a plane inclined at 

a very small angle a to the horizon, the friction being such 

as to prevent sliding ; its radius s a, and the distance of the 

centre of gravity from the axis « c ; shew that the time of 

oscillation is very little difierent from that on the horizontal 

plane, but that the angle of vibration is cceteris paribus 

- 2aa 
greater by . 

65. A semi-cylinder rests with its plane surface on a 
plane, on which it is capable of moving freely ; shew that a 
body sliding down its curved surface will describe an ellipse ; 
and determine the time of descent. 

66. A cylinder rolls down a fixed quadrant ; find where 
the cylinder will leave the quadrant. 

67. A solid cylinder rests with its base on a smooth hori- 
zontal plane: the cylinder is then hollowed so as to form a 
smooth hemispherical cup. A particle whose mass is equal to 
that of the cup, is placed at the lowest point of its internal 
surface ; shew that if it be projected along the plane with a 

horizontal velocity ^2\/ga the particle will ascend just as 
high as the centre of the cup, and then descend. 

68. A sphere revolves round an axis touching its surface,, 
find the length of the simple isochronous pendulum, 

69. A cylinder is made to rotate about its axis, and is 
then suddenly placed in contact with a rough horizontal plane 
with its axis parallel to the plane ; the force of friction is of 
finite intensity and is not suflSciently great to prevent the line 
of contact of the cylinder from sliding on the plane at the 
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beginning of the motion: required to determine the motion, 
and to shew how long the cylinder will continue to combine a 
sliding motion with its rolling motion. 

70. A heterogenous sphere is placed on a smooth hori- 
zontal plane in a position differing slightly from that of equi-> 
librium. Find the time of its oscillations. 

71. A cube is acted upon by three equal forces along 
three edges which do not meet and are not parallel to each 
other. Shew, that if the forces act along the three edges 
in the direction of the three co-ordinates a?, y^ Xy the body 
revolves round an axis in the direction of the diagonal which 
meets none of them : but, if in the direction a?, y, — %y the 
cube will move round an axis parallel to the axis of z. 
Find also the angular motion round the axis of rotation, 
the forces being supposed uniform. 

72. An elastic sphere after impinging on a hard plane, 
not smooth, is observed to move off at an angle equal to the 
angle of incidence. Required the sphere^s elasticity. 

73. A weight P, descending vertically, draws up a weight 
Q, by means of a string passing over a smooth fixed peg; 
when Q has ascended through a given space, it suddenly 
becomes entangled with another weight . Q' lying in its path 
which is drawn up with it. Find how high will Q' ascend, 
Q+ Q' being greater than P. 

74. A rough vertical cylinder, capable of revolving 
about a concentric but smooth and smaller cylinder as an 
axis, rests upon a rough horizontal plane, on every point of 
which the pressure is the same : determine the force applied 
by a string wrapt round the cylinder which will just make 
it move. If the force be greater than this determine the 
motion. 

75. A hemisphere oscillates about a horizontal axis, 
which coincides with a diameter of the base; shew that if 
the base be at first vertical, the ratio of the greatest pressure 
on the axis to the weight of the hemisphere = 109 -:- 64. 
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76. A cone of given form, and supported at G its centre 
of gravity, has a motion communicated to it round an axis 
through G perpendicular to the line joining G with a point 
in the circumference of the base, and in a plane passing 
through this point and the axis of the cone : determine the 
position of the invariable plane ; and explain the motion of 
the coneys vertex. 

77- Having given the values of 2 (m«r*), 2 (wiy*), 
2 (w»«^), 2 (fnyz)j 2 {fnw«)y 2 (mxy) for any system of con- 
nected particles; find the position of an axis, through the 
origin of co-ordinates, round which the moment of inertia 
of the system is a maximum or minimum. 

78. A heavy body being suspended by two vertical 
strings, one of them suddenly breaks, compare the initial 
tension of the other with its tension before the accident. 

79* A beam is projected in any manner along a smooth 
horizontal plane and impinges upon a fixed obstacle: de- 
termine the impulse. 

80. At what point must a given uniform circular body 
be struck by a force perpendicular to its plane, that in the 
first instant of the body'^s motion one extremity of a given 
diameter may remain at rest? 

81. A weight W is attached, by means of a string 
which passes over two puUies A and B without mass and 
in the same horizontal line, to two equal weights P, P. If 
the point to which W is fixed be exactly in the middle of 
the horizontal portion AB of the string, and W be allowed 
to descend from rest, determine how far it will fall vertically. 

82. If a beam lie on a smooth horizontal plane, and a 
perfectly elastic ball is projected against it horizontally at 
a given point with a given velocity and in a direction per- 
pendicular to the beam; determine the initial motions of 
the beam and of the ball immediately after impact. 
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83. If a rough ball be projected against a rough beam 
on a smooth horizontal plane, determine the centre of spon- 
taneous rotation. 

84. A sphere projected along a rough plane is attracted 
by a force P tending to a fixed centre in that plane ; prove 

that p {v)i IS constant, where n = , k beins^ the ra- 

dius of gyration and a the radius of the sphere. Shew 

also that the equation of the path is [-] +w/!P = 0. 

85. A beam, moveable about a fixed horizontal axis at 
a given altitude above a horizontal plane, falls through a 
given angle : determine the point at which a given sphere 
should be opposed to its impact, that it may be projected 
to the greatest possible distance on the horizontal plane, the 
beam being in a vertical position at the instant of impact. 

86. If a pendulum consists of two uniform metallic rods 
of different substances at right angles to one another, find 
the ratio of the lengths that a change of temperature may 
not effect the length of the simple pendulum ; the rods being 
suspended at the right angle. 

87* A uniform rod oscillates about one end in a vertical 
plane : determine the tendency to break at any point, and 
where this tendency is the greatest. 

88. Apply the principle of least action to find the equa« 
tion of the curve described by a heavy body acted on by 
gravity. 

89. Prove, by means of the principal of least action, 
that the orbit of a body described about a centre of force 
varying inversely as the square of the distance is a conic 
section. 

90. Find the principal axes of a right-angled triangle 
passing through the right angle. 

24 
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91. Two equal inelastic spheres, resting on a smooth 
horizontal plane, are held together by means of an elastic 
string passing through the point of contact, one end being 
fastened in one sphere and the other end in the other. A 
third sphere moving with given velocity impinges on the 
system ; find how it must strike the system that the string 
may be stretched as much as possible in consequence of the 
impulse. 

92. Find the time in which a right cone makes small 
oscillations about its vertex, its axis moving in a plane. 
If the axis do not move in a plane, find the time. 

93. If a particle placed in the plane of a triangle be 
attracted by the three sides, it cannot be in equilibrium unless 
it be in the centre of the inscribed circle. 

94. A rigid uniform rod oscillates in a vertical plane 
about one end: determine the pressure on the axis. 

95. If a beam hang vertically by means of a string 
attached to its upper end and to a fixed point, shew that there 
are two ways in which the beam can make indefinitely small 
oscillations so that each point of it comes to the vertical 
position of rest at the same instant ; and find the times of 
oscillation. 

96. A rod falling freely in a horizontal position strikes 
against a peg, determine the magnitude of the blow ; and 
the subsequent motion of the rod. 

97' Two wheels- revolving uniformly in the same plane 
are suddenly brought in contact, and their axes are kept fixed, 
the friction being sufiicient to prevent all sliding ; determine 
what alteration is made in the angular velocities. 

98. An elliptic board has the extremity of its minor 
axis fixed: it is struck in a direction perpendicular to its 
plane through one focus. If the eccentricity = 5""'^ the axis of 
initial rotation will pass through the other focus. 
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99. A beam in a vertical position is moving in a hori- 
zontal direction with a given velocity, and its upper extremity 
becomes suddenly fixed: determine the subsequent angular 
velocity. 

100. A rough horizontal plane is constrained to revolve 
round a vertical axis with a given angular velocity w : and 
a uniform cylinder is placed with its base upon it. Shew 
that, if the friction be sufficient to prevent sliding, the 
cylinder will upset, when the ratio of its diameter to its 

C ft)' 

height is less than — , c being the distance between the axis 

g 
of the cylinder and the axis of rotation. 

101. If w be variable, the cylinder will upset when the 
ratio of its diameter to its height is less than - {w^ + (^tw)^! ^- 

102. A beam, placed upon a smooth horizontal plane, 
has one extremity fixed, and a ball is placed in contact 
with it at a given distance from the fixed extremity : deter- 
mine at what point another ball must impinge directly upon 
the beam, that the greatest possible velocity may be commu- 
nicated to the first ball by the impact. 

103. A body, of which the elasticity is X, falls from 
rest from an altitude a in a uniform medium, the resistance 
of which is kv^ ; and impinging upon a perfectly hard ho- 
rizontal plane, rises and falls alternately : shew that the 
whole space described before the motion ceases is 

104. If a heavy body, be projected horizontally with a 
given velocity, in a medium of which the resistance is pro- 
portional to the product of the density, into the square of 
the velocity ; find how the density of the medium must vary 
that the path may be a circle, and determine the whole 
motion. 
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105. Find the attraction of a paraboloid of revolution 
on a particle in its focus; and the dimensions of the para- 
boloid that it may exert no attraction on the particle. 

106. Form a given quantity of matter into a cone that 
shall attract a particle at its vertex with the greatest possible 
force. 

107. A slender ring DEF is attached to another ring ABC 
by means of a string AD the length of which is equal to the 
radius of ABC ; supposing DEF to lie entirely within ABC^ 
determine the tension of the string when DEF is at rest. 
Force of attraction of ABC «/)-'. 

108. AB is a vertical line whose length is a. At the 
same instant that one body is suffered to fall from A an- 
other equal body is projected with a velocity u vertically 
upwards from B\ shew that if the resistance of the medium 
B kv^ the time t in which they will meet may be found 
from the equation A^a e t^ (1 - e"^). 

109* A given quantity of matter of uniform density is 
to be formed into a solid of revolution : determine its figure 
that the attraction at one pole may be the greatest possible: 
the law of molecular force being that of the inverse square 
of the distance. 

110. On a straight rod of uniform matter a small ring 
is placed near the middle, and then put in motion by the 
attraction of the rod. Determine the motion. 



THE END. 



